Calculo de Programas
T09 (cont.)



(a) Trees with data in their leaves :

L 2
{ o e in = [Leaf , Fork]

T =LTree A FErgg
Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)

(b) Trees whose data of type A are stored in their nodes:
FX =1+ 4xX?
T =BTree A {Ffzid—l—ideQ
Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(c) Full trees — data in both leaves and nodes:

S S I S
L Ff=1id+id x f2

Haskell: data FTree b a = Unit b | Comp (a,(FTree b a,FTree b a))

(d) Expression trees:

T=Expr V O

in = [Empty , Node]
in = [Unit , Comp]

in = [Var , Term]

FeEirdw
Ff=id+idxmapf
Haskell: data Expr v o = Var v | Term (o, [Expr v o])



(a) Trees with data in their leaves :

B (X Ve X y2 |
T =LTree A { 3 Eg,f) ): o in = [Leaf , Fork]

Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)
(b) Trees whose data of type A are stored in their nodes:
{ By o 1 aec

— in = | Empty , Nod
T =BTree A S in = [Empty , Node|

Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(c) Full trees — data in both leaves and nodes:
Bl V)7 = X V2 o .
T=FTree B A { B(h,g,f):h+ng2 in = [Unit , Comp]
Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))
(d) Expression trees:

T=Expr 120

E i L 2 ini— [Var = Term|
Bth gl =htgxmapyes &
Haskell: data Expr v o = Var v | Term (o, [Expr v o])



‘Chasing’ the base functor

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

out

|

Rose A A x (Rose A)”

\/
In



out

Rose A

¢

A x (Rose A)”

\_/

2

B(X,.V)=XxY K
B (f,9)=fxg’ KXY

o



IR

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

B V=0 <)\
B(f9)=fxyg

N

Ui

f >< map g



data Rose a = Rose a [Rose a] deriving Show

)k inRose = uncurry Rose
\__

outRose (Rose a x) = (a,x)



IR

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

baseRose f g = f >< map ¢

recRose g = baseRose id g



IR

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

baseRose f g = f >< map ¢

recRose g = baseRose id g

cataRose g = g . (recRose (cataRose g))

outRose



IR

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

baseRose f g = f >< map ¢

recRose g = baseRose id g

cataRose g = g . (recRose (cataRose g)) . outRose

instance Functor Rose
where fmap f = cataRose ( inRose . baseRose f id )



Algorithmic Hylo-
Factorization (examples)






fib n

fib (n

)










QUICKSORT

-

I

4»r

a.hs

laSort

qSort [] -

gSort (h:x)

[al

gSort x1

[al
[h]

gSort x2

wy




<) a.hs

QUICKSORT > G o T

qSort (h:x) - qSort x1 [h] qSort x2

h:x
) A (divide)
h T X2
BE:
h qgSort x; qgSort s
> C' (conquer)
qSort x1 +H | h| + gSort zo -




<) a.hs

QUICKSORT > G o T

qSort (h:x) - qSort x1 [h] qSort x2

h:x
) A (divide)
h T X2
) 8
x
ey (s (21, 22)) o > C' (conquer)
A* 1 1_|_AX(A*><A*) .




<) a.hs

QUICKSORT > G o T

qSort (h:x) - qSort x1 [h] qSort x2

h 1 T9

B
C' (conquer)

.
B(X,Y)=1+Xx(YxY) |
B

A divide 1+ A x (A* XA*) .




QUICKSORT

B (X V)l X< (Y x ¥

Description TX BlE B (id, f) B(f,id)
“Right” Lists List )¢ - Xy | dobiid > i id ok f aid
“Left” Lists LList X YexiX oidafoaid s g e
Non-empty Lists | NList X LaDCE I A D i e e )
Binary Trees BTree X +XxY? | id+idx f* | id+ f x id
“Leaf” Trees LTree X X+ Y- id+ £ s




<) a.hs

QU'CKSORT I fsort :: Ord a — lal — [al

qSort [] []
qSort (h:x) = gSort x1 [h] qSort x2

gSort - nil = nil
qSort - cons = fy - (id x (gSort x gSort)) - g

fo (b, (y1,42)) = y1 ++ [h] +Hyo 92 (h2) = (B, (21, 9))

where
Ty —|a g« 2.0 =h|
Loi—i| 0 50— 75 g = hi]



QUICKSORT B(X,YV)=1+Xx(YxY)

qSort - nil = nil
qSort - cons = fy - (id x (gSort x qSort)) - go
== { fusao-+, absorcao-+, eqg-+ etc }
gSort - in = [nil, f5] - (id + id x gSort?) - (id + ¢»)

= { isomorfismo in / out }

gSort = [nil, fo] -(id + id x gSort* - (id + go) - out

~"

conquer B (id,qSort) divide



incs

data BTree a = Empty | Node (a, (BTree a, BTree a))



<> a.hs x
1 [gSort ord a [a] [a] |
2 qSort [] [1
3 qSort (h:x) = gSort x1 [h] qSort x2
4

x1 [a | a X, a-hl
[ a

X2

, @ h 1

divide
//\
A B (4, A%)

[(divide)] B (id,|(divide)])

out

BTree A s B (A,BTree A)
( conquer) i B (id,( conquer))

A B (A, A*)
\//

conquer




a.hs

lasort [a]

qSort []

gSort (h:x) - gSort x1 [h] gSort x2

P (divide)
1,BTree A)

lB Gl )
B (A4, A*)

conquer



»

t = anaB divide [13,8,17,1,6,11,25,15,27,22]

data BTree a = Empty | Node (a, (BTree a, BTree a))



*Cp> anaB divide [13,8,17,1,6,11,25,15,27,22]

Node (13, (Node (8, (Node (1, (Empty,Node (6, (Empty,Empty)))),Node
(11, (Empty,Empty)))),Node (17, (Node (15, (Empty,Empty)),Node (25,
(Node (22, (Empty,Empty)),Node (27, (Empty,Empty))))))))



w L 4
MERGESORT %
A _

a.hs

mSort , a [a] [a]

mSort []

mSort [x] [x]

mSort 1 (11,12) sep 1
merge(mSort 11, mSort 12)




MERG ESORT ;:ort Ord a [a] [al

mSort [] []

mSort [x] [x]
mSort 1 (11,12) - sep 1
merge(mSort 11, mSort 12)

T [
) A (divide)
Iy 2
DE:

mSort [y mSort [,
;:) C' (conquer)
T merge (mSort ly) (mSort 1)




a.hs

mSort Ord a [a]

MERGESORT

divide : A* — A+ (A" x A) sep 1

ge(mSort 11, mSort 12)

T [
) A (divide)
Iy 2
DE:

mSort [y mSort [,
;:) C' (conquer)
T merge (mSort ly) (mSort 1)




a.hs

mSort Ord a [a]

MERGESORT

divide : A* — A+ (A" x A) sep 1

ge(mSort 11, mSort 12)

divide : A* — B (A, A%) ) A (divide)

) B
rt lg
) C' (conquer)

T merge (mSort ly) (mSort 1)

B(X,Y)=X+4 Y*




a.hs

mSort Ord a [a]

MERGESORT

divide : A* — A+ (A" x A) sep 1

ge(mSort 11, mSort 12)

X . % *
— divide : A — B (4, A7) ) A (divide)

- B(X,Y)=X+Y? )B

!
— “Leat” Trees | LTree X | X+Y*  ouer)
T merge (mSort l1) (mSort Iy) ~




MERGESORT SIE B MEL




MERGESORT 6] [s]1 (=] [ (1 [ [2] [




MERG ESORT ;:ort Ord a [a] [al

mSort [] []

mSort [x] [x]
mSort 1 (11,12) - sep 1
merge(mSort 11, mSort 12)

x [
‘ ‘t> A (dwide)
mSort = ([singl, merge|) - [(divide)) > B

<;> C' (conquer)
(mSort ls)

g
conquer

ort

T ‘ merge




MERGESORT

BN o oY
Wge \t{\‘(\s q Ny° _\/ , - [(divide) > B
™ o? ot wer
¢o° C' (conquer)
\\\e
T erge ort /@) (mSort )




MERG ESORT ;:ort Ord a [a] [al

mSort [] []

mSort [x] [x]
mSort 1 (11,12) - sep 1
merge(mSort 11, mSort 12)

T [
) A (divide)
Iy 2
DE:

mSort [y mSort [,
;:) C' (conquer)
T merge (mSort ly) (mSort 1)




MERGESORT

Particular case:

merge Ord a
merge ([x]1,[])

merge ([],r)
merge ([x],y:ys)

[a])

otherwise

[a]
[x]
r

x : merge([],y:ys)

y - merge(x:[],ys|

T [
T l9
T mSort [
T merge |z | (mSort l5)

NPANAN

A (divide)
B

C' (conquer)




INSERTION insert :: Ord t = t — [t] — [t]

insert x [] [x]

SORT insert x (y'ys) @ x <y X' y'ys

otherwise -~ y:insert x ys

l
> A (divide)
A lg
DE:
X 1Sort o
) C' (conquer)
insert = (iSort ls)




INSERTION
SORT

insert Ord t
insert x []
insert x (y:ys)

=h

insert = (iSort ls)

) € (conguen




SELECT'ON , sSort Ord a El [a]

sSort - anal| divide

SORT } divide [] i1()
5 divide (xs) m -~ minimum xs
: i2(m, delete m xs)

Selection sort (m = minimum 1):

[
;:) A (divide)
m lo = delete m [
) B
m sSort [y
;:) C' (conquer)
m : sSort s




SELECT'ON ; sSort Ord a [a] [a]

3 sSort - anal| divide
SORT 4 divide [] i1()
divide (xs) m -~ minimum Xxs

i2(m, delete m xs)

A (divide)

sSort s

B
C' (conquer)

™
o
-l
k||
=
S

m : sSort s




ANA, CATA & HYLO




ALGORITHM CLASSIFICATION

Singleton Equal-size

Easy Split/Hard Join Insertion Sort Merge Sort

Hard Split/Easy Join Selection Sort Quick Sort

NB:
‘Split’ = divide
‘Join’ = conquer )




More on ‘DIVIDE & CONQUER’

g y&
A R Ty 6 F A ((\f\) |
divide s

(9) out F[(9) CV_\)

t @ F T rule rule rule
79 i F(f) |

B F B N conquer i

\?/ L

conquer ;]



More on ‘DIVIDE & CONQUER’

[(divide))

( conquer)

C
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More on ‘DIVIDE & CONQUER’

QUESTION: %Q
In algorithm C(\'\

analysis, how do ) divide *‘C)
we find divide and e e ule

?
conquer: !
- conquer

conquer




Example (FIBONACCI)

fib0=1
firl=1
fib(n+2)=fib(n+1)+ fibn

in = [0, succ|



FIBONACCI

Abi— 1
L
(practical rule) fib (n+2) = fib(n+1)+fibn
divide 0 = 1 Q
divide 1 = 1
divide (n +2)=...(n+1)...n

divide 0 = iy 1 Q
divide =75 1

divide (n +2) =iy (n + 1, n)



FIBONACCI o

fibl=1
fib(n+2)=fib(n+1)+ fibn

divide : Ny — Ny + Ny?

divide 0 = 71 1
divide =75 1
divide (n +2) =iy (n + 1, n)



FIBONACCI T

fibl=1
fib(n+2)=fib(n+1)+ fibn

divide : Ny — Ny + Ny?

e EER L M i

divide
divide (n +2) =1 (n+ 1,n)



FIBONACCI

yr

4‘66$Q b (n+1)+ fibn
\

P
divide : » N7 o + N2

e EER L M i

divide
divide (n +2) =1 (n+ 1,n)



FIBONACCI fib0 =1

b=

b(n+2)=fb(n+1)+ fibn
divide 0 = 11 1 fib | = ha

divide 1 = 11 1
divide (n + 2) =13 (n + 1, n)

i — 1 [ree Nj

conquer : Ng + Ny* > N
conquer = |id, add]



FIBONACCI

fib
fib

(Integral c) C
hyloL conquer divide

divide 0 il 1
divide 1 - il 1
divide(n+2) - i2(n+1,n)
conquer - either id add




FIBONACCI 1 qion,

(divide)| 5 =




FIBONACCI

(divide)| 5 =




Binary search

1,1

lookBTree

ord a a BTree (a,b)

lookBTree a Empty - Nothing
lookBTree a (Node((a',b'),(1,r)))

(52

(2,10) (7,3)

(34 (6,0)

ofctoflNe

a
a
a

al
al
al

9.2

(CN))

Just b'
lookBTree a 1
lookBTree a r

& o

Maybe b




Binary SearCh lookBTree Ord a a BTree (a,b) Maybe b

lookBTree a Empty - Nothing
lookBTree a (Node((a',b'),(1,r)))

try e (ab bl o) a==a' = Just b’
G . / a a' lookBTree a 1
‘ (hrees Qi eal (22 b ) a - a' lookBTree a r

a0 0/
Lot =

try a]

BT (A
lidJrlook a

(1+B)+(1+B)

Td By R A B e (T B

look al

s lie i

1 11,

0

[id ,id]



Binary search lookBTree :: Ord a

lookBTree a Empty
lookBTree a (Nr

try e (ab bl o) a=2a
\a,za’:z'l(z'gb’)
a0 0/
Lot =

try a]

= s AL
(L B )

11 - 171

0




‘While |00p' While (A= TRUE) Do
B
End While

FALSE

TRUE

{B)@)




‘While IOOp’ While (A= TRUE) Do

B
End While ?

while: (A ->B) - (A—>A4) - A—> A
while a b z =
if a z

then while a b (b )

oy




‘While loop’

while 0l ) gt = Ay s ey e

while a b ¢c x =

if a z
then while a b ¢ (b z)
else ¢ z
S
LS G

while a b ¢ liderhile abc

C idad Gt (O




‘Tail recursion’

A ! C+A
tailr gl lid—ktailr g
C idad] C+C
B v)_—x i v
A . B¢ &
tailr ¢ lB (id,tailr g)
C B (C, ()

[id ,id]



‘Tail recursion’

A ! C+A
tailr gl lid—ktailrg
¢ [id ,id)] Cih &
T(AxB)—2*>1+ (4 x B) x (T (4 x B))2—2—>(1+B) + T (A x B)
look al 5 lid—klook a
g SolE g g (L B+ {1+ B)
[id ,id]




‘Tail recursion’

el e G
' lz’d+l00ka
(1+B)+(1+B)




‘Tail recursion’

tailr gl

B(X,Y)=X+VY

tailr ¢

lid ,id]

[id id]

C+ A

lid—ktailr g

C+C

B(C,4)
lidthailr g

B .C)



‘Tail recursion’

[id id]

C+ A

lid—ktailr g

C+C

B(C,4)
lidthailr g

B .C)



‘ [ ]
Tail recursion’
A - C
SHEEEL

o
%$ X . \ lid—ktailrg
><6 Di & @

9
9\7L“ P \4
( % i + Y
o>
1% g

« tailr gj 3 <C’A)
! lidthailrg

B (C, C)

[id ,id]



‘Tail recursion’

_ z = B (C,A)
« % i&’b& 6 J¢ lidthailr g

$P sl e B0




‘Tail recursion’ hylo

g
//\
A ¢

(9] out=in® id+[(9)]l

T e SN T e Tt

tailr ¢ EEE = £k ¢ 1d+tailr ¢
\_/

([id,id]) in  id+([:id,id] [)l

C C+C

T X =BXEX XX



“Periodic table”

B (X,Y) 1+Y X+Y 1+XxY Z+XxY |[X+Y? 1+XxY?
A (o] TX No XNat X D SList X Z | LTree X BTree X

No No Factorial fac dfac
No No Misc. em Ny | (nx),(n+),_" etc sq dsq, fib
No No* Séries odds, evens

No x X* X* Selecgao udrop utake
R R Raiz quadrada =
X* X* Filtragem filter p filter p
X* X* Ordenagao bSort iSort, sSort mSort gSort
X* X Grupos chunksOf n

X* x X* X* Jungao merge, uconc

X x X* X* Insergéo insert

B x Ny (No x B)* Puzzles hanoi
BTree (X, Y) 1+Y Look-up lookup x

T(X,Y) 1+Y Look-up lookup x
TX TX Inversdo reverse mirror mirror
TX No Cardinalidades length count count
TX No Profundidades depth depth
TX X* Travessias tips inordt, preordt, posordt
TX X* Caminhos prefizes, sufizes traces

T(TX) TX "Multiplicagao’ I ’ o




Grupo— 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
| Periodo

1 2
1 H He
. 4 5 6 7 8 9 || 10
Be B C N 0 F || Ne
. 12 13| 14 || 15 || 16 || 17 || 18
Mg al |l si || p s || c || ar
. 20|21 || 22 || 23 || 24 || 25 |[ 26 |[ 27 |[ 28 || 29 || 30 || 31 |[ 32 |[ 33 |[ 34 || 35 || 36
Ca Sc Ti vV Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
el 381301l a0 1l a1 1l a2 1231 aa 1l as1[ a6 1l a7 1[ a8 1[ a9 [ s0 151 [ 52| 53 | 54
Description TX B(X,Y) B (id, f) B(f,id) |ZdLLlL*
g4 || 85 || 86
“Right” Lists List X 1+XxY | id+idx f | id+ f xid | po || At || Rn
“Left” Lists LList X 1+YxX | id+fxid | id+id x f |!16[117| 118
" . ; . . Lv Uus || Uuo

Non-empty Lists | NListX | X4+ X XY | id4+idx f | f+fxid

. 2 o . 2 o 5
Binary Trees BTreeX | 1+ X xY* | id+idx f< | id+ f xXid | gg 50 I 1
“Leaf” Trees LTree X X +Y? id + f? f+id Tm || Yb || Lu
- oY 10) vl P4 ¥s vg w2 1e) v 1] uy Ltuu | 101 (| 102|103
actinideos | S0 7k || pa || U || wp || Pu || am || cm || Bk || cf || Es || Fm || Ma || N0 || ur




Research
at Googi

AN

Lecture: The (\;(?@8\}%6 MapReduce

=z
http:/ e&earch.google.com/archive/mapreduce.html

\g\ 10/03/2014
Romain Jacotin
romain.jacotin@orange.fr



Monads



WHY MONADS MATTER

In this chapter we present a powerful device in state-of-the-art func-
tional programming, that of a #ionad The monad concept is nowadays
of primary importance in computing science because it makes it pos-
sible to describe computational effects as disparate as input/output,
comprehension notation, state variable updating, probabilistic behaviour,
context dependence, partial behaviour efc. in an elegant and uniform
way.

Our motivation to this concept will start from a well-known prob-
lem in functional programming (and computing as a whole) — that of
coping with undefined computations.



WHY MONADS MATTER

-
Al ®
|l o @
In this chapter we present a powerful device in | e o y
tional programming, that of a #io#nad The monad & il

of primary importance in computing science bec S~——
sible to describe computational effects as dispar
comprehension notation, state variable updating, probabilistic behaviour,
context dependence, partial behaviour efc. in an elegant and uniform
way.

Our motivation to this concept will start from a well-known prob-
lem in functional programming (and computing as a whole) — that of
coping with undefined computations.






Probability of the sum






“Monads [...] come with a
curse. The monadic curse is
that once someone learns
what monads are and how to
use them, they lose the ability
to explain it to other people”

(Douglas Crockford: Google
Tech Talk on how to express
monads in JavaScript YoulllD
2013)

Douglas Crockford (2013)



Partial functions

[ p A




Partial functions

1+B<——A

I =



Partial functions




Partial functions




Partial functions

=5

[y

1+C

S



Partial functions

=5

[y

1+C

S



Partial functions

L4 B

[i1 ,z‘d].(z'dy

1+ C



Partial composition

d
1+(1+C)Z<i1+B<g—A
14+ C < / B



Partial composition

a+f x%\ ?
R T s @ — A
- S
i id] | o W

;So%



‘Maybe functions’

Maybe B = EE B
in=[Nothing,Just]

A
e Lf out Nothing = i1 ()
Maybe B ~ L p out (Just a) =iz a
sl i e

in=[Nothing,Just]

data Maybe a = Nothing | Just a



Composing ‘Maybe functions’

Maybe B<2— A

Maybe C / B




Composing ‘Maybe functions’

) fouty 1 + B <" Maybe B e

s i e GE i p




Composing ‘Maybe functions’

feg=in-|i;,out-f]-out-g
= { fusao-+ e in - out = id }
feg=I[in-i;,f]-out-g
= { introdugdo da variavel a }
(feg) a=[in-i,f] (out (g a))
= { definicao de out}
(f e g) a = if g a = Nothing then [in - i1, f] (i1 ()) else [in - iy, f] (i2 (¢ a))

= { cancelamento-+ e simplificacao }

(f e g) a = if g a = Nothing then Nothing else f (g a)



Error messages

Dlel s

Hapa

J




Handling error messages

id+f







Square root
“function”

y
A

(€8]

<
Il

N

\

P

e




'Undecided’ (“nondeterministic”) functions

i

B singl-f

J




Composing 'undecided’ functions

8

o =

= B



Composing 'undecided’ functions

8

(et hhLit)

Concatl ‘
(e / B




Composing 'undecided’ functions

concatl

AR IR




Composing 'undecided’ functions




Composing functions that yield pairs

(CxC)x(CxC)ﬁBxBLA

€60 / B

Jeg



FUNCTORS so far

=1 X
T X = Maybe X
TX=F+X
o e

B ey



Similar structure

b = e iy T P

s g s

X 2% Maybe X <— Maybe (Maybe X)
X singl X concat (X*)*

Gdio

X Girek e e e e 0



MONAD

T oro X T



MONAD

T oro X T

Unit Multiplication



MONAD

Rt g gt g g R

Monad = Functor + unit + multiplication



Monad = “racing”
functor




MONAD

Monad = Functor + unit + multiplication



( pointers
MONAD

exceptions

pairs
ﬁ ) <
distributions

/O operations




Monadic composition




Monadic composition

Tf.,. «X

@/



Heinrich Kleisli

From Wikipedia, the free encyclopedia

Heinrich Kleisli (/klasli/; October 19, 1930 — April 5, 2011)
was a Swiss mathematician. He is the namesake of several
constructions in category theory, including the Kleisli
category and Kleisli triples. He is also the namesake of the
Kleisli Query System, a tool for integration of
heterogeneous databases developed at the University of
Pennsylvania.

Kleisli earned his Ph.D. at ETH Zurich in 1960, having been
supervised by Beno Eckmann and Ernst Specker. His
dissertation was on homotopy and abelian categories. He
served as an associate professor at the University of

Heinrich Kleisli in 1987

Ottawa before relocating to the University of Fribourg in 1966. He became a full professor at

Fribourg in 1967.
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Monad — natural properties

0 ey T
fl Tfl lT(Tf)
L ap e LT T

T u—uiy
e 0



Monad — multiplication...



Monad — multiplication versus unit



Monad — multiplication versus unit

Uk el

:

%



Monad — multiplication versus unit

T4 et

fenhine

%



Monad — multiplication versus unit

T o)

v

2



Monad — multiplication versus unit

L

3



Monad — multiplication versus multiplication



Monad — multiplication versus multiplication

r\TXJL—TQX
where X =T A
2

1B e g |

:

2



Monad — multiplication versus multiplication

g

:

2



Monad — multiplication versus multiplication

g
Ml lT,u
TA—-T 4



Monad — multiplication versus multiplication

T2A<L'.,‘ \!



Monad - laws of unit and multipli- ation

,‘w))




Monad — unit of composition

e o —dike
== { definition of f e ¢, twice }

pTfou=f=p-Tu-f

= { natural-u and p - T u = id } Tf f
== -

By = l=d T T
= {,uou=id}

e= b =td = - T



Monad — unit of composition

Multiplicacao e g =cpe T (62)
Unidade s == Tik= ad (63)
Natural-u T e Ry (64)
Natural-u el s B e B (65)



Monad - laws

Multiplicacao
Unidade
Natural-u
Natural-u

Composicao monddica
Associatividade-e
Identidade-e
Associatividade-e /-
Associatividade--/e

L Versus e

pop=p-Tp
weu=p-Tu=:1id

T e il
pRTED = T
Jeg = qrad jg
fe(geh)=(feg)eh
uef=jf=/feou

(feg)-h = fe(g-h)
(figieh —  fe(lEqg h)
@i —=tyy

(62)
(63)
(64)
(65)

(66)
(67)
(68)
(69)
(70)
(71)



monad

out=in°

ﬁ 2
LTree (LTree A) = LTree A + (LTree (LTree A))

el | i b sy U L i

[ in=[Leaf ,Fork] lidﬂﬂ

LTree A LTree A + (LTree A)°
\—/
[id,Fork]

= (|id, Fork])

LTree (LTree a) LTree a
LTree a = Leaf a | Fork (LTree a, LTree a) mu catalLTree (either id Fork)



monad

Leaf ([ed,Fork])

X LTree X | Tree® X

pru=id=p-Tu pop=p-Tu

mu LTree (LTree a) LTree a
LTree a = Leaf a | Fork (LTree a, LTree a) mu catalLTree (either id Fork)



monad

10 - LTree Leaf = id u = Leaf
= { definition of 1 }

([id, Fork]]) - LTree Leaf = id
= { cata-absorption }

([id, Fork] - (Leaf + id)) = id

= { +-absorption }

([Leaf , Fork]) = id

(o =d == =T

= { cata-reflection }

Leaf ([¢d,Fork])

X LTree X LTree? X

true

mu LTree (LTree a) LTree a
LTree a = Leaf a | Fork (LTree a, LTree a) mu catalLTree (either id Fork)



Monad

AU e e

fou=f



Monad

A A A Jeid="



Monad

A A A Jeid="

fou=f




Monad

AL e foid=yu-Tf

fou=f




Monad

AU e e

Calls g0

i iea=aif: ool

Th6 i iy
dehs
TC———B8

Lk o



Monad “binding”

At e R

(5=f) = f oid




Monad ( )

Monad LTree

L . return Leaf
Minimal complete definition t g (mu . fmap g) t
(>>=) LTree (LTree a) LTree a
catalLTree (either id Fork)
Methods
(>>=) :: forall a b. ma -> (a ->mb) ->mb | infixl 1 |
| # Source
Sequentially compose two actions, passing any value produced
by the first as an argument to the second.
(>>) :: forall a b. ma ->mb ->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

return = u

return :: a -=> m a # Sourc



Monad ( )

Minimal complete definition
P (.1) :: Monad a = (b —> a ¢) — (d
— (f .!' g) a- (g a) f
mult (Monad m) m (m b) mb
Methods mult = ( id)
(>>=) :: forallab. ma -> (a->mb) =>mb |infixl 1|
| # Source

Sequentially compose two actions, passing any value produced
by the first as an argument to the second. (fwg)iga=-(g @) e f

(>>) :: forall a b. ma ->mb->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value producedby the 7d @ id = “Ll
first, like sequencing operators (such as the semicolon) in imperative

languages.
return = u

return :: a -=> m a # Source



Monad ( )

instance LTree where
= Leaf
Minimal complete definition t>>=g = (mu . g) t
_ :: LTree (LTree a) —> LTree a
(>>=)
catalLTree ( Fork)
Methods
(>>=) :: forallab. ma -> (a->mb) >mb |infixl 1|
| # Source
Sequentially compose two actions, passing any value produced
by the first as an argument to the second.
(>>) :: forall a b. ma ->mb ->mb | infixl 1 | | # Source

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

return = u

return :: a -> m a # Sourc



———— Using the pairing monad (cf. teachers versus classes) ———-
data P a = P(a,a) ( )

instance P where
x >= f = (muP. f) x
a = P(a,a)

17 A B e e
mUP(P(P(arb)r'D(Crd))) — P(apd)

instance P where
f (P(a,b)) = P(f a, f b)

instance P where




monad

R G T

T.X-— X

Ti=f e R
Uoe=7d
et

feg=pu-Tf-g=ud-f-g=Ff-g



Monads — summary

g sl T ELIn SRR

pop=p-Tp (=)= [ eid




MONADS: -notation

(Ligla —fllgha) = letbi— gaInif b



MONADS: -notation

R e s i e

A

(f-g)a=f(ga)=letb=gainf b

(feg)a=do{b<ga;f b}
"



MONADS: -notation

DR e e s G e

(f-g)a—frletb—gainfb

(feg)a=do{b b}




MONADS: -notation

= fend

Pies= .

13 { definition of (=1) }

(esid) @ t\

= { do—notation} (f.g) it :do{b Sl a;f b}
do {b <« z;f b}



MONADS: -notation

(>=f) =feid %\0\
D
T>>=f 3\‘0/
- { definition of (= 60
<foid)$ %4 N
=y (feg)a=do{b<—gaifb}

Y

do {



MONADS: -notation

(=f) = f o id 0 vy
o)
T>>=f \‘0 =
- { definition of (= 60
<foid)37 % < N
- (feg)a=do{b—ga;fb)
Ay

do {



MONADS: -notation
r>=f=do{b—uz;f b}

-~ - o3 < B

REWRAP VALLE
VALVE 3 IN ConNTEXT

(Credits: http://shorturl.at/buNPX)



MONADS: -notation

Recall law

(g-f)oh=ge(Tf-h)

Particular case : g, h := u, id:



MONADS: -notation
(g-f)eh=ge(Tf-h)

i end — e ([0 )
= { natural-id; unitu}

(o =il erdi=T: f
= { go pointwise on = }
(u-f)oid)s=Tfs
= { introduce do-notation } sl

Tfz=do{b< z;return (f b)}

Particular case : g, h := u, id:




MONADS: -notation :
(g8 (T /- 1)

(u-f)oid=wue (T [ id) ¢ \g\
&\) .ucular case : g, h := u,id:
= { natural-id; unit u } : (@
. A
L P e = AT P

= { go pointwise o~ bos\\0
((u-f)eid (S/
= {4 «9\ ation } (feg)a=do{begafb)

Tfz=¢ o< x;return (f b)}




MONADS: list compreensions

le|lai—x1,...,a, — x| =do {a; <« z1;...;a, < x,;return e}

(c*)* ~—B*<——A

Concatl :
et ail iy




Monad — more laws

(feg)a=do{b«gaf b} (87)
r—— — (i [ (88)
do{z <+ a;b} = a>=(Ax— b) (89)
phirE =k ] (90)

i e =] (91)



I/O monad : interfacing with the file system




monad : interfacing with the

10 String feadtie - B e Path

| O 1 writeFile o St?“ZTLg

copy i o = (writeFile o e readFile) i

{ do-notation }

copy i 0 = do {s < readFile i; writeFile o s}
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Monadic

out
N() /’EN 1+ N()
\_/
for b zl in=[0,succ] lz’dJrfor b 1
B \[]/1 + B
b

for b i = ([, b])

X v e BT R



Monadic

out
Ny /’E_\ 1 + Ny
\_/
for b 1 in=[0,succ] lid+for b i
Bl mi iy
u [2,0] z'd—l—ul
I B 1+TBH

X v e BT R

for b i = ([, b])



Monadic
X v e BT R

e

= { forbi—([,0]) }
u-([z,0]) = ([, 0'])

28 { fusdo-cata }
w- [, 0] = [, 0] - (i + u)

= { coprodutos (fusdo, absorcao, eq) }

Jhor =
u-b="b-u

>



Monadic

u-for bi=ford ¢
{ forvi=([i,5]) }
w- ([2,0]) = ([, 0])
- { fusdo-cata }
u-[i,b] = [, ] (id + u)

= { coprodutos (fusdo, absorcao, eq) }

Jhor =
u-b="b-u

>

Il
~=
\H-
|8

Il
~

8

.|
~s

S

Il

=
~
—~—~

== { tivial }
= e
be=iil=h

mfor b i = ([ui, T b])



Monadic
X v e BT R

mforbz'z(][u_z',Tb]l) mfor b ¢ = ([u i, T b])
= { universal cata }

mfor b i - [0,succ] = [w i, T b] - (id + mfor b 7)

= { coprodutos (fusdo, absorgao, eq) ; variaveis }

mfor b ¢ 0 = u ¢
mfor b i (n+1) =T b (mfor b i n)

= { u=return ;T f x = do {a < z;return (f a)} }

mfor b ¢ 0 = return ¢
mfor b i (n + 1) = do {z < mfor b i n;return (b z)}



Monadic
X v e BT R

mfor b 1 0 = return i
mfor b i (n+ 1) = do {z < mfor b i n;return (b z)}



i?’lA*

A* 1+AXA"
i fl lid+id xmmap f
T B* i e g ........ 1 —|—A X T B>I<

q7?



TB

inA*

A 14+ A x A*
mmap f l \Lid+id><mmap f
T B>|< i ................ g ......... 1 _|_A % -I— B*
[retum'n”,\_Cor'i's'ﬂ..__.. lz Sl

1+TBxTB*



inA*

i A F A < A
fl mmapfl \Lid"‘idxfﬂmapf
TB TB*?. ................ g ......... 1 —l_AXTB*
L
[return-nil,[cons]-.. lz +f Xi
1+TBxTB*

If] (x,y) =do {a + x;b < y;return (f (a,b)) }



*Main>
*Main>
*xMain>

*Main>

16.
13.
13.
11.
11.
. 3%
. 3%
. 6%
. 8%

o
» 0%

NN Ul Ul oo oo

f] (x,y) =do {a <+ x;b < y;return (f (a,b))}

lift £ (x,y) =do {a<-x;b< y ; return (f (a,b)) }

dl = uniform [1..6]
d2 = uniform [1..6]
1lift add (d1, d2)
7%

9%

0%

1%

1%

B
————

[ o
. . \“
/
- {



map

mmap f = ([return - nil, |cons| - (f x id)])

o

mmap :: (Monad m) = (a — m b) — [a] — m [b]
mmap f || = return [ |
mmap f (h:t) =do {b <« f h;x «— mmap f t;return (b:z)}



Getting the minimum of a list (if possible...)
mgetmin :: Ord a = | a]| — Maybe a

Get the list of all minima (where possible...)

milgips-moe bl isbl - 203 e Jiisa .l LS
mmaps moemisn diEhls i sgEl [ S NoE b g



Getting the minimum of a list (if possible...)

mgetmin :: Ord a = | a]| — Maybe a

mgetmin | | = Nothing
mgetmin | a| = return a
mgetmin (h:t) = do {x < mgetmin t;return (min h )}



MONADS







monadic
programming




Example - .

\ ® o
\\ - -
\ ®oo © f
v P L /
- /
Fork ‘ | Fork Fork I Fork l
. | /N
‘Sporting ‘Chaves |P.Ferreira Benfica Porto Braga Setubal Feirense| |[Guimaraes| |Belenenses| |[Moreirense Maritimo ‘Arouca Estoril |RioAve Nacional

Arouca e 28.6%
Braga 71.4% etc




out

LTree A/\T_//AJr LTree A°
(g [)l in=[Leaf , Fork] lz‘d+(] g)?
B A + B?

9=[91,92] lz’d+u2

T B ALy a7 e

e,
return (a, b)

j



LTree

mcataLTtree g = k where
k (Leaf a) = return (g1 a)
k (Fork (z,y)) =do {a < k z;b < k y;return (g2 (a, b))}
gie 100
i



LTree

e 2
LTree A = A+ LTree A
et et Ee TRl
(g) in=| Leaf ,Fork] lid‘|‘(]9|)2 f : B2 P
TB JREaR gy
s e e Arouca  wemm 28.6%
[hl ,hg] Braga 71.4%

he (z,y) =do{a < z;b < y; [ (a,b)}



Example -

3 ‘e e °
3\;0:, ® oﬂ"
(Equipa, Equipa) —> Dist Equipa
kMain> jogo ("Braga",'"Arouca")
Braga 71.4
Arouca 28.6¢
O Fork
y
Fork Fork Fork Fork Fork Fork Fork Fork
,E % i | /N
Sporting Chaves | |P.Ferreira Benfica Porto Braga Setubal Feirense| |[Guimaraes| |Belenenses| |[Moreirense Maritimo Arouca Estoril Rio Ave Nacional
Arouca  wmmm 28.6%
etc

Braga 71.4%




Example -

3 ‘e e °
|2a2 © o
e /
h2(d1,d2) = do { a <- d1; b <- d2; jogo(a,b) }
simular = catalLTree ( return h2)
Fork
Sporting Chaves | |P.Ferreira Benfica Porto Setl:bal Feirense| |[Guimaraes| |Belenenses| |[Moreirense Maritimo Arouca Estoril Rio Ave Nacional

calendario

analLTree lsplit equipas




Example - -

Main> simular calendario

Porto 24.0
Benfica 22.
Sporting 19.
Braga
Guimaraes
Fork Belenenses
Nacional
™" = Maritimo
Moreirense
Rio Ave
Setubal
P.Ferreira
Arouca
Chaves
Feirense
Estoril

Fork

Fork

N
e

Sporting Chaves | |P.Ferreira Benfica Maritimo Arouca Estoril Rio Ave Nacional

etc

O R FFEFEFEFNNNWWWRLEO
OFRLNNMNORFWWULINNUIO S




Monad =
“racing”
functor




Calculo de Programas
T12



