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Abstract. Both initial algebrasandfinal coalgebras are deviceswhich provide
abstract descriptionsof a varietyof phenomenain programming, in particular
of dataand behavioural structures, respectively. The former are specifiedby
a set of constructorsand well knownin the programmingpractice. The lat-
ter resortsto a collectionof observersand havebeenrecentlyrecognisedas
a promisingframework to modelandreasonaboutdynamical,state-basedsys-
tems.Bothinitial ity andfinality, asuniversal properties,entail definitional and
proof principles, i.e., a basisfor the developmentof program calculi directly
basedon (actually driven by) type specifications. Moreover, such properties
can be turned into programmingcombinatorsand used,not only to calculate
programs,but also to programwith. This tutorial providesa first introduction
to coalgebraicstructures, from a programmingpoint of view, to fosterfurther
applicationsin theareaof programconstruction.

1. Intr oduction

Program Construction. Programconstructionis thesystematic derivationof computa-
tionalstructuresin sucha way thatcorrectnessis guaranteedby construction. Thedevel-
opmentof programcalculi directly basedon, actuallydrivenby, typespecificationshas
hadafundamentalimpactonpursuingthisgoal,mainlyin theareaof functional program-
ming. In fact, sinceJohnMcCarthyoriginal papers[McCarthy, 1960, McCarthy, 1963],
and,later, BackusFP [Backus,1978] — a functionallanguagebasedon combinatorsre-
latedby algebraiclaws — functionalprogrammingandprogram calculi have developed
in an intertwinedway. Moreover, programpropertieshave beenturnedinto program-
ming combinators andused,not only to calculateprograms,but alsoto programwith.
This discipline of algorithmderivation andtransformationcanbe tracedbackto theso-
calledBird-Meertensformalism [Bird, 1987, Bird andMeertens,1987] andthe founda-
tionalwork of T. Hagino[Hagino,1987] 1.

Canthiscalculationmethod,andtheunderlyingmodelling principles,beextended
to theworld of dynamical, state-based, communicatingsystems?To answerthisquestion
weshallfirst attemptto formaliseourunderstandingof suchsystems.

1Sincethen, theareahasknown aremarkableprogress,aswitnessedby thevastbibliographypublished
bothon theoryandapplications — see[Malcolm, 1990, Meijer etal., 1991, Bird andMoor, 1997], among
many others references.



State-basedSystems. Oneof themostelementarymodelsfor a computational process
is thatof a function �������	� 


(1)

which specifiesa transformation rule betweentwo structures
�

and



. Thebehaviour of
a function is capturedby theoutputit produces,which is completelydeterminedby the
suppliedinput. In a (metaphorical)sense,thismaybedubbedasthe‘engineer’s view’ of
computation: here is a recipe(a tool, a technology) to build gnusfromgnats.

Often, however, reality is not so simple. For example, one may know how to
produce‘gnus’ from ‘gnats’ but not in all cases. This is expressedby observingthe
outputof

�
in a more refinedcontext:



is replacedby


���
and

�
is said to be a

partial function,returningeitheravalid outputor anexceptionvalue.Or elseonemaybe
uncertainof theoutcomeof

�
, in thesensethattheevolution of thesystembeingobserved

(the‘gnu population’) maybenondeterministic. Theoutputof
�

becomestypedas � 
 ,
where � denotesfinite powerset. In other situationsone may recognisethat there is
someenvironmental(or context) informationabout‘gnats’ that,for somereason,should
be hiddenfrom input. It may be the casethat suchinformation is too extensive to be
supplied to

�
by its user, or that it is sharedby otherfunctionsaswell. It might alsobe

thecasethatbuildinggnuswill eventually modify theenvironment,thusinfluencinglatter
productionof more‘gnus’. For � adenotationof suchcontext information,thesignature
of
�

becomes2 ��������� ��
�� ����� (2)

A function computedwithin a context is often referred to as‘state-based’,in the sense
theword ‘state’ hasin automatontheory— theinternalmemoryof theautomatonwhich
both constraintsand is constrainedby the executionof actions. In fact, the ‘nature’ of��������� ��
�� � � � asa ‘state-basedfunction’ is mademoreexplicit by rewriting its
signature as ��� � ��� �!
"� ���$# (3)

This, in turn, may suggestan alternative model for computations, which (again in a
metaphoricalsense)onemay dub as the ‘natural scientist’s view’. Insteadof a recipe
to build ‘gnus’ from ‘gnats’, shejust recognisesthat there exist gnusandgnatsandthat
their evolutioncanbeobserved. Thatobservationmayentailsomeform of interference
is well known, evenfrom Physics,andthustheunderlyingnotionof computation is not
necessarilyapassiveone.

The able ‘natural scientist’will equipherselfwith the right ‘lens’ — that is, a
tool to observe with, which necessarilyentailsa particularshapefor observation. The
emphasisis now placedon states:input andoutputparametersmayor maynot become
relevant, dependingon the particularkind of observation onemay want to perform. In
otherwords,one’s focusbecomesthe ‘nature’, or the ‘universe’or, morepragmatically,
the statespace. That we canobserve ‘gnus’ beingproducedout of ‘gnats’ is just one,
amongotherpossibleobservations. Thebasicingredientsrequiredto supportan‘observa-

2Notation %'& represents thespaceof functions from ( to % . In thesequel)+*,(.-/%10�243 standsfor
theuncurry of function )5*,(�0624387 (seeappendix A).



tional’, or ‘state-based’,view of computational processesmaybesummarisedasfollows:

a lens: 91:;9
anobservationstructure: universe <��� 91:=9 universe

Informally, the lenscanbethoughtof asproviding a shapewhich
�

is ableto dealwith
in eachof theabovementionedsituations.Froma technicalpointof view, asthis tutorial
aimsto makeclear, thepair > universe? �A@ , asabove,constitutesacoalgebra with interface91:=9 . Coalgebrasprovidesimplemodelsfor state-based(dynamical)systems.

Differentlyfrom familiar, inductive,datatypes(like,e.g., finite sequences)which
arecompletelydefinedby a setof constructors(e.g., the emptylist andappending),the
sortof computational structureswe have in mind arecharacterisedby the fact that their
behaviour is determined,not only by anexternal(input) stimuli, but alsoby someinter-
nal ‘memory’ to which thereis, in general,no direct access.Typical examplesof such
structuresareprocesses, transition systems, objects, stream-like structuresusedin lazy
programming languages,‘infinite’ or nonwell-foundedobjectsarisingin semantics,and
soon. Such‘systems’areinherentlydynamic,possessanobservablebehaviour, but their
internal configurationsremainhiddenand have thereforeto be identified if not distin-
guishableby observation.Summingup, this tutorialaimsto developtechniquesto model
andcalculatewith systemscharacterisedby:

B thepresenceof an internal statespacewhichevolvesandpersistsin time,B thepossibility of interactionwith othersystems duringtheoverallcomputation,B their typicaluseasa ‘building blocks’of larger, oftenconcurrent,systems.

The relevanceof this programis emphasisedby recognisingthat suchsystems are‘ev-
erywhere’,from sophisticatedmanagementsystems,like plantcontrolor administrative
applications, to formalautomataor domestic appliances.

Plan. A numberof basicconcepts(e.g., system, behaviourandmorphism) are intro-
ducedthroughan examplein section2. and later generalizedin section3.. Section4.
discussestheir applicationto reasonaboutsystems andbehaviours. Equationalreason-
ing andproofsby bisimulation arecomparedandshown to be essentiallythe two sides
of a samecoin. Finally, section5. reportson a casestudy: the applicationof coalge-
braic techniquesto the designof processcalculi. Someof the constructionsdiscussed
areanimatedin CHARITY [Cockett andFukushima,1992], a total functional language
which offers explicit supportfor both inductive and coinductivetypesand enforcesa
discipline for their use. In appendixsomemore detailsare given on the underlying
semanticuniverseand the CHARITY programminglanguageMost of the materialpre-
sentedhereis ratherstandard(even if quite recent).Someof theapplications, however,
namelyonprocesscalculi design,correspondsto author’s recentresearchdocumentedin
[Barbosa,2001, BarbosaandOliveira,2002].



2. Systemsand Behaviours

Thebasicinsight in coalgebraicmodelling is therepresentationof state-basedsystemsby
functionstypedas C � � ��� 91:=9D� (4)

where � is asetof states(usuallycalledthecarrier of
C
). For everystateEGF;� , functionC

(saidthesystem’s dynamics) describestheobservableeffectsof anelementarystepin
theevolution of thesystem(i.e., of a statetransition). The possible outcomesof taking
sucha steparecapturedby notation 91:;9 � , where 91:=9 is correctlyunderstood as
a shapefor the observation structureor, asa programmerwould say, an interfaceor a
system’s type.

Thissectionintroducessomebasicideasoncoalgebraicstructuresby focusingon
a particularlysimple sort of systems: thosereactingto an attribute HJI � � ��� 


and
whose(deterministic) evolution is conductedby a method(or action) K � � ��� � with
noexternalinfluence(but for, say, pushingabutton).Thosetwo functionscanbe‘glued’
togetherby asplit combinator3, leadingtoC�L >�HMIN?OK @P� � ��� 
Q� � (5)

Successive observationsof (or experiments with) a system
C

revealsits allowed
behaviouralpatterns.For eachstatevalue EGF=� , thebehaviourof

C
at E (moreprecisely,

from E onwards)— representedby R � C � STE — is an infinite sequenceof valuesof type



computedby observingthesuccessivestateconfigurations,i.e.,

R � C � STE L U HJIVEW?XHJI � KYE	�N?XHMI � K � KZE����,?\[][^[]_ (6)

Thus,thespaceof all behaviours, for this sortof systems, is thesetof streams(infinite
sequences)of



, i.e.,


5`
.

Bringing input information into the sceneleadsto a mild sophistication of this
model.Theresultis aMoore or a Mealymachinedependingon theway inputaffectsthe
computation of attributes4. Representedasstate-basedfunctionsthey aredescribedas

>aHJIN?\K @b� � ��� 
"� � # and >!HJIN?\K @P� � ��� �!
�� ��� # (7)

respectively.

Let us concentrateon Mealy machinesfor a while. Their behaviours organise
themselvesinto tree-like structures,becausethey dependon thesequencesof input pro-
cessed.Suchtrees,whosearcsarelabelledwith

�
valuesandnodeswith



values,canbe

representedby functionsfrom nonemptysequencesof
�

(asno input meansnoobserva-
tion!) to theattributetype



. In otherwords,thespaceof behavioursof Mealymachines

(on
�

and



) is theset

 #dc . Thebehaviour of

C
at aparticularstateE is computedby 5:

3Functional combinators,likesplit, arereviewedin appendix A.
4In classicalautomaton theorya distinctionis tracedbetweenMoore machines[Moore,1966], where

eachstateis associatedto anoutput symbol,whereassuchsymbolsareassociatedto transitions,ratherthan
states,in a Mealymachine [Mealy, 1955].

5In thesequelegf standsfor theemptysequence. We alsoadopt theratherliberal notation eih	*Jjk*mlnf
to accesselementsof asequence(indicatedby lettersh , l , o , ...) andsub-sequences( j , p , ...).



R � C � SqE L r+U/s �6t _u[vHJIP> �xwMyNz IVE	� s ? t{@ (8)

where �$wMymz I|E�� U _ L E and
�xwMyNz I|E�� U}s ��t _ L K~> �$wMyNz IVE�� s ? tx@ (9)

Now notethat set

 # c itself canbe equippedwith the structureof a Mealy machineas

well. Actually, define� L >$���q��IN?O����H wM�n�My\�m@P��
 #�c ��� ��
���
 #dc � # (10)

where, ���T��Ib>{��? tx@ L � U t _ and �n��H wM���MyO� >a��? t{@ Lur�s [�� U t�� s _
Note that a statein

�
is a function � . Therefore,the attribute is computedby function

application, whereasthe methodgivesa new function which reactsto a sequence
s

of
inputs exactly as � would reactto the appendingof

t
to
s
. As we shall seesoon,this

systemhasa verypeculiarroleamongthecollectionof all Mealymachines.Beforethat,
however, weshouldlook for awayof relatingthissortof systems.

As usual, in Mathematics,the introduction of a new structureis not complete
unlessaccompaniedby the definition of a notion of a morphismwhich preservesit. In
our case,a Mealy morphism � � >x�'? C @���� >a�g?�� @ , is simply a function � � � ��� �
relatingtheunderlyingstatespacesin sucha way thatthedynamicsof thesourcesystem
is preservedin thetargetone.This canbeassertedby requiringthecommutativity of the
following diagram:

� �.�=������� ������� 6¡ ¢¤£¥

"� �¡ ¢\ ��£¥� �G� �¦�!�^§¨� �©§ª��� 
"� �

(11)

Simplifying theunderlyingequation(resortingto
�

fusionandabsorption — laws (38)
and(39), respectively), yieldsthefollowingpair of equations:

HJI L HJIx«¬ � � �;®°¯ � (12)

and �±¬²K L K « ¬ � � �=®°¯ � (13)

Now, if the setof observations

 #dc canbe turnedinto a systemitself, it is not

surprising that,for eachsystem
C
, statescanbemappedinto their behaviours in a ‘well-

behaved’way. In otherwords, R � C � S canbesingledoutasamorphismfrom
C

to

�
, because:

Proof. We checkconditions(12) and(13), instantiating ³ with ´ µª¶¤· ¸�¹�¶�ºq»½¼ . Thus,

µa¾]¿�¿ÁÀ	ÂTµx´ µª¶¤· ¸�Ã�Ä Å�·x·gÆ�Ç�ÈxÉaÊË ÌÎÍÐÏ\Ï,Ñ definition Ò
µx´ µª¶©· ¸TÇ¤·VÓgÉ�ÔË ÌGÕ ÖØ×6Ù Ú definition ÒÛ À|Æ$µaÜOÝ�ÞÁÀ�Ç©·|Ó8ÔbÈxÉaÊË ÌÎß�àxá�Ñ definition ÒÛ À|Æ�Ç�ÈxÉaÊ



And, similarly,

µaâÁ¾ Û Ü\ãÁäOÝ�åWÂµx´ µ¦¶¤· ¸	Ã�Ä Å�·x·�Æ�Ç�ÈxÉaÊË ÌÎæNÍ�ç\ßmèmé�àdê definition Òë Ókì/¹,íÔïî+µx´ µ¦¶¤· ¸TÇ©·VÓgÉ�¹nì/¹OíÔË ÌGÕ Öð×6Ù Ú definition Òë Ókì/¹,íÔïî Û ÀgÆ$µaÜ\Ý�Þ\À	Ç¤·|ÓgÉ�¹�ìnÔbÈ�í�ÊË ÌÎß�àxá�Ñ definition Òë Ókì/¹,íÔïî Û ÀgÆ$µaÜ\Ý�Þ\ÀVñYÆ�Ç�ÈxÉaÊ$·{ìnÈ�í�ÊË ÌGÕ Öð×6Ù Ú definition Ò
´ µª¶©· ¸XµañZÆ�Ç�ÈxÉ{Êd·

ò
Another basic fact on behaviours concernstheir preservationby morphisms.

Formally, giventwo Mealymachines
C

and � anda morphism � � C ��� � betweenthem,
onehas R � C � SqE L R � ��� S²��E .

Proof. We first show that ³�ÂTÜOÝ�Þ\À Ë ÜOÝ�ÞÁÀiÂ�³ by inductionon thesequenceof inputs. Let Ç.óGô
and õAó÷önø . Clearly, µ�³8ÂJÜOÝ�Þ\À	Ç¤·gÓPÔ Ë ³+Ç , by definition of Ü\Ý�Þ\À . For theinductivestep, consider

µ�³�µaÜOÝ�ÞÁÀ�Ç©·x·|Ókì/¹JÉdÔË ÌÎß�àxá�Ñ definition Ò
³�µañYÆxµaÜ\Ý�Þ\ÀAÇ¤·WìMÈxÉaÊx·Ë Ì�ù is a morphism Ò
ñ « Æ�³±µxµaÜOÝ�ÞÁÀAÇ¤·iìÁ·�ÈxÉaÊË Ì inductionhypothesisÒ
ñ « ÆdµaÜOÝ�Þ\Ài³+Ç¤·iìnÈxÉaÊË ÌÎß�àxá�Ñ definition Ò
µaÜ\Ý�Þ\Ài³5Ç©·|Ó�ì/¹MÉdÔ

Usingthis result, thebehaviourpreservation proof is straightforward:

µx´ µ¦¶©· ¸6Ç©·|Ókì8¹MÉdÔË Ì behaviour definition ÒÛ ÀgÆ$µaÜOÝ�ÞÁÀ�Ç©·iìMÈxÉ{ÊË Ì�ù morphism ÒÛ À « Æxµ�³±ÜOÝ�ÞÁÀ�Ç©·úìnÈxÉaÊË Ì just proved ÒÛ À « ÆxµaÜ\Ý�Þ\ÀW³ Ç©·iìnÈxÉaÊË Ì behaviour definition Ò
µx´ µ¦¶ « · ¸q³5Ç¤·|Ókì8¹MÉdÔ



ò
If thereis alwaysa morphism R � C � S from any Mealy machine

C
to

�
, and,aswe

have justshown, morphisms preserve behaviour, suchamorphismis unique. Thismakes�
averyspecialMealymachine:it is theonly suchsystemto which, from any otherone,

thereis oneandonly onemorphism. We say

�
is the final Mealy machine.Finality is

an exampleof an universal property6 which, up to isomorphism,providesa complete
characterisationof

�
. In fact,supposefinality is sharedby two Mealymachines

�
and

�
« .

Theexistencecomponentof thepropertygivesriseto two morphisms� and � « connecting
bothmachinesin reversedirections.On the otherhand,uniquenessimplies �ú¬X� « L ® ¯
and � « ¬� L ®°¯ , thusestablishing � and � « asisomorphisms.

Thesetwo aspectsof finality providebotha definitionschemeanda proof princi-
pleuponwhichcoalgebraicreasoningis based,asweshallillustratein section4.. Before
that,however, let usseehow thesebasicfactsaboutMealymachineslift to amoregeneral
setting.

3. SystemsasCoalgebras

Interfaces. In the previous sectionMealy machines(on
�

and



) were introducedas
systems observedthroughthefollowing interface(or ‘lens’):

9û:;9 L �!
"�;� � # (14)

Interface91:=9 canberegardedasamappingto decomposethe‘observable-universe’ �
into an’observationcontext’

��
ü� ��� # . Of coursedifferentinterfacesgiveriseto different
classesof systems.Let usconsidersomepossibilities.

An extremecaseis the‘opaque’interface 91:;9 L 
: no matterwhatwe try to

observe throughit, the outcomeis alwaysthe same.A slightly moreinterestinglensis91:=9 Lþý
whichhastheability to classifystatesinto two differentclasses(say, ‘black’

or ‘white’) and,therefore,to identify subsetsof � , asasystemfor this interfacewill map
elementsof � to oneor anotherelementof

ý
. Shouldan arbitraryset



be chosento

colour the ‘lens’, thepossibleobservationsbecomemorediscriminating. A systemwith
interface 91:=9 L 


is a ‘colouring’ device in thesensethat elementsof theuniverse
areclassified(i.e., regardedasdistinct) by beingassignedto differentelementsof



. A

‘colour set’ as

,
ý

or



above, actsasa classifierof the statespace. Corresponding
systems arepure observationstructures.Naturally, thesame‘universe’canbeobserved
throughdifferent attributesand, furthermore,suchobservationscan be carriedout on
parallel.Thus,theshapeof a ‘multi-attribute’ lensis

91:=9 L ÿ
�����


 �
where

�
is a finite setof attributenamesand � is the

�
-arycartesianproduct.

6Because,roughly speaking,it singlesout an entity ( � ) among a family of ‘similar’ entitiesto which
every othermemberof the family canbe reducedor tracedback. Thestudyof universal propertiesis the
‘essence’of category theory [Mac Lane,1971].



Anotherinterfacewhich is notparticularlyusefulis providedby the‘transparent’
lensfor which 91:=9 � L � holds. Any function

C � � ��� � is a systemfor this
interface.This meansthat,by using

C
, thestatespace� canindeedbemodified.But, on

theotherhand,theabsenceof attributesmakesany meaningfulobservation impossible.
Comingbackto our ‘lens’ metaphor, thebestwecansayis just thatthingshappen.

A betteralternativeconsistsof combiningattributeswith statemodifiers,or update
operations,to modelthe ‘universe’evolution. The latter arecalledactionsor methods.
Suchacombination leadsto a richerstockof lens.Wemightconsider, for example,that

1. things happenanddisappear or stop, i.e.

91:=9 � L � ��
Systemsfor this interfacearethepartial functions.

2. thingshappenand,in doingso,someof their attributesbecomevisible, i.e., a(non
trivial) outputis produced:

91:=9 � L 
�� �
3. theevolution of thingsis triggeredbysomeexternalstimulus, i.e., additionalinput

is accepted: 91:=9 � L � #
4. weare not completelysure aboutwhathashappened, in thesensethattheevolu-

tion of thesystembeingobservedmaybenondeterministic. In this case,thelens
abovecanbecombinedwith

91:=9 � L �±�
Theinterfacesfor Mealy or Mooremachines,discussedabove,ariseexactly in this way,
by gluing elementary‘lens’ with set-theoreticconstructionslike cartesianproduct,dis-
joint unionor exponentiation.

Coalgebras. For aparticularuniverse� andobservationstructure
C � � ��� 9û:;9 � ,

the pair >$� ? C @ is calleda 9û:;9 -coalgebra. A morphism connectingtwo suchcoalge-
brasis a functionbetweentheir carrierswhich preservesthedynamics,i.e., suchthatthe
following diagramcommutes:

� � ��� £¥
91:=9 �	�
�	 �£¥

� � §
�� 91:=9 � «

(15)

Note that diagram(11) is an instanceof this generalcase. As anotherexample, let91:=9 L 

. In this casea morphism from

C
to � is just a ‘colour-preserving’func-

tion, i.e., ��¬©� L C holds. This meansthat if two elementsof theuniversearegrouped
togetherby

C
, their imagesunder � remaintogetherwhencomparedby � .



Functors. Thisdiagramraisesanimportantpoint: 91:;9 shouldbeapplicablenotonly
to sets, but alsoto functionsin orderto give meaningto, e.g., 91:=9 � . The ideaof an
uniform transformationof bothsetsandfunctionsis capturedby thenotionof a functor
7. Recall (cf., appendixA) thatourmodels‘li ve’ in aspaceof typedfunctions,something
onecouldmodelasa graphwith setsasnodesandset-theoreticfunctionsasarrows. As
functions(with the right types)canbe composedand, for eachset  , onemay single
out a function

®°¯��
(the identity on  ) actingastheneutralelementfor composition, this

workinguniversehasthestructureof a(partial)monoid. In thissetting, a functoris simply
a function � over thisuniversewhichpreservesthegraphandmonoidalstructure,i.e., for
eachfunction

����� �	� �
, � � is typedas � �4��� � � andverifies:

� ®°¯�� L ® ¯����
(16)

� �a� ¬��¤� L � � ¬���� (17)

Interfacesare thusmodelledby functors. The ‘transparent’lenscorrespondsto
the identity functor � ¯ definedby � ¯ � L � and � ¯�®°¯ �

L ®°¯�� ¢ � . ‘Coloured’ lensesare
instancesof constantfunctors: for example,functor



mapsevery otherset to



and

every function
� ��� ��� �

to identity on



. More complex interfacescanbe built
combining suchelementaryfunctorswith someform of ‘addition’ and‘multiplication’ 8

giving riseto whatis calledtheclassof polynomial functors.Examplespresentedin this
text, alsoresortto thedirectexponential ( ��� L �! ) andfinite powerset( ��� L �"� )
functors9.

Systemsand Behaviours Revisited. Fromthediscussion above, a state-basedsystem
whoseinterfaceis capturedby a functor � is modelledby a � -coalgebra, i.e., a pair>{�'? C � � ��� � � @ . The resultswe have analysedfor the particularcaseof Mealy
machinescannow beformulatedin thismoregeneralsetting.In particular,

B Any morphismbetweentwo � -coalgebraspreservebehaviour;B Whenever thespaceof behaviours of a classof � -coalgebrascanbeturnedon a� -coalgebraitself (written as

� ���$#%�=��� � #&� ), this is thefinal coalgebra:from
any other � -coalgebra

C
thereis a uniquemorphism R � C � S makingthe following

diagramto commute: #&� `%' �� � #&�

� � ��
( ) �+* ,
- .

�8�
� ( ) �+* ,
- .

Theuniversalpropertyis, equivalently, capturedby thefollowing law:

/ L R � C � S10
� � ¬ / L � / ¬ C (18)

7As mostconceptualstructuresusedin mathematicsandcomputerscience,thisnotion is borrowedfrom
category theory, whereit canbeappreciatedin its full genericity.

8i.e., theproductandsumfunctors on variables2 and 3 , respectively. As expected, a pair 4527683&9 of sets
or functionsis mappedto 25-:3 in thefirst case,andto 2<;=3 in thesecond.

9Thesefunctors acton functionsasfollows: )©& ù?> )?@ ù and A )�B >DC )?2�EF2HG:B=I .



Morphism R � C � S appliedto a statevalue E gives, of course,the (observable) behaviour
of a sequenceof

C
transitions startingat E . It is called the coinductiveextensionof

C
[Turi andRutten,1998] or theanamorphismgeneratedby

C
[Meijer et al., 1991]. Being

completelydeterminedby
C
,
C

is alsoreferredto asits gene.

Aswehavealreadyremarked,theexistencepartof thisuniversalpropertyprovides
a definitionprinciple for functionsto spacesof behaviours (technically, carriersof final
coalgebras).This is calleddefinition by co-recursion andboils down to equippingthe
sourceof thefunctionto bedefinedwith a coalgebrato capturethe ‘one-step’dynamics
in thebehaviour generationprocess.Thenthecorrespondinganamorphism gives therest.
Theuniquenesspart,ontheotherhand,entailsapowerful proof principle— coinduction,
alsoillustratedbelow.

For each interface � , inhabitantsof the carrier
#%�

of the correspondingfinal
coalgebraare � -behaviours: all possible observations of systemswith this interface
are collected in

#&�
. In this context, final coalgebrasare called coinductiveor left

datatypesin [Hagino,1987] or [Cockett andSpencer, 1992], codataandcodatatypesin
[Kieburtz,1998], final systemsin [Rutten,2000] or objecttypesin [Jacobs,1996b]. Rea-
soningcoalgebraically, which is the topic of thefollowing section,is This explainswhy
coalgebraicreasoningaboutstate-basedsystemsisoftenreferredtoascoinductivereason-
ing. Irrespectiveof thepreferred designation,suchis thetopicof thefollowing section.

4. ReasoningCoalgebraically

Basic Techniques. Law (18) is the basictool for calculatingwith behaviours. Being
anuniversal property, it asserts,for eachgenecoalgebra

C
, theexistenceanduniqueness

of anamorphismR � C � S . BecauseR � C � S is itself a morphismbetweencoalgebras,it verifies
thepreservationconditionexpressedby thecommutativity of diagram(15),now suitably
instantiatedto � � ¬XR � C � S L ��R � C � SX¬ C (19)

Moreover thefollowing results,which areusuallyreferred to asthecancellation, reflec-
tion andfusionlaw, respectively, areadirectconsequenceof (18).� � ¬XR � C � S L � R � C � S¤¬ C (20)R �

� � � S L ®°¯�J ' (21)R � C � SX¬� L R � ��� S if
C ¬� L � �±¬6� (22)

Let us prove the lastof this resultswhich assertsthe possibility of ‘fusing’ an arbitrary
coalgebramorphism into a anamorphism.Typical applicationsof this law dealwith the
elimination of a pre-processingstage(with � ) by incorporatingit in the co-recursion
patternrepresentedby R � C � S .
Proof.

´ µ¦¶¤· ¸ÂM³ Ë ´ µLKM· ¸Ë Ì anamorphismuniversalcharacterisation— law (18) Ò
¼ � Â´ µ¦¶¤· ¸Ân³ ËNM µx´ µ¦¶¤· ¸ÂM³²·	Â&K



Ë Ì�Õ Öð×�Ù Ú morphism (19) ÒM ´ µª¶©· ¸TÂ�¶+ÂM³ ËOM µx´ µ¦¶¤· ¸ÂM³q·AÂ�KË Ì asa functor P preserves composition— law (17) ÒM ´ µª¶©· ¸TÂ�¶+ÂM³ ËOM ´ µª¶¤· ¸TÂ M ³5Â%KQ Ì cancelP Õ ÖØ×�Ù Ú from bothsidesÒ
¶+ÂM³ ËOM ³5Â&K

ò

An Instructi ve Calculation. A nice illustration of the useof coinduction not only to
prove systems’properties,but also to derive the requiredconstructions,is provided by
the following attemptto establish(the coalgebraversionof) Lambek’s Lemma. This is
a ‘folklore’ result in categorical algebra10, still very useful in practicalcalculations.It
statesthat thedynamicsof thefinal coalgebrais anisomorphism, i.e., thereis alwaysan
inverseto

� � �7#%� �	� � #&� .

The proof below gives some intuition on the kind of calculationalskills we
are interestedin. Moreover, as the result is valid for any functor � possessinga final
coalgebra,the calculation is generic in the sensethat all stepsare parametrizedby
observation interface� .

Proof. We startby assuming the existenceof suchan inverse,written as R � , which is expected
to verify identities: R � Â�¼ � Ë Ä Å J ' and ¼ � Â�R � Ë Ä Å ��J ' . The proof ideais to take oneof this
requirementsanduseit to conjecture a definition for R � (in programmingterms,onewould say
an implementation). Thenwe check the validity of this conjectureby verifying with it the other
requirement.Thus,

R � ÂÁ¼ � Ë Ä Å J 'Ë Ì reflection— law (21) Ò
R � ÂÁ¼ � Ë ´ µ�¼ � · ¸Ë Ì anamorphismuniversalcharacterisation — law (18) Ò
¼ � Â&R � ÂÁ¼ � Ë!M µSR � ÂJ¼ � ·�ÂÁ¼ �Ë Ì asa functor P preservescomposition— law (17) Ò
¼ � Â&R � ÂÁ¼ � Ë!M R � Â M ¼ � ÂJ¼ �Ë Ì cancel�UT from bothsidesÒ
¼ � Â&R � ËOM R � Â M ¼ �Ë Ì anamorphismuniversalcharacterisation — law (18) Ò
R � Ë ´ µ M ¼ � · ¸

We are half done! Notice, in particular, how the reflection law (21) was usedto introducean
anamorphismin thecalculation,whereasits ‘normal’ roleseemsto beexactly theopposite:getting

10Theoriginal statementof this lemma,formulatedfor initial algebras,appearedin [Barr, 1970], where
it wascredited to J.Lambek.



rid of anamorphismsby reducing themto the identity. This proof is thena nice exampleof the
oftenneglectedfactthatcalculationsalsorequire insight andthattherearenoproofs without ideas.

Now theverification step:

¼ � Â&R �Ë Ì replaceV T by thederived conjecture Ò
¼ � Â´ µ M ¼ � · ¸Ë Ì�Õ Ö P$��T Ù Ú is amorphism — law (19) ÒM ´ µ M ¼ � · ¸Â M ¼ �Ë Ì asa functor P preservescomposition— law (17) ÒM µx´ µ M ¼ � · ¸TÂÁ¼ � ·Ë Ì just proved ÒM Ä Å J 'Ë Ì asa functor P preservesidentities— law (16) Ò
Ä Å ) � ¡ ¢XW ' * ò

In the next paragraphthis kind of reasoningis illustratedwith the simple object
modelspecifiedby definition(5). Later, in section5., moresophisticatedsystems will be
considered— the reasoningprinciplesand(conceptual)toolswill, however, remainthe
same.We shallalsotake theopportunity to ‘bring to life’ someof our constructionsby
encodingthemin a programming language.

Programming with Streams. Let ussumup,from acoalgebraicpointof view, whatwe
know aboutsimple,oneattribute,systems, modelledascoalgebrasfor functor 11 �<Y L
 ���

(recalldiscussionin section2.). Its behavioursare



streams,i.e., elementsof

÷`

.
Moreover


 `
canbeequippedwith acoalgebrastructurewhosedynamicsconsistsof two

observers,accessing,respectively, the �[Z%\^] and _`\ tba of thestream.Formally,

> 
 ` ?M> �M¯ ?�IFc @b�
 ` �	� 
"��
 ` @
(23)

which is final amongsuchsystems.

Coinductive types— i.e., behaviours — aredirectly supportedby the CHARITY

programming language[Cockett andFukushima,1992]. Final coalgebra(23) is declared
asfollows 12:

data S -> stream(O) = hd: S -> O | tl: S -> S.

By finality, to definea function over a coinductive type it is enoughto give its
gene, whichspecifiesthe‘one-step’dynamics.As afirst exampleconsiderhow aninfinite

11Noticehow notation Ped makesexplicit theoutput parameterwhich addsto thegenericityof thecon-
structions to follow.

12Thenotationis, hopefully, almostself-explanatory; a brief overview is providedin appendix B.



sequenceof thesamevalue(say, \ ) is produced.Thetyping of theenvisagedfunctionisf ynwv��
���� 
 ø . If wewantto explainhow stream\ ` is generated,weshallprobablysay
something like in each step,givena value \ , join it to the resultandkeepanothercopy
of \ to repeatthis process. Two remarksarenow in order. First noticethereis no until
in this loop: theresult,beinganinfinite behaviour, cannotto beshown ‘onceandfor all’,
but unfoldedstepby step(thatis whereCHARITY lazyevaluationmechanismcomesinto
scene).Second,andmorefundamental,notethereis abasicinstructionin thedescription
of the generationprocess:in each stepproduce a pair >8\X?X\ @ to be consumedalongthe
way (thefirst \ is to be joinedto thestream,thesecondto go on). This basicinstruction
correspondsto a simple function g �X
½��� 
 �=


, known asthediagonal functionand
definedas g L > ® ¯ ? ®°¯�@ . Clearly, g is acoalgebrafor �hY . Thereforeit uniquelydetermines
ananamorphism R � g'� S whichcorrespondsto theenvisagedfunction,i.e.

f y�w L R � g'� S (24)

Function g carriesthe ‘geneticinheritance’of thegeneratingprocess,asrepresentedin
thediagrambelow. Fromaprogrammingpointof view recognisingthis factis theeureka
step— theonerequiringinsight; all therestis for free.


 ` �ji ¢ � �lk ��� 
���
 `



monqp - . r �� 
"��

¡ ¢J  monqp- .

A simple calculationprovides a definition of f ynw making explicit the implicit self-
reference:

�x® ¯�� f ynw �,¬sg L > �M¯ ?�IFc @ ¬ f ynwL tvu
definition w�x® ¯�� f ynw �V¬X> ® ¯ ? ®°¯T@ L > �M¯ ?�IFc @ ¬ f ynwL t - absorption andfusion— laws (39) and(38) w

> ®°¯ ? f y�w�@ L > �M¯ ¬ f ynw ?�IFcM¬ f ynw�@L t
structural equality— law (40) w�M¯ ¬ f y�w L ®°¯ x IFcM¬ f ynw L f y�wL t
going pointwise w�M¯ú� f y�w \q� L \ x IFc � f ynw \T� L f ynw \

Thereisageneral‘lesson’tobelearntfromthespecificationof f ynw in thisformat,whichis
truefor every functiondefinedasananamorphism: thefunctionis givenby specifyingits
behaviour underall theobservers13. It shouldbenoted,however, thatthis transformation
is unnecessary:oncethe ‘gene’ hasbeenidentifiedthe problemis solved. In CHARI -
TY, for example, function f y�w is definedexactly asin (24), asthe languageforbidsself-
reference:

13Recallthata functionover aninductive typeis specifiedin a dualway by describingits effect on the
constructors.



def gen: O -> stream(O)
= n => (| n => head: n

| tail: n
|) n.

The samedefinitionalprinciple canbe appliedto generatefunctionswhosebothsource
andtargetarebehaviours.For example,a combinatorfor merging two streamsis defined
by


 ` �yi ¢ � �lk � �� 
Q��
 `

 ` ��
 `� nqz{mon}| ( )�~ * ,

- .
~ �� 
"� ��
 ` ��
 ` �

¡ ¢Á  � nbz�mon- .

where � L > �M¯ ¬�� � ? � ¬ � IFc �D®°¯ � @ . This meansthat in eachstepthe headof the first
streamis taken asthe headof the result,andthe generatingprocessis preparedto the
following iterationby takingthesecondstream,thetail of thefirst andswappingthem(

�
is
�

commutativity isomorphism). In CHARITY,

def merge: stream(O) * stream(O) -> stream(O)
= x => (| (s,t) => head: head s

| tail: (t, tail s)
|) x.

Suppose,now, we want to obtain a streamof \ s and � s strictly interleaved, i.e.
� \^�,� ` .

Two possibilities emerge. Oneof themresortsto a particulargeneratingfunction I�� ® � I
specifiedas


5` �ji ¢ � �lk � �� 
���
 `

���
��� ¡ � � | ( ) ���%�{� � � * ,
- .

���&�a� � ��� 
"� �!
"��
 �
¡ ¢\  ��� ¡ � �- .

andencodedin CHARITY as

def twist: O * O -> stream(O)
= x => (| (m,n) => head: m

| tail: (n,m)
|) x.

Alternatively onemaycombine\ ` and � ` with K y � f y . As a furtherillustrationof coalge-
braicreasoning,let usshow thatbothapproachesareequivalent,i.e.,

K y � f y ¬ � f y�w�� f y�w � L I�� ®°� I (25)



Proof.

ñ ÝÁ¾j�MÝ�ÂTµl�MÝÁÜ Ã��MÝÁÜM· Ë ÀL� Ä åxÀË Ì���àNÍ��,à definition Ò
´ µxÆ{äOÅ/Â%� � ÈxåWÂµ�À���Ã�Ä Å6·xÊx· ¸TÂµl�MÝÁÜ Ã��MÝÁÜJ· Ë ÆS� � Èxå�ÊQ Ì anamorphismfusion— law (22) Ò
ÆaäOÅ/Â�� � ÈxåiÂµ�À��6Ã�Ä Å6·xÊ	Âµl�MÝÁÜ�Ã=�MÝÁÜÁ· Ë Ä Å+ÃÎµl�MÝÁÜ Ã��MÝÁÜJ·	ÂÆS� � Èxå�ÊË Ì - absorption andreflection— laws (39) and(36) Ò
ÆaäOÅ/Â��MÝÁÜ'Â&� � ÈxåiÂTµxµ�À��,Â��MÝÁÜM·|Ã��MÝÁÜM·xÊ Ë Ä Å ÃÎµl�MÝÁÜ�Ã��MÝÁÜJ·�ÂTÆL� � Èxå�ÊË Ì�Ño� @ �OàNß�>��,àNß and éX� @ �,àNß�>D� � Ò
ÆL� � ÈxåWÂµl�MÝÁÜ�Ã��MÝÁÜJ·xÊ Ë Ä Å+ÃÎµl�MÝÁÜ Ã��MÝÁÜÁ·	ÂÆS� � Èxå�ÊË Ì - absorption — law (39) Ò
ÆL� � ÈxåWÂµl�MÝÁÜ�Ã��MÝÁÜJ·xÊ Ë ÆL� � È,µl�MÝÁÜ Ã��MÝÁÜM·�ÂJå�ÊË Ì�ê is natural,i.e., Ö )5-:� Ù @ ê�>�ê @ Ö �}- ) Ù Ò
ÆL� � ÈxåWÂµl�MÝÁÜ�Ã��MÝÁÜJ·xÊ Ë ÆL� � ÈxåWÂµl�MÝÁÜ�Ã��MÝÁÜM·xÊ

ò

Observational Equivalenceand Bisimulation. Thestatespaceof asystem(or, in tech-
nical terms,the carrierof a coalgebra)is accessedthroughthe observersencodedin its
interface. Therefore,statesthatexhibit thesamebehaviour shouldalwaysbe identified.
Suchan indistinguishability relation on statesis called observational equivalenceand
definedby E��¡  ¢¤£ R � C � STE L R � �6� S7  (26)

for E and   in the carriersof coalgebras>x� ? C @ and >a�g?�� @ , respectively. This definition
agreeswith our intuition thatthefinal coalgebrais thecoalgebraof all behaviours.

A somewhatsimplerwayof establishingobservationalequivalence, whichmore-
overhastheadvantageof notdependingontheexistenceof final coalgebras,is to look for
amorphism � suchthatoneof thestatesis the � -imageof theother. Onceconjectured,�
determinesa relation ¥§¦u� � � suchthat

>�EW?X  @ F¨¥ £ E��©  (27)

Sucha relationis, of course,thegraphof � , i.e.,
t >8ªW?N�«ª @&¬ ª�F;�w .

Canthis ideabegeneralised?More precisely, whatpropertiesmusta relation ¥
havesothatonemayconcludeE��¡  simply by checkingwhether >!EW?X  @ is in ¥ ?

Let usconsideragainsystemswhosebehavioursarestreams.Giventwo statesE
and   andcoalgebras

C�L >$� ?M>�HMI � ?\K �
@�@

and � L >{�g?M>aHJI`®O?\K:® @�@ , wewantcheckif E underC
and   under � behave similarly, i.e., generatethesamestreams.A constructive way of

carryingoutsuchaverificationconsists ofB first checkingtheattributes: HJI � E
L HJI¯®�  ,



B then,assuringthat the continuationstatesproducedby K � E and K:®°  , respec-
tively, supportidenticalverification.

Thisequivalesto find outa relation ¥§¦u� � � suchthat

> EW?X  @ F±¥ £ HMI � E
L HMI¯®�  x >dK � EW?\K:®² 

@ F¨¥ (28)

Wemaythenconcludethat,to serveasawitnessfor observationalequivalence,a relation¥ hasto beclosedunderthecoalgebradynamics.This sortof relationsarewell-known
in theliteratureon thesemanticsof concurrency underthegenericdesignationof bisimu-
lations. Thenameconveys theintuition that two systemsrunningfrom equivalentstates
have the ability to simulate eachother. Canwe arrive at a genericnotion of bisimula-
tion, i.e., independentof thesystem’s interface?Let usseeif we canrewrite (28) into a
form easierto generalise.Thisentailstheneedfor botheliminatingvariablesandmaking
explicit thestructureinvolved. We thusproceedby conjecturinga coalgebrastructurein¥ : ³ L >aHMIo´M?OK:´ @b� ¥ ��� 
"� ¥ (29)

suchthat HMIo´ L HJI � ¬�� �
L HJI¯®g¬��$µ x K:´ L K �

� K:® (30)

Now, asimplecalculationyields:

HMIo´ L HJI � ¬�� �
L HJI¯®g¬��$µ x K:´ L K �

� K:®¶ t - reflection— law (36)wHMIo´ L HJI � ¬�� �
L HJI¯®g¬��$µ x K:´ L K �

� K:®¶ t - fusionandabsorption— laws(38)and(39)w
HMIo´ L HJI � ¬�� �

L HJI¯®g¬��$µ x >�� � ¬²K?´�?��$µk¬qK:´ @ L >$K � ¬�� � ?\K:®g¬��$µ
@

¶ t
structuralequality — law (40)w

>!HJIo´�?�� � ¬qK:´ @ L >!HJI � ¬�� � ?\K � ¬�� �
@±x >aHMIo´M?��$µ ¬²K?´ @ L >aHJI¯®g¬��$µÁ?\K:®�¬��$µ @¶ t - fusionandabsorption— laws(38)and(39)w�x®°¯�� � � �V¬X>!HMIo´M?\K?´ @ L >aHJI � ?\K �
@ ¬�� � x �x®°¯�� �$µ,�V¬X>!HMIo´M?\K?´ @ L >aHJI¯®\?\K:® @ ¬��$µ

Thelastpair of equationsassertsthecommutativity of thefollowing diagram:

�
� £¥

¥´ £¥
�%�·¸ ��¹ �� �® £¥
Q� � 
"� ¥¡ ¢\  �%�·¸ ¡ ¢Á  ��¹�� 
"� �

This fact can be shown to hold in a genericcontext: a relation on the carriersof � -
coalgebras

C
and � is a ( � )-bisimulation if it canbeequippedwith a coalgebrastructure³

suchthatprojections� � and �$µ lift to � -morphisms,asexpressedby thecommutativity
of thefollowing diagram:

�
� £¥

¥´ £¥
�&�·¸ ��¹ �� �® £¥

��� �N¥
� �%�·¸ � ��¹ �� � �



i.e., �!� � ¬ ³ LïC ¬�� � x �O�$µk¬ ³vL ��¬��$µ (31)

As discussed in the next section,the behaviours of non-deterministic systems
specifiedascoalgebrasfor � L � ��
"�1� � correspondto what is usuallycalleda pro-
cessin processcalculi such CCS [Milner, 1980, Milner, 1989] or CSP [Hoare,1985].
Originally the notion of bisimulation was introduced in the context of such calculi
to relate processesupon which observation producesequal resultsand this is main-
tainedalong all possibletransitions — cf., Park’s landmarkpaper[Park,1981]. Later
[Aczel andMendler, 1988] gaveacategoricaldefinition14 of bisimulationwhichapplies,
notonly to thekind of transitionsystemsunderlyingtheoperationalsemanticsof process
calculi,but alsoto arbitrarycoalgebras.Bisimulationacquireda shape: theshapeof the
chosenobservationinterface � .

As onewould expect, instantiating (31) with � L � �!
��1� � leads,after a few
stepsin asimplecalculation,to

>�E�?�  @ F±¥ £ º �y»�� ¼,� � ��½ [7¾ �y»�� ¿�� � ®%À [X>8ªW?�Á
@ F¨¥ x º �y»d� ¿�� � ®%À [�¾ �y»�� ¼,� � �^½ [�>�ªW?XÁ

@ F±¥
whichcorrespondsto whatis calledstrict bisimulation in theCCS literature.Ontheother
hand,instantiating (31)with theidentity functor(the‘transparentlens’) leadsto

� � ¬ ³vLïC ¬�� � x �$µ ¬ ³ L � ¬��$µ¶ t
structural equality— law (40) w

>8� � ¬ ³ ?��$µ ¬ ³ @ L > C ¬�� � ?���¬��$µ @¶ t - fusionandabsorption — laws (38)and(39) w
>8� � ?��$µ @ ¬ ³ L C � ��¬X>�� � ?��$µ @¶ t - reflection— law (36) w³QL C � �¶ t

goingpointwise w
>!EW?X  @ FÂ¥ iff E.F;� x  �F��

which meansthat any relationpreserving
C

and � dynamicsis a bisimulation on those
coalgebras.

Remark. Bisimulationsprovidea ‘relational’ view of coalgebramorphisms. In fact,as
discussedabove,thegraphof a � -coalgebramorphismis a � -bisimulation. Thisandsev-
eralotherresultson bisimulationsareprovedin [Rutten,2000]. In particular, it is shown
that theconverseof a bisimulation and,undersomeconditionson � , thecomposition of
two bisimulationsarestill bisimulations.As acorollary, the(relational)directandinverse
imagesof abisimulation,aswell asthekernelof acoalgebramorphism,arebisimulations
aswell.

Bisimulation entails, thus, a local proof theory for observational equivalence,
which is widely usedin practiceand in a variety of contexts. Usually in the coalge-
bra literaturewhat is understoodby a coinductiveproof is theexplicit constructionof a

14Thedefinitionusedin this text is aninstanceof it assuminga set-theoretic semanticuniverse.



bisimulationcontainingthepair of statesonewantto proveequivalent(see,for example,
[Rutten,2000] or [Jacobs,2002]). In general,however, we favour the calculationalap-
proachexemplified above which resortsexplicitly to theuniversalproperty, becauseit is
closerto the calculationof functionalprograms(asin, e.g., [Bird andMoor, 1997]). To
a largeextent this choiceis, however, a matterof taste:thetwo methods(bothrootedin
uniquenesspartof theuniversalproperty)arethe two sidesof thesamecoin — thethe-
oremwhich (for a largeclassof functors,which includetheonesconsideredin this text)
establishesfinal coalgebrasasfull abstract with respectto bisimulation(for a proof see,
e.g., [Turi andRutten,1998]).

5. Application: ProcessCalculi

Moti vation. This section outlines a medium-size case study in the use of coal-
gebraic structures to model and reason about dynamical systems which corre-
spondsto some recent researchof the author documentedin [Barbosa,2001] and
[BarbosaandOliveira, 2002]. Theobjectof studyareclassicalprocesscalculi in thetra-
dition of CCS [Milner, 1989] for specificationof concurrentcomputation. Our goal is to
applytheconceptsandtechniquesdiscussedabove to thedesignof processcombinators
andthe‘discovery’ of their laws.

Our approachrelieson therepresentationof processesasinhabitantsof coinduc-
tive types,i.e., final coalgebrasfor suitable functors.Final semanticsfor processesis an
active research area,namelyafter Aczel’s landmarkpaper[Aczel, 1993]. Our emphasis
is, however, actuallyplacedon the designside: we intendto show how processcalculi
canbedevelopedandtheir lawsprovedalongthelinesonegetsusedto in (data-oriented)
programcalculi. We believe thattheproposedapproachhasanumberof advantages:B First of all it providesa uniform treatmentof processesandothercomputational

structures,e.g., datastructures,bothrepresentedascategorical typesfor functors
capturinginterfacesof, respectively, observersandconstructors(seesection6.).
Placingdataandbehaviour atasimilar level conveys theideathatprocessmodels
canbechosenandspecifiedaccordingto agivenapplicationarea,in thesameway
thata suitabledatastructureis definedto meeta particularengineeringproblem.
As a prototyping platform, CHARITY is a sobertool in which differentprocess
combinatorscanbedefined,interpretersfor theassociatedlanguagesquickly de-
velopedandtheexpressivenessof differentcalculi comparedwith respectto the
intendedapplications.B Theapproachis independentof any particularprocesscalculusandmakesexplicit
the differentingredientspresentin the designof any suchcalculi. In particular,
structuralaspectsof theunderlyingbehaviourmodel(e.g., thedichotomiessuch
asactivevsreactive,deterministic vsnon-deterministic) becomeclearlyseparated
from the interactionstructurewhichdefinesthesynchronisation discipline.B Proofsarecarriedoutin apurelycalculational(basicallyequational andpointfree)
style, thereforecircumventing the explicit constructionof bisimulationsusedin
mostof theliteratureonprocesscalculi.

Processes. Theoperationalsemanticsof aprocesscalculusis usuallygivenin termsof a
transitionrelation Ã��� overprocesses,indexedby aset

�ÅÄ _ of actions,in whichaprocess



getscommitted,andtheresulting‘continuations’, i.e., thebehaviourssubsequently exhib-
ited. A first, basicdesigndecisionconcernsthedefinitionof whatshouldbeunderstood
by suchacollection.As a rule, it is definedasaset, in orderto expressnon-determinism.
Other, morerestrictive, possibilities considera sequenceor even just a singlecontinua-
tion, modelling, respectively, ‘ordered’non-determinismor determinism. In general,this
underlyingbehaviour modelcanberepresentedby a functor Æ .

An orthogonaldecisionconcernstheintendedinterpretationof thetransitionrela-
tion,which is usuallyleft implicit or underspecifiedin processcalculi. Wemay, however,
distinguishbetweenB An ‘active’ interpretation,in which a transition

C Ã��� � is informally charac-
terisedas‘

C
evolvesto � by performingan action \ ’, both � and \ beingsolely

determinedby
C
.B A ‘reactive’ interpretation,informally reading‘

C
reactsto anexternalstimulus \

by evolving to � ’.
Processeswill thenbetakenasinhabitantsof thecarrierof thefinal coalgebra

� �[#.���
� #

, with � definedas Æ ���ÇÄ _ � � ¯ � , in thefirst case,and
� ÆÈ� ¯ �  �ÉSÊ , in thesecond.To

illustrateourapproach,weshallfocusontheparticularcasewhere Æ is thefinite powerset
functorandthe‘active’ interpretationis adopted.Thetransitionrelation,for this case,is
givenby

C Ã��� � iff >q\©?�� @ F
� C

.

Therestrictionto thefinite powersetavoidscardinalityproblemsandassuresthe
existenceof afinal coalgebrafor � 15. Thisrestrictsusto image-finiteprocesses,anot too
severerestrictionin practicewhichmaybepartiallycircumventedby asuitabledefinition
of thestructureof

�ÅÄ _ . For instance,by taking
�ÇÄ _ aschannelnamesthroughwhichdata

flows. This correspondscloselyto ‘CCS with valuepassing’[Milner, 1989]. Therefore,
only thesetof channels,andnot themessages(seenaspairschannel/data),mustremain
finite. In fact, asdetailedbelow, an algebraicstructureshouldbe imposeduponthe set�ÅÄ _ of actionsin orderto capturedifferentinteractiondisciplines.This will becalledan
interactionstructure in thesequel.

Down to theprogramming level, weshallstartby declaringaprocessspaceasthe
coinductive typePr(A), parametrizedby aspecificationA of theinteractionstructure:

data C -> Pr(A) = bh: C -> set(A * C).

whereset standsfor asuitableimplementationof (finite) sets.

Dynamic Combinators. The cornerstonein the designof a processcalculi is the ju-
diciousselectionof a (hopefully small) setof processcombinators.In [Milner, 1989],
R. Milner classifiestheminto two distinct groups. The first groupconsistsof all com-
binatorswhich persistthroughaction, i.e., which arepresentbeforeandafter a transi-
tion occurs. They arecalledstatic andusedto setup process’architectures,specifying

15Lambeklemma,provedin theprevioussection,impliesthatafinal coalgebra for theunrestrictedpow-
ersetfunctor in a universe of setscannot exist, as it would violate Cantor’s theorem. In fact thereare
several constructionsandresultsof coalgebra theorywhich dependon propertiesof functor P . Evenif we
have restrictourselves to a particularly well-behavedclassof functors,thereaderis referred to specialised
referencesto getthe‘big picture’ ([Rutten, 2000] is a goodstartingpoint).



how their componentsarelinkedandwhich partsof their interfacearepublic or private.
Dynamiccombinators,on the otherhand,are ‘consumed’on actionoccurrence,disap-
pearingfrom theexpressionrepresentingtheprocesscontinuation. In this paragraphthe
usualCCS dynamiccombinators — i.e., inaction, prefixandnon-deterministic choice—
aredefinedasoperatorson thefinal universeof processesconsideredabove. Noticethat,
beingnonrecursive, they have a direct (coinductive) definitionwhich dependssolelyon
thechosenprocessstructure.Therefore,theinactive processis representedasa constantw6® c �b ��� #

uponwhich no relevantobservationcanbe made. Prefix gives rise to an�ÅÄ _ -indexedfamily of operators\©[ ��#Î��� #
, with \�F �ÇÄ _ . Finally, thepossible actions

of thenondeterministic choiceof two processes
C

and � correspondsto thecollectionof
all actionsallowed for

C
and � . Therefore,the operator

� ��#=�Ë#Z��� #
canonly be

definedoveraprocessstructurein whichobservationsform acollection.Formally,

(inaction)

�
¬ w6® c L Ì

(choice)

�
¬ � L Í ¬ �

� � � �
(prefix)

�
¬�\X[ L �N®¦w f ¬�c H� y c Ã

where
�m®Ðw f Lþr ª [ t ªÎw and c°H�� y c Ã

Lþr ª [±>}\©?�ª @ . Thesedefinitionsaredirectly translated
to CHARITY asfunctionsbnil, bpre andbcho, respectively:

def bnil: 1 -> Pr(A)
= () => (bh: empty).

def bpre: A * Pr(A) -> Pr(A)
= (a, t) => (bh: sing(a,t)).

def bcho: Pr(A) * Pr(A) -> Pr(A)
= (t1, t2) => (bh: union(bh t1, bh t2)).

Dynamiccombinatorssatisfyanumberof laws. For example,structure> #�ÏN� ? w6® c @
forms an Abelian idempotent monoid, a fact that is proved in the literature (e.g.,
[Milner, 1989]) by exhibiting asuitablebisimulation. All proofsof thissortcanbemade,
however, by simpleequationalreasoning.Moreover, finality turns

�
into anisomorphism

and therefore,to prove Z L Z « it is enoughto show that

�
¬sZ L

�
¬sZ « . To illustrate

theproposedproof style,considertheproof of two simple results:
�

commutativity and
associativity 16, i.e., � ¬ � L �

(32)

and � ¬ �!� �;®°¯ � L � ¬ �{®°¯���� �V¬6H (33)

16In the sequel,processproperties are statedpointfree, for which we shall resortto standardnatural
isomorphismsin Ð àdÑ . In particular, associativity, commutativity andproduct left andright units, will be
denotedby ç * Ö ( -g% Ù -�3û0�2þ(÷- Ö %ú-�3 Ù , ê *,(÷-|%1062þ%ú-g( , Í *�Ñ�-g(�0�2þ( and � *O( -ÒÑ80�2þ( ,
respectively. Theconverseof anisomorphism � is writtenas �lÓ .



Proof. Thefoll owing calculation establishes Ô commutativity:

¼úÂ&Ô1Â\åÕ Ì ; definition ÒÖ Âµ�¼�Ã ¼�·	ÂÁåÕ Ì�ê natural ÒÖ ÂÁåiÂ�µ�¼;Ã ¼�·Õ ÌØ× commutative ÒÖ Âµ�¼�Ã ¼�·Õ Ì ; definition Ò¼úÂ&Ô
The proof of associativity alsorelies on the properties of setunion, but is a bit longer. Notice,
however, thatall elementary stepsareshown.

¼úÂ�Ô1Â�µ�ÔZÃ�Ä Å6·Õ Ì ; definition ÒÖ Â�µ�¼;Ã ¼�·�Âµ�ÔZÃ�Ä Å�·Õ Ì - asa functor respectscomposition ÒÖ Â�µ�¼ÎÂ&ÔZÃ ¼�·Õ Ì ; definition ÒÖ Â�µ Ö Âµ�¼�Ã ¼�·x·|Ã ¼Õ Ì - asa functor respectscomposition ÒÖ Â�µ Ö Ã�Ä Å6·	Âµxµ�¼=Ã ¼�·�ÂÁ¼�·Õ Ì�ç is anisomorphism ÒÖ Â�µ Ö Ã�Ä Å6·	Âµxµ�¼=Ã ¼�·�ÂÁ¼�·	Â Û�Ù Â ÛÕ Ì�çÚÓ is natural,i.e. Ö�Ö ) -:� Ù @ ù�Ù @ ç�ÓÛ>úçÚÓ @ Ö )5- Ö �}- ù�Ù�Ù ÒÖ Â�µ Ö Ã�Ä Å6·	Â Û Ù Âµ�¼=ÃÎµ�¼�Ã÷¼�·x·	Â ÛÕ ÌØ× associative ÒÖ Â�µ!Ä Å Ã Ö ·�Âµ�¼�ÃÎµ�¼=Ã ¼�·x·�Â ÛÕ Ì - asa functor respectscomposition ÒÖ Â�µ�¼;ÃÎµ Ö Âµ�¼�Ã ¼�·x·	Â ÛÕ Ì ; definition ÒÖ Â�µ�¼;Ã ¼úÂ�Ô8·�Â ÛÕ Ì - asa functor respectscomposition ÒÖ Â�µ�¼;Ã ¼�·�Âµ!Ä Å�Ã«Ô8·	Â ÛÕ Ì ; definition Ò
¼úÂ�Ô1Â�µ!Ä Å+Ã°Ô/·�Â Û

ò



Static Combinators. Persistencethroughactionoccurrenceleadsto the co-recursive
definition of static combinators. This meansthey ariseasanamorphisms generatedby
suitable ‘gene’ coalgebras.Interleaving, restrictionandrenamingareexamplesof static
combinators,which,moreover, dependonly on theprocessstructure.On theotherhand,
synchronousproductandparallel compositionalsorely ontheinteractionstructureunder-
lying thecalculus.In eachcase,wegivebothamathematicaldefinitionof thecombinator
andthe correspondingCHARITY code. Thereis a direct correspondencebetweenthese
two levels. Some‘housekeeping’morphisms,like thediagonal g , usedin theformer, are
moreconvenientlyhandledby theCHARITY termlogic.

Interleaving. Although interleaving, a binary operator Ü ��#;�Ý# �	� #
, is not con-

sideredasa combinatorin mostprocesscalculi, it is the simplestform of ‘parallel’ ag-
gregation in thesensethat it is independentof any particularinteractiondiscipline. The
definitionbelow capturesthe intuition that theobservationsover the interleaving of two
processescorrespondto all possible interleavings of the observationsof its arguments.
Thus,onedefinesÜ L R �qÞ�ß � S , where

R ß Ëáà Ã à r �� µ à Ã à ·VÃÎµ à Ã à ·) `  6¡ ¢ *   ) ¡ ¢Á  ` *�� µlâ+µLã<ä�å�Ã à ·VÃ à ·VÃÎµ à Ã�â+µLã<ä�å�Ã à ·x·æ8ç   æ8è�� â+µLãhä�ågÃÎµ à Ã à ·x·|Ã�â+µLã<ä�ågÃÎµ à Ã à ·x·é �� â+µLãhä�ågÃÎµ à Ã à ·x·

Notice that, technically, morphisms ê�ë and ê�ì above are, respectively, the right and left
strengthassociatedto functor � ���ÇÄ _ �1� � . For our purposestheir definition in elemen-
tary termsis enough(plus the observation that both verify a natural property). Thus,
define

ê+ë >��G? Ä\@ L t >8\X?J>8ªW? ÄO@�@�¬ >q\©?�ª @ FD�Ow (34)

which is straightforwardlyencodedin CHARITY

def taur = (s,t) => set{(a,x) => (a, (x,t))} s.

Thedefinitionof ê�ì is similar.

TheCHARITY codefor thiscombinatoris

def bint: Pr(Ac(L)) * Pr(Ac(L)) -> Pr(Ac(L))
= (t1, t2) =>
(| (r1,r2) => bh: union(taur(bh r1, r2), taul(bh r2, r1))
|) (t1,t2).

As onecouldexpect,proofsof propertiesof staticcombinatorsoftenresortto the
anamorphismfusion law (22). The proof of commutativity is carriedout below, asan
example. Commutativity statesthat

C Ü�� L �íÜ C , i.e., goingpointfree,that Ü ¬ � L Ü . Thus



Proof.

î ÂÁå Ë î
Õ Ì¨ï definition Ò

´ µ�R ß · ¸qÂ\å Ë ´ µSR ß · ¸Q Ì anamorphismfusion— law (22)Ò
R ß ÂÁå Ë â+µ!Ä Å�Ã å�·�Â&R ß

Thelastequation is justified by thefollowing calculation:

R ß ÂJåË Ì±ï ’gene’ definition ÒÖ ÂµLð ë Ã=ðFì]·�ÂTµxµ�¼�Ã�Ä Å�·VÃÎµ!Ä Å Ãv¼�·x·�Â$ñ�Â¦åË Ì u is natural ÒÖ ÂµLð ë Ã=ðFì]·�ÂTµxµ�¼�Ã�Ä Å�·VÃÎµ!Ä Å Ãv¼�·x·AÂ�µ�å Ã å�·�Â[ñË Ì�ê is natural ÒÖ ÂµLð ë Ã=ðFì]·�ÂTµ�å�Ã å�·�Âµxµ!Ä Å Ã ¼�·VÃ.µ�¼=Ã�Ä Å�·x·�Â$ñË Ì - functor ÒÖ ÂµLð ë ÂÁå�Ã=ðFì�ÂÁå�·	Âµxµ!Ä Å�Ã ¼�·VÃÎµ�¼�Ã�Ä Å�·x·�Â$ñË Ì°ò`ó are ò`ô natural ÒÖ Âµlâ+µ!Ä Å Ã å�·�Â&ðFì�Ã�â+µ!Ä Å Ã å�·	Â%ð ë ·�ÂTµxµ!Ä Å+Ã ¼�·VÃ.µ�¼=Ã�Ä Å�·x·�Â$ñË Ì - functor ÒÖ Âµlâ+µ!Ä Å Ã å�·VÃ=â+µ!Ä Å�Ã å�·x·	ÂµLðFìXÃ=ð ë ·	Âµxµ!Ä Å Ã ¼�·|ÃÎµ�¼�Ã�Ä Å�·x·�Â$ñË ÌØ× is natural Ò
â+µ!Ä Å Ã å�·�Â Ö ÂµLðFì�Ã=ð ë ·	Âµxµ!Ä Å Ã ¼�·VÃ.µ�¼�Ã�Ä Å6·x·�Â$ñË ÌØ× is commutative Ò
â+µ!Ä Å Ã å�·�Â Ö ÂÁåiÂTµLðFìXÃ«ð ë ·�Âµxµ!Ä Å�Ã ¼�·VÃÎµ�¼;Ã�Ä Å�·x·�Â$ñË Ì�ê is natural Ò
â+µ!Ä Å Ã å�·�Â Ö ÂµLð ë Ã�ðFì]·	Âµxµ�¼=ÃúÄ Å�·|Ã.µ!Ä Å+Ã÷¼�·x·	ÂÁåmÂUñË Ì routineverification: ê @ u > u Ò
â+µ!Ä Å Ã å�·�Â Ö ÂµLð ë Ã�ðFì]·	Âµxµ�¼=ÃúÄ Å�·|Ã.µ!Ä Å+Ã÷¼�·x·�Â$ñË Ì±ï ’gene’ definition Ò
â+µ!Ä Å Ã å�·�Â&R ß

ò

Interaction. To specify interaction thereis a needto introducesomestructureon the
set

�ÇÄ _ of actions.For this purpose,we axiomatizethe interaction structure underlying
a processcalculusasanAbelianpositive monoid > �ÇÄ _ ÏFõ ?�ö @ with a zeroelement÷ . It is



assumedthatneither÷ nor ö belongto thesetø of labels.Theintuition is that
õ

determines
the interactiondisciplinewhereas÷ representstheabsenceof interaction:a zeroelement
is suchthat, for all \ F �ÇÄ _ , \ õ ÷ L ÷ . On the otherhand,a positive monoidentails\ õ \ « L ö if f \ L \ « L ö .

A simple exampleof an interactionstructurecapturesthe notion of action co-
occurrence.Therefore,

õ
is definedas \ õ � L >8\X?X� @ , for all \X?X�±F �ÇÄ _ differentfrom ÷

and ö . Action equalityis definedasthatof the‘frontiers’ of
�ÅÄ _ terms,in orderto assureõ

associativity.

CCS synchronisation discipline [Miln er, 1989] providesanotherexample.In this
casethe set ø of labelscarriesan involutive operationrepresentedby an horizontalbar
asin \ , for \GFÝø . Two actions\ and \ aresaidto becomplementary. A specialaction,
denotedby êúùFÈø , is introducedto representthe resultof a synchronisation betweena
pair of complementary actions. Therefore,

õ
evaluatesto ê whenever appliedto a pair

of complementaryactionsand to ÷ in all other cases(except, obviously, if oneof the
argumentsis ö ).
Restriction and Renaming. The restriction combinatorû � , for eachsubset

� ¦üø ,
forbidstheoccurrenceof actionsin

�
. Formally, û � L R �qÞþýoÿ � S where

Þ ý ÿ L # ` �� � ���ÇÄ _ �Â# ��� k � nqz ÿ �� � ���ÇÄ _ �Â# �
where

� c I y � � Lþr�s [ t _'F s ¬ � � _"ùF � w .
Oncean interactionstructureis fixed,any homomorphism

�ï� �ÇÄ _ ��� �ÇÄ _ lifts
to a renamingcombinatorR � S betweenprocessesdefinedas R � S L R �8Þ ( < , � S , where

Þ ( < ,
L # ` �� � �8�ÇÄ _ �Â# � � ) <  6¡ ¢ *�� � �8�ÅÄ _ �Â# �

Synchronous Product. This staticoperatormodelsthe simultaneousexecutionof its
two arguments.At eachsteptheresulting actionis determinedby theinteractionstructure
for thecalculus.Formally, � L R �}Þ�� � S where

Þ�� L # �¨# ) `   ` *�� � �8�ÅÄ _ �¨# � � � ���ÇÄ _ �¨# �� ç �� � �8�ÅÄ _ �ü�q#ú�Â# ��� � n k �� � �8�ÅÄ _ �ü�q#ú�Â# ���
where

�dy c L � c I y �	��
� filters outall synchronisationfailures.Thefundamentalobservation
hereconcernsthe way interactionis cateredby ��ë — the distributive law for the strong
monad� ���ÇÄ _ � � ¯ � 17. Again, for our purposeshereit is enougha directpointwisedefi-
nition: �+ë}> Ä � ? Ä µ @ L t >q\ « õ \©?M> C ? C « @�@%¬ >}\©? C @ F Ä � x >q\ « ? C « @ F Ä µ�w

17Notethat themonoidal structurein (��$p extends functor A Ö (��xpA-�� �\Ù to a strongmonad, � ó being the
Kleisli composition of theleft andright strengths.This, on its turn, involvestheapplication of themonad
multiplication to ‘flatten’ the resultandthis, for a monoid monad, requiresthesuitableapplicationof the
underlyingmonoidal operation.This, in ourcase,fixestheinteractiondiscipline.



Parallel Composition. Parallel compositionarisesasacombinationof interleavingand
synchronousproduct, in thesensethattheevolutionof

C ¬ � , for processes
C

and� , consists
of all possiblederivations of

C
and � plus the onesassociatedto the synchronisations

allowedby theparticularinteractionstructurefor thecalculus.This cannotbeachieved
by merecomposition of thecorrespondingcombinatorsÜ and � : it hasto beperformed
at the‘genes’level for Ü and � . Formally,

¬ L R �qÞ�� � S , where

Þ � L #ú�Â# r �� �q# �Â# � �ü�}# �Â# �)����   ��� * �� � �8�ÅÄ _ � �q# �¨# ��� � � �8�ÅÄ _ � �q# �¨# ���é �� � �8�ÇÄ _ �1�q# �¨# ���

What’s Next? Due to spacelimitationswe have omitted heresomeof the CHARITY

implementationsandthediscussionof how this approachto thedesignof processcalculi
extendssmoothly to differentbehaviour models(e.g., probabilisticprocesses)andprocess
structures(e.g., reactive processes).Theseextensions addgenericityto the approachin
wayswhich arecomplementaryto thealreadydiscussedparametrizationby the interac-
tion discipline. Thereaderis referred to [BarbosaandOliveira,2002], for detailson the
CHARITY implementationof a genericprocessinterpreter, andto [Barbosa,2001] if in-
terestedin semanticissues.This last referenceincludesa conditional fusion theoremto
derive conditional laws, i.e., equalitiesdependingon the fulfilment of somesidecondi-
tionswhichareverycommonin processcalculi. Thenovelty of theapproachis thatsuch
conditionsarederivedratherthanpostulatedandproved.

6. Conclusions

Construction Strik esBack. Theobservational standpointadoptedhereasthe frame-
work to model and reasonaboutstate-basedsystems,later formalisedin coalgebraic
terms,hasto be contrastedagainto the ‘engineer’s view’ referredin section2.. The
latteremphasisesthepossibility of at leastsome(essentiallyfinite) thingsbeingnot only
observed,but actuallybuilt. Therefore,oneworksnot with a ‘lens’ but with a ‘toolbox’.
Then the assemblyprocessis specifiedin a similar (but dual) way to the one usedto
defineobservationstructures.I.e, theengineerwill equipher/himselfwith,

a tool box:
����

anassemblyprocess:
����

artifact ���� artifact

Notice that in thepicture‘artifact’ replaces‘universe’,to stressthatoneis now dealing
with ‘culture’ (asopposedto ‘nature’) and,which is far morerelevant,thatthearrow has



beenreversed. Formally, the‘toolbox’ is againafunctor. Theassemblyprocess, however,
is a � -algebra.As a functionthis amountsto a collectionof constructors. For example,
for thebinarytree‘artifact’, thesuitabletoolboxwill be� ! " L �� " \�_`\ � " � "
This meansthat binary treescaneitherbe built via a constantconstructor, yielding the
trivial, emptytree,or via theaggregation somedatato two previously constructedtrees,
thusbuilding a largerone.

Both ‘observation structures’and‘assemblyprocesses’canbe relatedandcom-
pared.‘Lens’ and‘toolboxes’ arefunctors. In severalcases,if the‘lens’ or the‘toolbox’
is smoothenough,thereexist a canonicalrepresentative of the respective ‘observation
structures’or ‘assemblyprocesses’.In the lattercasethis is known asthe termalgebra,
which mayberegardedastheformal analogto the‘smallest’machineryableto produce

all possible
��#�

-artifacts. Its carrieris composedby all the termsgeneratedby thecon-
structors.

Justasthecollectionof all possible observedbehaviours,with respectto a given
interface,forms a (quite special)coalgebra(the final coalgebra),the setof termsgives
rise to a ‘syntactic’ algebra(calledthe initial algebra)which alsosatisfiesan universal,
but dual, property 18: thereis a uniquemorphism from the term algebrato any other
algebra] for thesamefunctor. This is calledacatamorphismandrepresentedby

� R{]6S � ; not
only its definition,but alsoits propertiesaredualto thoseof ananamorphism.

Coalgebra Theory and Applications. Initial algebrascorrespondto inductive data
types, i.e., abstractdescriptionsof datastructures.Dually, final coalgebrasentail a no-
tion of coinductive, behaviourtypes, representingthe dynamicsof systems.While data
entities in an algebraare built by constructorsandconsideredto be different if differ-
ently constructed,coalgebrasdealwith entitieswhich areobserved,or decomposed,by
observers(or ‘destructors’). Internalconfigurationsareidentifiedif they cannotbe dis-
tinguishedby observation. As a consequence,equalityhasto bereplacedby bisimilarity
andcoinductionreplacesinductionasaproofprinciple.

Although previously known in UniversalAlgebra,coalgebrasbegan to be seri-
ously consideredonly after the categorical accountof both algebraicand coalgebraic
structuresof a type � hasprovidedtheright genericframework in whichseveralphenom-
enaandtheoriesfit. Therelevanceof coalgebraicconceptsandtoolswasfirst recognised
in programmingsemantics— see,for example,P. Aczel foundational work on ‘non well-
foundedsets’andthesemanticsof processes[Aczel, 1988, Aczel,1993];H. Reichelchar-
acterisationof behavioural satisfaction[Reichel,1981]andJ. Rutten,G. Plotkin andD.
Turi work onfinal semantics[RuttenandTuri, 1994, Turi, 1996,Turi andPlotkin,1997].
The systematic studyof their theory, essentiallyalong the lines of UniversalAlgebra,
wasinitiatedby J.Ruttenin [Rutten,1996], which laterappearedin [Rutten,2000]. This
rapidly expandedto a broadresearchtopic, as an increasingnumberof contributions

18A reallyexciting thing in category theoryis thefactthatuniversalconstructionsandpropertiesalways
comein pairs.



appearedonboththetheory, applicationsandrephrasingof ‘old’ resultsin seeminglyun-
relatedareas.Part of this researchis documentedin theproceedingsof theCoalgebraic
Methodsin ComputerScienceworkshopseries,startingin 1998.

In fact, only recently coalgebra theory itself has received enough atten-
tion and eventually emerged as a common framework to describe ‘state based’,
dynamical, systems. Since then, coalgebraicmodelling and reasoningprinciples
have been applied in several areas. Examplesrange from automata[Rutten,1998]
to objects [Reichel,1995, Jacobs,1996b], from process semantics [Lenisa,1998,
Schamschurko, 1998, Wolter, 1999] to hybrid transition systems [Jacobs,1996a].
B. Jacobs and his group, following earlier work by H. Reichel [Reichel,1995,
HenselandReichel,1995] havecoinedthetermcoalgebraic specification [Jacobs,1997,
Jacobs,2002] to denoteastyleof axiomaticspecificationinvolving equationsupto bisim-
ilarity actingasconstraintsonsystemobservablebehaviour. Modelsof coalgebraicspec-
ificationsaresubcoalgebrasof thefinal coalgebra,just asmodelsfor algebraicspecifica-
tionsarequotients of initial algebras.

In a broaderperspective, coalgebraicmodelling exploresthe closerelationship
betweencoalgebrasandmodaland temporal logics, whoserole in the specificationof
system’sdynamicsis well-established.Thebasicidea,developednamelyin [Moss,1999]
and[Jacobs,1999], consistsof associatinga modallanguageto theinterfacefunctorand
having thelogic assertionsinterpretedover the(Kripke modelsdefinedby the)transition
systems inducedby � -coalgebras.

Some Work Dir ections. This tutorial explored the role of coalgebraicstructuresin
modelling andreasoningaboutdynamical,state-basedsystems. Theunderlyingresearch
agendain programcalculi is broadenoughto includea varietyof semanticformulations
andapplications,but, at the sametime, the quite pragmaticgoal of developing useful
toolsfor theworkingsoftware engineer. In this context, we arecurrentlyworkingon the
following directions:B Developmentof coalgebraicmodelsandcalculi for coordinationlanguagesand

middleware,building on previous work on genericstate-basedsoftwarecompo-
nents[Barbosa,2000].B Extension of thework reportedhereonprocesscalculidesignto copewith naming
andmobility.B Systematicstudyof co-recursionschemes,andtheir interpretationin differentcat-
egories.B Developmentof suitablenotions of refinementin a coalgebraicsettingandtheir
applicationto processre-engineeringof legacy informationsystems.
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A WhereDo ModelsLi ve?

Thesuccessof functionalprogramming, which literally meansprogrammingwith func-
tions, is due,to a greatextent,to its rootson a basicmathematicalintuition. Thenotion
of anarrow connectingtwo objects(asweusuallydepictthesignature of a function)and
representingsomekind of transformationof oneinto theotheris pervasivebothin math-
ematicsandcomputer science.Therefore,somesortof spaceof typesand(composable)
typedarrows is usuallytaken asthe underlyingsemanticuniversefor systems’specifi-
cations. In this text typesaresimply identifiedwith setsandarrows with set-theoretic
functions. This appendixreviews somecanonicalconstructions on sucha universe—
product, sumandexponentials— andtakestheopportunity to fix somenotationusedin
themaintext.

Product. The productof two sets ' and ( canbe characterisedeitherconcretely(as
the setof all pairs that canformedby elementsof ' and ( ) or in termsof an abstract
specification.In this case,we sayset '*)+( is definedasthe sourceof two functions,.-0/ '1)2( 354 ' and ,768/ '1)9( 3:4 ( , calledthe projections, which satisfy the
following property:for any otherset ; andarrows < / ;=3>4 ' and � / ;=3>4 ( , there
is a uniquearrow ?�<5@��BA / ;*354 'C)D( , usuallycalledthesplit of < and � , thatmakes
thefollowing diagramto commute:

;E
FG H H H H H H H

H H H I
JK LLLLLLL

LLLM E � I �NO' 'P)8(QSRTU QWV2XY (

This is againan universal property19, entailingboth an existenceanda uniquenessas-
sertion. Suchan abstractcharacterisationturnsout to be moregenericandsuitablefor
conductingcalculations.Notethatit canbewrittenas

Z\[ ?�<7@��BA^] ,.-�_ Z`[ <=a ,76#_ Zb[ � (35)

where c meansexistenceand d meansuniqueness.

We illustratethis claim with a very simpleexample. Supposewe want to show
thatpairingtheprojectionsof a cartesianproducthasno effect, i.e., ? ,�- @ ,76 A [fe g

. If we
proceedin a concreteway we first attempto convinceourselvesthat theuniquepossible
definitionfor split is asa pairingfunction, i.e., ?�<7@��BAih [ ?�<8hj@��khlA . Then,instantiating
thedefinitionfor thecaseat hands,conclude

? ,.- @ ,76 Am?onp@rqsA [ ? ,.- ?tnp@uqBAv@ ,76 ?tnp@rqsAwA [ ?onp@uqBA
19Recalldiscussiononuniversalpropertiesin themaintext.



Using the universalproperty, instead,the result follows immediatelyandin a pointfree
way: e gx[ ? ,.- @ ,76 A!y ,.-z_ e gx[ ,.- a ,76�_ e g{[ ,76
Equation ? ,.- @ ,76 A [ e gl|~}��

(36)

is calledthe reflectionlaw for products.Similarly the following laws (known as ) can-
cellationandfusion) arederivablefrom (35):

,.-�_ ?�<5@��sA [ <�@ ,76#_ ?�<7@��BA [ � (37)?8�5@��7A _ < [ ?8� _ <7@�� _ <:A (38)�t� )k��� _ ?8�5@��7A [ ? � _ �>@�� _ �7A (39)

Thesameappliesto structural equality:

?�<7@��BA [ ? Z @��7A�y < [�Z a � [ � (40)

Finally notethat the productconstructionappliesnot only to setsbut alsoto functions,
yielding, for < / '�3>4 ( and � / '���3>4 (�� , function <+)!� / '�)!'���3>4 (�)2(��
definedasthesplit ?�< _�,p- @�� _�,76 A . This equivales to the following pointwisedefinition:<�)�� [�� ?	��@��vA���?�<0��@��x�vA .
Sum. Thesum'\�`( (or coproduct) of ' and ( correspondsto theirdisjointunion.The
construction is dualto theproductone.Fromaprogrammingpointof view it corresponds
to the aggregationof two entitiesin time (as in a union construction in C), whereas
productentailsan aggregation in space(asa record). It alsoarisesby universality:'���( is definedasthetargetof two arrows � - / '�3>4 '���( and � 6�/ (¡3>4 '��¢( ,
calledthe injections, which satisfythefollowing universalproperty: for any otherset ;
andfunctions < / 'C3>4 ; and � / (£3>4 ; , thereis a uniquearrow ¤¥<5@���¦ / '���(*3>4; , usuallycalled the either (or case) of < and � , that makesthe following diagramto
commute:

' § R XY
E JK LLLLLL
LLL '9�¨(© E � I«ªNO

(§ VTU IFG H H H H H H
H H H

;
Again thisuniversalpropertycanbewrittenasZb[ ¤¬<7@���¦] Z _ � - [ <Ca Z _ � 6 [ � (41)

from whichoneinferscorrespondentcancellation, reflectionandfusionresults:

¤¬<7@���¦ _ � - [ <8@5¤¥<5@���¦ _ � 6 [ � (42)¤�� - @W� 6 ¦ [ e g�®°¯s±
(43)< _ ¤ �5@��B¦ [ ¤¥< _ �5@�< _ �B¦ (44)



Productsandsumsinteractthroughthefollowingexchange law

¤²?�<5@��sAv@�?�< � @�� � A³¦ [ ?u¤¥<5@�< � ¦	@�¤ �5@�� � ¦´A (45)

provable by either ) (35) or � (41) universality. The sumcombinatoralsoappliesto
functionsyielding <\�Ý� / '¨�¨(f354 'µ�¶�9(�� definedas ¤�� -z_ <7@W� 6#_ ��¦ .
BasicSets. We shouldalsoassumesomebasicsets,namely · , theemptysetand ¸ , the
singletonset. Note they areboth ‘degenerate’casesof, respectively, sumandproduct
(obtainedby applying the iteratedversionof thosecombinators to a nullary argument).
Thereaderis invited to specialisethecorrespondinguniversal propertiesto thesepartic-
ular cases.Of courseall our constructionsaremadeup to isomorphism. Therefore,set¹ [ ¸ ��¸ is takenasthesetof booleanvalues.Similarly theinfinite sumof ¸ givesthe
setof naturalnumbers.

Exponential. Notation ( | is usedto denotefunctionspace, i.e., thesetof (total) func-
tions from ' to ( . It is also characterisedby an universal property: for all function< / '1)+º»3:4 ( , thereexists a unique < / '¼3>4 (\½ suchthat < [¿¾vÀ _ � <+)2ºÁ� .
Diagrammatically,

'E NO
'Â)�ºE }�Ã ÄwÅ NO E

JK ÆÆÆÆÆÆÆ
ÆÆÆ

(x½ ( ½ )8º ÇoÈ XY (
i.e.,

Z`[ < ] < [É¾WÀ _ � Z ) e g � (46)

Remark. It should be remarked that the set-theoreticfoundations assumedhere
are not enough when dealing with programminglanguageswhich, like HASKELL

[Hudaket al., 1992], incorporatepartial functions. Someorder-enrichedsemantic set-
ting appliesthen.In somecases,however, suchanuniversewill ‘collapse’initial algebras
andfinal coalgebras,makingobscure,or even preventing, the direct ‘manipulation’ of
‘infinite’, ‘circular’ objects. By contrast,the basicsymmetrybetweeninitial andfinal
typesmakesitself moreintuitive in languages,like CHARITY, in which all programsare
guaranteedto terminate(in thesensethatonly total functionscanbeprogrammed).Ref-
erence[Turner, 1995] providesa lively discussion on the meritsof sucha disciplineof
typed total functionalprogramming. This is certainly not the placeto go further into
semanticconsiderations (the interestedreaderis referredto [Winskel, 1993] for a first
introduction). The point we would like to stress,however, is that constructions intro-
ducedin this appendix(and,in general,coalgebratheory20) comefrom category theory
[Mac Lane,1971], wherethey canbeappreciatedin their full genericityandinstantiated

20there is a remarkable amount of recent work on axiomatic, set-theoreticfree, coalgebra theory
[PowerandWatanabe,1998, Kurz,2001].



to amyriadof semanticuniverses.Thereaderis referredto [McLarty, 1992]for aconcise
introductionto categoriesandto [LawvereandSchanuel,1997]for building theintuitions
behindthisexcitingwayof thinkingmathematically.

B Programming in Charity

As aprogramminglanguageCHARITY [Cockett andFukushima,1992] makesonly a few
assumptionson theunderlyingsemanticsuniverse(cf., appendixA): it assumestheexis-
tenceof products,(the possibility of defining)sumsandtheir distributivity. It alsopro-
videsa mechanismfor definingboth inductiveandcoinductivetypes,i.e., initial algebras
andfinal coalgebrasfor a classof so-calledstrong functors21.

CHARITY primitivetypesare,then,thenullary(denotedby1) andbinaryproduct
types(denotedby the infix operator*, with projectionsp0 andp1). The absenceof
exponentialsatthebasiclevel of thelanguagegivesto programmingin CHARITY arather
differentflavourwhencomparedwith moretraditionalfunctionallanguages.In particular,
functionsarenotvaluesandfunctioncomposition, insteadof functionapplication, is taken
asthefundamentalprimitive in thelanguage.Thisdoesnotmean,however, thatCHARI -
TY lackssupportfor higher-ordertypes:simply they have to beexplicitly declared.

In thiscontext, CHARITY maybeclassifiedasapolymorphic,strongly-typedlan-
guagewhich is functional in style. In particular, any programhasa guaranteeof ‘ter-
mination’, in the sensethat the term representingit always reducesto a headnormal
form and, therefore,a ‘response’is produced. Sucha ‘response’is computedeither
lazily or eagerlydependingon the types involved being coinductive or inductive, re-
spectively. In any case,the type systemsimply blocks the possibility of writing func-
tionsthatmaynever terminate.CHARITY programsarewritten in a particulartermlogic
[Cockett andSpencer, 1995] whichallows theuseof variablesin combinatorexpressions
andpatternmatching.

Let us briefly review the main ‘building blocks’ of a CHARITY program,start-
ing with type declarations.The declarationof a coinductive type in CHARITY hasthe
following format:

data Ê -> Ë ( ' ) = Ì - : Ê -> Í - � '�@�Ê�� | �Î�Ï� | Ì�Ð : Ê -> Í�Ð � 'Á@�Ê#� .
which introducesthe type Ë ( ' ), parametricon ' . Thedeclarationformatconveys the
ideathatmorphismsfrom any type Ê to Ë ( ' ) aresolelydeterminedby morphismsfromÊ to each Í�Ñ � 'Á@�Ê�� , the outputtypeof observer Ì¶Ñ . Formally, this definesË ( ' ) asthe
final coalgebrafor a functor Ò�Ó determinedby theobserverssignature,i.e.,

?�Ô �¶Õ @�?tÌ - @Ï�Î�Î�uÌSÐ�A / Ô �ÖÕ 3>4 × Ñ Í�Ñ
� 'Á@�ÔSØ Õ �wA

21Thestrongqualification meansthat theunderlying functor Ù possessa strength, i.e., for eachtype Ú
transformations Û¶ÜÝ�Þ Ù7ß�à`Ú=áÖâ¼Ù�ãäßfà\Ú°å subjectto certainconditions. Its effect is to distribute
context Ú alongfunctor Ù . Whentypesaremodeled in sucha setting,the universal combinators(such
asanamorphisms)will possessa somewhat moregeneral shape,able to dealwith the presence of extra
parametersin thefunctionsbeingdefined.



Each ÌSÑ identifiesoneof suchobserverswhosetypeis obtainedby setting Ê [ Ë ( ' ) in
thedeclaration.Therefore,Ë ( ' ) modelsÔ¶Ø Õ .

Dually, aninductive typeis declaredas

data Ë ( ' )-> Ê = æ - : Í - � 'Á@�Ê#� -> Ê | �Î�Î� | ævÐ : Í�Ð � 'Á@�Ê�� -> Ê .
Suchadeclarationintroducestype Ë ( ' ), againparametricon ' , astheinitial algebra

?tç:Ø Õ @�¤èæ - @Ï�Î�Î�Ï@uæ�Ð�¦ /�é Ñ Í�Ñ
� '�@uç:Ø Õ �i3:4êç:Ø Õ A

Thebasiccombinatorassociatedto acoinductive typeisunfold, i.e. ananamor-
phismin a strongsetting.In CHARITY, this is specifiedby supplying, for eachobserverÌSÑ thecorrespondingcomponentë7Ñ of thesourcecoalgebra.As expected,strongnessre-
quiresthateachë�Ñ betypedas ësÑ / Ê�)�ºC3>4 Í�Ñ � '�@�Ê�� , assuming Ê asthecarrierof the
sourcecoalgebraand º thecontext type.Theconcretesyntaxfor anunfold expression
is asfollows:

( ì , æ ) => (| ì => Ì - :ë - ( ì , æ ) | íSíSí | Ì�Ð :ësÐ ( ì , æ ) |)

where ì and æ denotevariablesof type Ê and º , respectively. A ‘degenerate’,i.e., non
recursive, unfold, is the record combinatorwhich providesa way of populating a
coinductivetypeby specifyingparticularvaluesfor theobservers.Thegeneralpatternfor
therecord combinator is

æ => ( Ì - : < - ( æ ) íSíSí | Ì�Ð : <�Ð ( æ ) )

For inductive types the dualsof thesetwo combinatorsare fold and case,
respectively. The fold combinatoris specifiedby introducing, for eachconstructoræ�Ñ , the correspondingconstructor, î�Ñ , of the target algebra. Eachof them is typed asî�Ñ / Í�Ñ � '�@�Ê��~){ºC3:4 Ê , whereº is thetypeof thecontext and Ê thecarrierof thetarget
algebra. The target algebrais, of course,just ‘the either of all such îjÑ ’. The concrete
syntaxfor afold expressionis:

( ì , æ ) => ï | æ - : ì - => î - ( ì - , æ )| íSíSí | ævÐ : ìÏÐ => îlÐ ( ìÎÐ , æ ) | ð�ì
As mentionedabove, therecord combinatorprovidesa canonicalway of spec-

ifying (generalized)elementsof a coinductive type. Dually, (generalized)elementsof
any type Ê , having an inductive typeasdomainof variation,canarisein a simple (non
recursive)wayby definingits valueoneachconstructorof thedomain. Thisconstruction
is known in CHARITY asthecase combinatorwhosesyntax,in thegeneralcase,is

( ì , æ ) => ïÉæ - ì - => î - ( ì - , æ )| íSíSí | æ�ÐlìÏÐ => î�Ð ( ìÎÐ , æ ) ð�ì



Each î�Ñ is a function from ÍñÑ � 'Á@uç>Ø Õ � )2º , to the target type. Notice that ÍñÑ � 'Á@uç:Ø Õ �
is the domainof constructoræÏÑ and º denotesthe type of the context. Therefore,the
domainof the òÎó�ô ¾ combinatoris ÒiÓ ){º . Usingstrength,context is pushedinsidethe ÒmÓ
outermost (coproduct)structureand,therefore,evenin this generalcase,thecombinator
is still determinedby ¤èî - @Î�Ï�Î�Ï@�î�Ð�¦ .

For eachinductive or coinductive type, the map combinatordenotesthe action
on morphisms,with strength,of the correspondingtype functor. Its generalformat, for�BÑ / 'ñÑ�)�º=3>4ê' �Ñ , is:

( õ , æ ) => Ëöï�n - => � - ( n - , æ )| íSíSí | n7÷ => �s÷ ( n�÷ , æ ) ð�õ


