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Abstract. Bothinitial algebrasand final coalgebras are deviceswhich provide
abstiact descriptionsof a variety of phenomenan programming in particular
of dataand behaioural structues, respectively The former are specifiedby
a setof constructorsand well knownin the programmingpractice The lat-
ter resortsto a collectionof obsenersand havebeenrecentlyrecanisedas
a promiing framewnork to modeland reasonaboutdynamical state-basedys-
tems.Bothinitiality andfinality, asuniveisal properties,entail definitional and
prodf principles,i.e., a basisfor the developmenif program calculi directly
basedon (actually driven by) type specificatios. Moreover, sud properies
can be turnedinto programmingcombinatorsand used,not only to calculate
programs,but also to programwith. Thistutorial providesa first introduction
to coalgebraicstructures, from a programmingpoint of view, to fosterfurther
applicationsin theareaof programconstructia.

1. Intr oduction

Program Construction. Programconstructioris thesystemat: derivation of computa-
tional structuresn suchaway thatcorrectnesss guaranteedby constructio. Thedevel-

opmentof programcalculi directly basedon, actuallydriven by, type specificationas
hadafundamentalmpacton pursuingthisgoal,mainlyin theareaof functiond program-

ming In fact, sinceJohnMcCarthyoriginal papergMcCarthy, 196Q McCarthy 1963,

and,later, BackusFp [Backus,1978 — a functionallanguagdrasedon combiratorsre-
latedby algebraidaws — functionalprogrammingandprogram calculi have developed
in anintertwinedway. Moreover, programpropertieshave beenturnedinto program-
ming combinatos and used,not only to calculateprograms but alsoto programwith.

This discipline of algorithmderiation andtransformatiorcanbe tracedbackto the so-
called Bird-Meertendormaism [Bird, 1987 Bird andMeertens 1987 andthe founda-
tionalwork of T. Hagino[Hagino,1987 *.

Canthiscalculationmethod andtheunderlyingmodeling principles beextended
to theworld of dynamica) state-basegcommunicatingystems?o answetrthis question
we shallfirst attemptto formaliseour understandingf suchsystens.

!Sincethen theareahasknown aremarlableprogress aswitnessedy the vastbibliographypublishel
bothon theoryandapplicatiors — see[Malcolm, 1990, Meijer etal., 1991, Bird andMoor, 1997], amory
mary othesrefererces.



State-basedSystems. Oneof the mostelementarymodelsfor a computatimal process
is thatof afunction

f:1I—0 Q)

which specifiesa transformatio rule betweertwo structuresd andO. The behaiour of
afunctionis capturedby the outputit produceswhich is completelydeterminedoy the
suppledinput. In a(metaphoricalsensethis maybedubbedasthe ‘engineers view’ of
computaibn: hereis arecipe(atool, atechnolagy) to build gnusfromgnats

Often, however, reality is not so simple. For exampk, one may know how to
produce‘gnus’ from ‘gnats’ but not in all cases. This is expressedoy observingthe
outputof f in a morerefinedcontet: O is replacedby O + 1 and f is saidto be a
partial function,returningeitheravalid outputor anexceptionvalue.Or elseonemaybe
uncertairnof theoutcone of f, in thesenseahattheevolution of thesystembeingobsened
(the‘gnu populaton’) maybenondeterminisic. The outputof f becomegypedasPO,
whereP denotedfinite powerset. In other situationsone may recognisethat thereis
someernvironmental(or contect) informationabout‘gnats’ that, for somereasonshould
be hiddenfrom input. It may be the casethat suchinformation is too extensve to be
suppledto f by its user or thatit is sharedby otherfunctionsaswell. It mightalsobe
thecasehatbuilding gnuswill eventwally modify theenvironmentthusinfluencinglatter
productionof more‘gnus’. For U adenotatiorof suchcontect information,the signature
of f becomeg

f:I— (OxU)VY 2)

A function computedwithin a contet is often referred to as‘state-based’jn the sense
theword ‘state’ hasin automatortheory— theinternalmemoryof the automatorwhich
both constraintsaandis constrainedy the executionof actions. In fact, the ‘nature’ of
f: I — (O xU)Y asa ‘state-basedunction’ is mademore explicit by rewriting its
signatue as

f:U— (OxU)! (3)

This, in turn, may suggestan alternatve model for computatbns, which (againin a
metaphoricakense)one may dub asthe ‘natural scientists view’. Insteadof a recipe
to build ‘gnus’ from ‘gnats’, shejust recogniseshatthere exist gnusand gnatsandthat
their evolution canbe observed That observatiormay entail someform of interference
is well known, evenfrom Physics,andthusthe underlyingnotion of compuationis not
necessarily passve one.

The able ‘natural scientist’ will equip herselfwith the right ‘lens’ — thatis, a
tool to obsere with, which necessarilyentailsa particularshapefor obseration. The
emphasiss now placedon states:input andoutputparametersnay or may not become
relevant, dependingon the particularkind of obsenation one may wantto perform. In
otherwords,one’s focusbecomeshe ‘nature’, or the ‘universe’or, more pragmatically
the statespace Thatwe canobsene ‘gnus’ being producedout of ‘gnats’ is just one,
amongotherpossibé obsenations Thebasicingredientsequiredto supporian‘obsena-

2Notation B4 represets the spaceof functiors from A to B. In thesequelf : A x B —s C standgor
theuncury of function f : A — CB (seeappedix A).



tional’, or ‘state-basedyiew of computatioal processemaybesumnarisedasfollows:

alens O—~0O

anobservatiorstructue;  universe —» O~QO universe

Informally, the lenscanbe thoughtof asproviding a shapewhich f is ableto dealwith
in eachof theabore mentionedsituatins. Fromatechnicalpoint of view, asthis tutorial
aimsto make clear thepair (universe f), asabove, constitutes coalgebra with interface
O~0. Coalgebraprovide simplemodelsfor state-base{dynamical)systems.

Differentlyfrom familiar, inductive, datatypes(like, e.g., finite sequencesyhich
arecompletelydefinedby a setof constructorge.g., the emptylist andappending)the
sortof computatioal structuresve have in mind are characterisedtby the fact thattheir
behaiour is determinednot only by anexternal(input) stimdi, but alsoby someinter-
nal ‘memory’ to which thereis, in general,no directaccess.Typical examplesof such
structuresare processestransition systemsobjects stream-lile structuesusedin lazy
programmig languagesinfinite’ or nonwell-foundedobjectsarisingin semanticsand
soon. Such‘systems’areinherentlydynamic,possesanobsenablebehaiour, but their
internal configurationsremainhiddenand have thereforeto be identifiedif not distin-
guishabé by obsenation. Summingup, thistutorial aimsto developtechnique$o model
andcalculatewith systemsharacterisetly:

e thepresencef aninternd statespacewhich evolvesandpersistan time,
e thepossibilty of interaction with othersystens duringthe overall computation
e theirtypicaluseasa ‘building blocks’ of larger, oftenconcurrentsystems.

The relevanceof this programis emphasisedy recognisingthat suchsystens are ‘ev-
erywhere’,from sophistcatedmanagemensystemsl|ik e plantcontrol or adminigrative
applicatiors, to formal automataor domestt appliances.

Plan. A numberof basicconceptge.g., system behaviourand morphsm) are intro-
ducedthroughan examplein section2. and later generalizedn section3.. Section4.
discussstheir applicationto reasonaboutsystens and behaiours. Equationalreason-
ing and proofsby bisimulation are comparedandshown to be essentiallythe two sides
of a samecoin. Finally, section5. reportson a casestudy the applicationof coalge-
braic techniquego the designof processcalculi. Someof the constructiongliscussed
are animatedin CHARITY [CockettandFukushina, 1992], a total functionallanguage
which offers explicit supportfor both inductve and coinductivetypesand enforcesa
discipline for their use. In appendixsomemore detailsare given on the underlying
semanticuniverseandthe CHARITY programminglanguageMost of the materialpre-
sentechereis ratherstandardevenif quite recent). Someof the applications however,
namelyon processcalculi design,correspond$o authors recentresearcldocumengdin
[Barbosa 2001, BarbosaandOliveira, 2003.



2. Systemsand Behaviours

Thebasicinsight in coalgebraienodelling is therepresentationf state-basedystens by
functionstypedas

p:U— O~QU (4)

whereU is asetof statequsuallycalledthecarrier of p). For every stateu € U, function
p (saidthe systems dynamic$ describeghe obsenable effectsof anelementarystepin
the evolution of the system(i.e., of a statetransition). The possibé outcomesof taking
sucha steparecapturedoy notationO)~0O) U, where(O—~() is correctlyunderstod as
a shapefor the obsenation structureor, asa programmemould say an interfaceor a
systems type

This sectionintroducessomebasicideason coalgebraistructuresy focusingon
a particularly simple sort of systems thosereactingto an attributeat : U — O and
whose(deterministt) evolution is conductedy a method(or action) m : U — U with
no externalinfluence(but for, say pushinga button). Thosetwo functionscanbe ‘glued’
togetherby a split combinator®, leadingto

p = (at,m):U — O xU (5)

Successie obsenationsof (or experimens with) a systemp revealsits allowed
behaioural patternsFor eachstatevalueu € U, thebehaviourof p atu (moreprecisely
from u onwards)— representetby [p) © — is aninfinite sequenc®f valuesof type O
computeddy observinghe successie stateconfigurationsi.e.,

(p]u = <atwu, at (mu), at (m (mw)),...> (6)

Thus, the spaceof all behaiours, for this sortof systemsis the setof streams(infinite
sequence)f O, i.e., O“.

Bringing input informationinto the sceneleadsto a mild sophisication of this
model. Theresultis a Moore or a Mealy machinedependingn theway input affectsthe
computaibn of attributes*. Representedsstate-basetlinctionsthey aredescribedas

(at,m): U — O xU" and (at,m):U — (O x U)’ (7)

respectrely.

Let us concentrateon Mealy machinesfor a while. Their behaiours organise
themselesinto treelik e structurespecausehey dependon the sequencesf input pro-
cessedSuchtreeswhosearcsarelabelledwith I valuesandnodeswith O valuescanbe
representetdy functionsfrom nonemptysequencesf 7 (asnoinput meanso obsena-
tion!) to theattributetype O. In otherwords,the spaceof behaioursof Mealy machines
(onI andO) is thesetO!". Thebehaiour of p ata particularstateu is computedby 5:

3Functioral combinators lik e split, arereviewedin appenik A.

“4In classicalautomata theorya distinctionis tracedbetweenMoore machinegMoore, 1965], where
eachstateis associatetb anoutput symbol,whereasuchsymbolsareassociatetb transitiors, ratherthan
statesjn aMealymachire [Mealy, 1995].

5In the sequek > standsfor the emptysequene. We alsoadgt theratherliberal notation<i : s : j>
to acceselementof asequencéindicatedby lettersi, j, k, ...) andsub-segencegs, t, ...).



(Plu = A<s:i>. at ((next u) s,1) (8)
where
(nextu) <>=wu and (nextu) <s:i>=m {(next u) s,17) 9)

Now notethatsetO’" itself canbe equippedwith the structureof a Mealy machineas
well. Actually, define

w = (root, branches) : 0" — (0 x O"")! (10)

where,

root (¢,i) = ¢ <i> and branches (¢,7) = As. ¢ <i:s>
Note thata statein w is a function ¢. Therefore the attribute is computedby function
application whereashe methodgivesa new function which reactsto a sequence of
inputs exactly as ¢ would reactto the appendingof i to s. As we shall seesoon,this
systemhasa very peculiarrole amongthe collectionof all Mealy machinesBeforethat,
however, we shouldlook for away of relatingthis sortof systens.

As usual,in Mathematicsthe introdwction of a new structureis not complete
unlessaccompaniedby the definition of a notion of a morphismwhich preseresit. In
our case,a Mealy morphisn & : (U,p) — (V,q), is simply afunctionh : U — V
relatingthe underlyingstatespacesn sucha way thatthe dynamicsof the sourcesystem
is preseredin thetargetone. This canbe assertedy requiringthe commuativity of the
following diagram:

(at,m)

UxI—20xU (11)
hxwl lwxh
V><I<—>at’m>0><V

Simplifying the underlyingequation(resortingto x fusionandabsorpion — laws (38)
and(39), respectrely), yieldsthefollowing pair of equations:

at =at'. (h x id) (12)
and
hem=m'-(hxid) (13)

Now, if the setof obsenatiors O7" canbe turnedinto a systemitself, it is not
surprisirg that, for eachsystemp, statescanbe mappednto their behaioursin a ‘well-
behaed’ way. In otherwords,[(p)] canbesingledoutasamorphisimfrom p tow, because:

Proof. We checkcondtions (12) and(13), instantiaing » with [(p) : p — w. Thus,
(root - ([p)] x id)) (u,z)
= { root definition }
((p) w) <i>
= { [(p) definition}
at ((next u) <>,1)
= { next definition}

at (u, 1)



And, similarly,
(branches - ([(p)] x id)) (u, 1)
= { branches definition }
A<s:j3>. ([p)u) <i:s:j>
_ { [p) definition}
A<s:j>. at{(nextu) <i:s>,j)
= { next definition }
A<s:j>. at ((next m (u,i))s, j)
- { [(p) definition}
(P} (m (u,i))

a

Another basic fact on behaiours concernstheir preservationby morphisns
Formally, giventwo Mealy machineg andg andamorphsmb# : p — ¢ betweerthem,
onehas{(p)| u. = [(q) h u.

Proof. We first shav thath - next = next - h by inductionon the seqenceof inputs. Letu € U
andl € I*. Clearly, (h - next u) <> = h u, by definition of next. For theinductive step consder

(h (next u)) <s:i>

= { next definition }
h(m ((next u) s,1))

= { hisamormphism}
m’ (h ((next u) s),1)

= { inductionhypothesis}
m’ ((next h u) s,%)

= { next definition}
(next hu) <s:i>

Usingthis result the behaviourmpreservation prod is straightforward:

((p) w) <s:i>

= { behaiour definition }
at ((next u) s, 1)

= { h morphism}
at’ ((h nextu) s,i)

= { justproved}
at’ ((next h u) s,14)

= { behaiour definition }

([ hw) <s:i>



a

If thereis alwaysa morphism|(p) from ary Mealy machinep to w, and,aswe
have just shavn, morphisns presere behaiour, sucha morphismis unique This makes
w avery specialMealy machineiit is the only suchsystemo which, from ary otherone,
thereis oneandonly onemorphism We sayw is the final Mealy machine.Finality is
an exampleof an universal property® which, up to isomorphism,provides a complete
characterisationf w. In fact,supposdinality is sharedoy two Mealy machinesv andw’.
Theexistencecomponenof the propertygivesriseto two morphisms: andh’ connecting
both machinesn reversedirections. On the otherhand,uniquenessmpliesh - A’ = id
andh’ - h = id, thusestablishig » andh’ asisomorphsms.

Thesetwo aspectof finality provide botha definitionschemeanda proof princi-
ple uponwhich coalgebraigeasonings basedaswe shallillustratein sectior4.. Before
that,however, letusseehow thesebasicfactsaboutMealy machinedift toamoregeneral
setting

3. SystemsasCoalgebras

Interfaces. In the previous sectionMealy machineqon I and O) wereintroducedas
systens obsenredthroughthefollowing interface(or ‘lens’):

O~O = (0Ox—)! (14)

Interface()—~() canberegardedasa mappingto decomposéhe‘obsenable-unverse’U
into an’obsenationcontext’ (O x U). Of coursedifferentinterfacesgiveriseto different
classe®f systemsLet usconsidersomepossibilties.

An extremecaseis the ‘opaque’interface(O—~() = 1: no matterwhatwe try to
obsene throughit, the outcomeis alwaysthe same. A slightly moreinterestinglensis
O~0O = 2 which hastheability to classifystategnto two differentclassegsay ‘black’
or ‘white’) and,thereforeto identify subset®f U, asa systenfor thisinterfacewill map
elementsf U to oneor anotherelementof 2. Shouldan arbitrarysetO be chosento
colourthe’lens’, the possibleobsenationsbecomemorediscrimirating. A systemwith
interface(O~() = O is a‘colouring’ device in the sensethat elementf the universe
areclassified(i.e., regardedasdistinct) by beingassignedo differentelementsf O. A
‘colour set’ as1, 2 or O above, actsasa classifierof the statespace. Corresponding
systens are pure obsenation structures.Naturally, the same‘universe’canbe obsered
throughdifferent attributes and, furthermore,such obsenations can be carried out on
parallel. Thus,the shapeof a ‘multi-attribute’ lensis

O~O =[] 0«

kEK

whereK is afinite setof attributenamesand] | is the K -ary cartesiarproduct.

5Becauseroughly speakingjt singlesout an entity (w) amorg a family of ‘similar’ entitiesto which
evety othermemberof the family canbe reducedor tracedbadk. The studyof universal progertiesis the
‘essencebf catgyory theay [Mac Lane,1971].



Anotherinterfacewhichis not particularlyusefulis providedby the ‘transparent’
lensfor which O~ U = U holds. Any functionp : U — U is a systemfor this
interface. This meanghat, by usingp, the statespacel/ canindeedbe modified. But, on
the otherhand,the absencef attributesmakesany meaningfulobserationimpossble.
Comingbackto our ‘lens’ metaphoythe bestwe cansayis justthatthingshappen

A betteralternatve consist®f combiningattributeswith statemodifiers,or update
operationsto modelthe ‘universe’evolution. The latter are called actionsor methods
Sucha combinaton leadsto aricherstockof lens.We mightconsideyfor example,that

1. things happenanddisappear or stop i.e.
O~OU =U+1

Systemdor thisinterfacearethe partial functions
2. thingshapperand,in doingso,someof their attributesbecomerisible, i.e., a(non
trivial) outputis produced:

O~QU = 0OxU

3. theevolution of thingsis triggeredby someexternalstimults, i.e., additionalinput
is accepted:

O~OU =U'

4. we are not completelysure aboutwhathashappenedin the sensdhatthe evolu-
tion of the systembeingobsened maybenondeterminisic. In thiscasethelens
above canbe combinedwith

O~QU = PU

Theinterfacesfor Mealy or Moore machinesdiscused above, ariseexactly in this way,
by gluing elementarylens’ with set-theoreticonstructiondik e cartesianproduct,dis-
joint unionor exponentation.

Coalgebras. Foraparticularuniversel/ andobsenationstructurep : U — O~ U,

the pair (U, p) is calleda O—~()-coalgebra. A morphisn connectingtwo suchcoalge-
brasis a functionbetweertheir carrierswhich preseresthe dynamicsj.e., suchthatthe
following diagramcommugs:

U—2>~0~0U (15)
OOh
h\l/ > O/\lO U’

Note that diagram(11) is an instanceof this generalcase. As anotherexample, let
O~0O = 0. In this casea morphsm from p to ¢ is just a ‘colour-preserving’func-
tion, i.e., ¢ - h = p holds. This meansthatif two elementsf the universearegrouped
togetherby p, theirimagesunderh remaintogethemwhencomparedy gq.



Functors. Thisdiagramraisesanimportantpoint: ()~ shouldbeapplicablenotonly
to sets but alsoto functionsin orderto give meaningto, e.g., O—~O h. Theideaof an
uniform transformatiorof both setsandfunctionsis capturedoy the notion of a functor
7. Recdl (cf., appendixA) thatour modelsli ve' in aspaceof typedfunctions,somethig
onecouldmodelasa graphwith setsasnodesandset-theoretidunctionsasarrans. As
functions(with the right types)canbe composedand, for eachset.S, one may single
outa functionidgs (the identity on S) actingasthe neutralelementfor composiion, this
workinguniversehasthestructureof a(partial)mondd. In thissetting afunctoris simdy
afunctionT overthisuniversewhich preseresthegraphandmonoidalstructurej.e., for
eachfunctionf : A — B, Tf istypedasTA — T B andverifies:

T(f-9) =Tf-Tyg (17)

Interfacesare thus modelledby functors. The ‘transparent’lens corresponds$o
the identity functor Id definedby Id U = U andld idy = idig 7. ‘Coloured’ lensesare
instancesf constantfunctors: for example,functor O mapsevery othersetto O and
every function f : A — B to identity on O. More compl& interfacescan be built
combining suchelementanyfunctorswith someform of ‘addition’ and‘multiplication’ &
giving riseto whatis calledthe classof polynomal functors.Examplegresentedn this
text, alsoresortto the directexponental (TX = X*) andfinite powerset(TX = PX)
functors®.

Systemsand Behaviours Revisited. Fromthe discussn above, a state-basedystem
whoseinterfaceis capturedby a functor T is modelledby a T-coalgebra, i.e., a pair
(U,p: U — T U). Theresultswe have analysedfor the particularcaseof Mealy
machinesannow beformulatedin this moregeneraketting.In particular

e Any morphsmbetweenwo T-coalgebrapresere behaiour;

e Wheneer the spaceof behavious of a classof T-coalgebraganbeturnedon a
T-coalgebratself (writtenaswt : v1 — Twy), thisis thefinal coalgebrafrom
ary other T-coalgebrap thereis a uniquemorphism|p)] makingthe following
diagramto commute:

wr
v — Ty

[(p)]T TT[(p)]

p

U——=TU

Theuniversalpropertyis, equivalenty, capturedoy thefollowing law:

k=[p] & wr-k=Tk-p (18)

”As mostcorceptualstructuesusedn mathematicandcomputersciencethis notion is borrowedfrom
catgary theory whereit canbeappeciatedn its full geneicity.

8i.e., the praductandsumfunctas on variablese andy, respectiely. As expecteda pair (z, y) of sets
or functionsis mappedo z x y in thefirst caseandto z + y in thesecond

9Thesefunctas actonfunctionsasfollows: fA h = f-handPf X = {f 2| z € X}.



Morphiam [(p)| appliedto a statevalue u gives, of course,the (obsenable) behaiour
of a sequencef p transitims startingat u. It is called the coinductiveextensionof p
[Turi andRutten,1998 or the anamophismgeneratedy p [Meijer etal., 199]. Being
completelydeterminedy p, p is alsoreferredto asits gene

Aswe havealreadyremarled,theexistencepartof thisuniversalpropertyprovides
a definitionprinciple for functionsto spacesf behaiours (technically carriersof final
coalgebras).This is called definition by co-recuision and boils down to equippingthe
sourceof the functionto be definedwith a coalgebrao capturethe ‘one-step’dynamics
in thebehaiour generatiorprocessThenthe correspondinginamorphis gives therest.
Theuniquenespart,ontheotherhand,entailsa powerful proof principle— coinducton,
alsoillustratedbelow.

For eachinterface T, inhabitantsof the carrier vt of the correspondindinal
coalgebraare T-behavious: all possibé obsenatiors of systemswith this interface
are collectedin v1. In this contet, final coalgebrasare called coinductiveor left
datatypesin [Hagino,1987 or [CockettandSpencerl997, codataand codatatypesn
[Kieburtz,1999, final systemsn [Rutten,200Q or objecttypesin [Jacobs1996H. Rea-
soningcoalgebraicallywhich is the topic of the following section,is This explainswhy
coalgebraiceasonin@boutstate-basesgystemss oftenreferredto ascoinductvereason-
ing. Irrespectve of thepreferral designationsuchis thetopic of thefollowing section.

4. ReasoningCoalgebraically

Basic Techniques. Law (18) is the basictool for calculatingwith behaiours. Being
anuniversal property it assertsfor eachgenecoalgebrap, the existenceanduniqueness
of anamorphisip). Because|p) is itself a morphismbetweencoalgebrasit verifies
the preserationconditionexpressedy the commuativity of diagram(15), now suitably
instantatedto

wr+[(p] = Tlp)-p (19)

Moreover the following results,which areusuallyreferred to asthe cancellation reflec-
tion andfusionlaw, respectrely, area directconsequencef (18).

wr-[p] = Tpl-p (20)
(wr)] = idy, (21)
(p)-h = [q]) if p-h=Th-q (22)

Let us prove the lastof this resultswhich assertdhe possibiity of ‘fusing’ anarbitrary

coalgebramorphisn into a anamorphism:Typical applicationsof this law dealwith the

elimination of a pre-processingtage(with k) by incorporatingit in the co-recursion
patternrepresentedy [(p).

Proof.

[p) - h = [(q)

= { anamaephismuniversalcharacterisatior— law (18) }

wr - [(p)-h=T({p]-h)-q



= { [p)] morplism (19) }
Tlp)-p-h=T((p]-h)-q

= { asafunctorT preseres compaition— law (17) }
Tlp)-p-h=T[p)-Th-q

= { cancelT[p) from bothsides}
p-h=Th-q

An Instructi ve Calculation. A niceillustration of the useof coinduction not only to
prove systems’properties,but alsoto derive the requiredconstructionsijs provided by
the following attemptto establish(the coalgebraversionof) Lambeks Lemma. This is
a ‘folklore’ resultin categorical algebra'®, still very usefulin practicalcalculations. It
stateghatthe dynamicsof the final coalgebras anisomorphsm,i.e., thereis alwaysan
inverseto wr : v1 — T,

The proof belowv gives someintuition on the kind of calculationalskills we
areinterestedn. Moreover, asthe resultis valid for ary functor T possessing final
coalgebra,the calculationis generic in the sensethat all stepsare parametrizedoy
obsenationinterfaceT.

Proof. We startby assuming the existenceof suchaninverse,written as oy, which is expected
to verify identties: ot + wt = id,; andwy « a1 = idt,,. Theprod ideais to take oneof this
requirementsanduseit to conjecture a definition for ar (in programmingterms,onewould say
animplemetation). Thenwe check the validity of this conjectureby verifying with it the other
requirement.Thus,

ot - wt =1id,;

= { reflection— law (21) }
a7+ wr = [(wr)

= { anamaephismuniversalcharacterisatio— law (18) }
wr ot wr = T(ar - wr) - wr

= { asafuncta T preserescompaition— law (17) }
wr-ar-wr=Tar-Twt - wt

= { cancelur from bothsides}
wrar =Toar-Twrt

= { anamaephismuniversalcharacterisatio— law (18) }

at = [Twr)

We are half doné Notice, in particular, how the reflection law (21) was usedto introducean
anamorhismin thecalaulation, whereaits ‘normal’ role seemdo beexacty theoppasite: geting

°Theorigind statemenbf this lemma,formulatedfor initial algelras,appearedn [Barr, 1970, where
it wascredtedto J. Lambek.



rid of anamophismsby redudng themto the idertity. This proof is thena nice exampleof the
oftenngylectedfactthatcalcuations alsorequreinsight andthatthereareno prodfs without ideas.

Now the verification step

wT *aTt
= { replaceat by thederived conjectue }
wr - [(Twr)
= { [Twr) isamorphism— law (19) }
T(Twr) - Twr
= { asafundor T preserescompsition— law (17) }
T((Twr) - wr)
= { justproved}
Tid,,

= { asafundor T preseresidentities— law (16) }

id(Tid, )

a

In the next paragrapkthis kind of reasonings illustratedwith the simde object
modelspecifiedby definition(5). Later, in section5., moresophisicatedsystens will be
considered— the reasoningoprinciplesand(conceptual}oolswill, however, remainthe
same.We shall alsotake the opportunty to ‘bring to life’ someof our constructiony
encodinghemin a programming language.

Programming with Streams. Letussumup,from acoalgebraigointof view, whatwe
know aboutsimple,one attribute, systemsmodelledas coalgebragor functor 1* T, =
O x — (recalldiscussionn section2.). Its behaioursareO streamsi.e., elementof O¥.
Moreover O“ canbeequippedwvith acoalgebratructurevhosedynamicsconsistof two
obsenrers,accessingrespectrely, the head andtail of the stream.Formally,

(0%, (hd, tl) : O — O x O%) (23)

whichis final amongsuchsystems.

Coinductve types— i.e., behavious — aredirectly supportedy the CHARITY
programmng languaggCockettandFukushima,1993. Final coalgebrg23)is declared
asfollows 2;

data S -> stream(O = hd: S->0 | tl: S-> 8

By finality, to definea function over a coinductve type it is enoughto give its
gene whichspecifieghe‘one-step’dynamics As afirstexampk considehow aninfinite

Notice how notation T makesexplicit the output parametewhich addsto the genericityof the con-
structiors to follow.
2Thenotationis, hopefully, aimostself-explanatory a brief ovewiew is providedin appedix B.



sequencef the samevalue(say «a) is produced.Thetyping of the ervisagedfunctionis
gen : O — O*. If wewantto explainhow streamu® is generatedwe shallprobablysay
someting like in eadt step,givena valuea, join it to the resultand keepanothercopy
of a to repeatthis process Two remarksarenow in order First noticethereis no until
in thisloop: theresult,beinganinfinite behaiour, cannotto be shovn ‘once andfor all’,
but unfoldedstepby step(thatis whereCHARITY lazy evaluationmechanisntomesnto
scene).Secondandmorefundamentalnotethereis a basicinstructionin thedescription
of the generatiorprocess:in ead stepprodwe a pair {(a, a) to be consumedalongthe
way (thefirst a is to be joinedto the streamthe secondo go on). This basicinstructon
correspondso asimple functionaA: O — O x O, known asthe diagonalfunctionand
definedasA= (id, id). Clearly, A is acoalgebrdor T. Therefordt uniquelydetermines
ananamorphis [(A)] which correspondso the ervisagedfunction,i.e.

gen = [A)] (24)

FunctionA carriesthe ‘geneticinheritance’of the generatingprocessasrepresentedh
thediagrambelow. Froma programmig pointof view recognisinghis factis theeureka
step— theonerequiringinsight all therestis for free.

ow MM 5 o

gen T Tid xgen

0O—=0x0

A simple calculation provides a definition of gen making explicit the implicit self-
reference:

(id x gen)- A = (hd, tl) - gen

= { a definition }
(id x gen) « (id,id) = (hd,tl) - gen

= { x absorpion andfusion— laws (39) and(38)}
(id,gen) = (hd - gen, tl - gen)

= { structual equality— law (40) }
hd-gen=1id A tl-gen =gen

= { going pointwise }
hd (gena) =a A tl(gena)=gena

Thereis ageneratlesson’to belearntfrom thespecificatiorof gen in thisformat,whichis
truefor every functiondefinedasananamorphismthe functionis givenby specifyingits
behaiour underall the obserers?®?. It shouldbe noted however, thatthis transformation
is unnecessaryoncethe ‘gene’ hasbeenidentified the problemis solved. In CHARI-
TY, for exampk, functiongen is definedexactly asin (24), asthelanguagdorbids self-
reference:

BRecallthata function over aninductive typeis specifiedin a dualway by describingits effect on the
constrtors.



def gen: O -> stream( O
=n=> (] n=>head: n
| tail: n

1) n.

The samedefinitional principle canbe appliedto generatdunctionswhoseboth source
andtargetarebehaiours. For example,a combiratorfor meiging two streamss defined

by

o —" 0 x 0

merge_[(g)]T Widxmerge
0¥ x 0¥ —2=0 x (0¥ x O¥)

whereg = (hd - m1,s - (tl x id)). This meansthatin eachstepthe headof the first
streamis taken asthe headof the result,andthe generatingorocesss preparedo the
following iterationby takingthe secondstreamthetail of thefirst andswappingthem(s
IS x commutatvity isomorplism). In CHARITY,

def merge: stream(OQ * stream(O -> stream( O
=X => (| (s,t) => head: head s
| tail: (t, tail s)
1) x.

Supposenow, we want to obtain a streamof as and bs strictly interleaved, i.e.(ab)*.
Two possiblities emege. One of themresortsto a particulargeneratingunction twist
specifiedas

(hd,tl)

ov O x 0¥
Mist—[((m,s))]T Tid X twist

<7T1,S>

Ox0—=0x(0x0)

andencodedn CHARITY as

def twist: O* O -> stream( O
=x => (] (mn) => head: m
| tail: (n,m
) x.

Alternatively onemaycombines® andb® with merge. As afurtherillustrationof coalge-
braicreasoninglet usshaw thatbothapproacheareequialent,i.e.,

merge - (gen X gen) = twist (25)



Proof.

merge - (gen X gen) = twist
= { merge definition}

[((hd - 71,5« (t] x id))) - (gen x gen) = (my,s)
= { ananorphismfusion— law (22) }

(hd - m1,s« (tl x id)) - (gen x gen) = id x (gen x gen) - (my,s)
= { x absorpion andreflection— laws (39) and(36) }

(hd - gen - m1,s - ((tl- gen) x gen)) = id x (gen X gen) - (my,s)
= { tl-gen =genandhd - gen = id }

(m1,s- (gen X gen)) = id x (gen x gen) - (m1,s)
= { x absorpion — law (39) }

(m1,s - (gen X gen)) = (w1, (gen X gen) -s)
= { sisnaturalj.e,(f xg):s=s-(gx f) }

(m1,s- (gen x gen)) = (m1,s- (gen X gen))

Observational Equivalenceand Bisimulation. Thestatespacef asystem(or, in tech-
nical terms,the carrierof a coalgebra)s accessedhroughthe obserersencodedn its
interface. Therefore statesghat exhibit the samebehaiour shouldalwaysbe identified.
Suchan indiginguishability relation on statesis called observatimal equivalenceand
definedby

unv = () u=[q)v (26)

for u andv in the carriersof coalgebragU, p) and(V, ¢), respectrely. This definition
agreeswith ourintuition thatthefinal coalgebras the coalgebraof all behaiours.

A someavhatsimplerway of establishingpbservationakquivalencewhich more-
over hastheadwantageof notdependingntheexistenceof final coalgebrass to look for
amorphisn i suchthatoneof the statess the h-imageof the other Onceconjecturedh
determinesarelationR C U x V suchthat

(u,v) ER = u~v (27)

Sucharelationis, of coursethegraphof i, i.e., {(z,h z)| x € U}.

Canthis ideabe generalisedMore precisely what propertiesnusta relation R
have sothatonemay concludeu ~ v simgy by checkingwhether(u, v) isin R?

Let us consideragainsystemsvhosebehaiours are streams Giventwo statesu
andv andcoalgebrap = (U, (at,, m,)) andg = (V, (at,, m,)), we wantcheckif « under
p andv underg behae similarly, i.e., generatéhe samestreams A constructve way of
carryingout sucha verificationconsiss of

o first checkingtheattributes:at, v = at, v,



e then,assuringthat the continuationstatesproducedby m, » andm, v, respec-
tively, supportidenticalverification.

Thisequvaesto find outarelationR C U x V suchthat
(v,v) e R = atyu=at,v A {(myu,myv) € R (28)

We maythenconcludethat,to sene asawitnessfor obsenationalequivaence,arelation
R hasto be closedunderthe coalgebradynamics.This sort of relationsarewell-known
in theliteratureon the semantic®f concurreng underthegenericdesignatn of bisimu-
lations The namecorveys theintuition thattwo systemgunningfrom equivalentstates
have the ability to simuate eachother Canwe arrive at a genericnotion of bisimula-
tion, i.e., independenof the systems interface?Let us seeif we canrewrite (28) into a
form easierto generaliseThis entailsthe needfor botheliminatingvariablesandmaking
explicit the structureinvolved We thusproceedby conjecturinga coalgebrastructurein
R:

p={at,,m,) : R— O XR (29)

suchthat
at,=at,-m =at;em A m,=m, X m, (30)

Now, a simplecalculationyields:

at, =at,m =at;+m A m,=m, X m,
{ x reflection— law (36)}

at, =at, -m =atg-m A m,=m, X m,

{ x fusionandabsoption— laws (38) and(39)}

at, = at, +m = aty M A (M e My, Ty e m,) = (M« T, My To)

{ structuralequality — law (40)}

(atp,m . mp) = (atp * T, Mp - 7T1> A <atp,7T2 . mp) = (atq * T2, Mg - 7T2>

{ x fusionandabsoption— laws (38) and(39)}
(id x 71) « (at,, m,) = (aty,, my) - m A (id X m2) « (at,, m,) = (aty, my) -
Thelastpair of equationsassertshe commutatvity of thefollowing diagram:

1 T2

U R V

id><7r1 idX7T2

OxU<=—0xR—0xV

This fact can be shavn to hold in a genericcontet: a relation on the carriersof T-

coalgebrag andgq is a (T)-bisimdation if it canbe equippedwith a coalgebrastructure
p suchthatprojectionsr; andm, lift to T-morphisns, asexpressedy thecommutatvity

of thefollowing diagram:

T 2
U R V
p P q
T m T 7o

TU TR TV




T7Tl°p:p'7Tl/\T7T2'pZQ'7T2 (31)

As discussd in the next section,the behaiours of non-determinist systems
specifiedas coalgebragor T = P(O x —) correspondo whatis usually calleda pro-
cessin processcalculi such Ccs [Milner, 1980, Milner, 1989 or Csp [Hoare,1989.
Originally the notion of bisimulation was introdwced in the context of such calculi
to relate processesupon which obsenation producesequal resultsand this is main-
tainedalong all possibletransitions — cf., Park’s landmarkpaper[Park,1981. Later
[Aczel andMendler 1989 gave a categoricaldefinition 4 of bisimuation which applies,
notonly to thekind of transitionsystemsunderlyingthe operationasemantic®f process
calculi, but alsoto arbitrarycoalgebrasBisimulationacquired a shape the shapeof the
chosermobsenationinterfaceT.

As onewould expect,instantating (31) with T = P(O x —) leads,after a few
stepsin asimplecalculationto

(u,v) € R = Yomepu - og)eqo - (T, Y) € R A Vioyyequ - Jomyepu - (T,¥) € R

which correspond$o whatis calledstrict bisimuhtionin the Ccs literature.Ontheother
hand,instantiaing (31) with theidentity functor (the ‘transparentens’) leadsto

T *pP=pP-T1 A Tg* P =(-*To

{ structurdequality— law (40)}

(m1ep,map) = (Pr71,q-72)
{ x fusionandabsorptio — laws (38)and(39) }

(T1,me) «p = p X q-(m,m2)
{ x reflection— law (36)}
p=pPXq
{ goingpointwise }
(u,v) e R Iff ueUAveEV

which meansthat any relationpreservingp and ¢ dynamicsis a bisimuation on those
coalgebras.

Remark. Bisimulationsprovidea ‘relational’ view of coalgebranorphisns. In fact,as
discusedabove, thegraphof a T-coalgebranorphismis a T-bisimuation. Thisandsev-
eralotherresultson bisimulationsareprovedin [Rutten,200Q. In particular it is shavn
thatthe converseof a bisimuation and,undersomeconditionson T, the compositbn of
two bisimulationsarestill bisimulations.As a corollary, the (relational)directandinverse
imagesof abisimulation,aswell asthekernelof acoalgebranorphisn, arebisimulations
aswell.

Bisimulation entails, thus, a local proof theory for observatbnal equivalence
which is widely usedin practiceandin a variety of contexts. Usually in the coalge-
braliteraturewhatis understoody a coinductiveproof is the explicit constructionof a

“Thedefinitionusedin this text is aninstanceof it assuminga set-theogtic semantiauniverse.



bisimulationcontainingthe pair of statesonewantto prove equivalent(see for example,
[Rutten,2000] or [Jacobs2003). In generalhowever, we favour the calculationalap-
proachexemplified above which resortsexplicitly to the universalproperty becauset is
closerto the calculationof functionalprogramg(asin, e.g., [Bird andMoor, 1997). To
alarge extentthis choiceis, however, a matterof taste:the two methodgbothrootedin
uniquenesgpart of the universalproperty)arethe two sidesof the samecoin — thethe-
oremwhich (for alarge classof functors,which includethe onesconsideredn this text)
establisksfinal coalgebrassfull abstact with respecto bisimulation (for a proof see,
e.g., [Turi andRutten,1999).

5. Application: Proces<Calculi

Motivation. This section outlines a medium-ste case study in the use of coal-

gebraic structuresto model and reason about dynamical systems which corre-
spondsto some recent researchof the author documentedin [Barbosa200] and
[BarbosaandOliveira, 2002]. The objectof studyareclassicalprocesscalculi in thetra-

dition of Ccs [Milner, 1989 for specificationof concurrentomputatio. Our goalis to

applythe conceptsandtechniquesliscussedbove to the designof processcombinators
andthe‘discovery’ of theirlaws.

Our approaclrelieson the representationf processeasinhabitintsof coinduc-
tive types,i.e., final coalgebrador suitabk functors. Final semanticgor processess an
active researb area,namelyafter Aczel's landmarkpaper[Aczel, 1993. Our emphasis
is, however, actually placedon the designside: we intendto shav how processcalculi
canbedevelopedandtheir laws provedalongthelinesonegetsusedto in (data-oriented)
programcalculi. We believe thatthe proposedapproacthasa numberof advantages:

e Firstof all it providesa uniformtreatmentbof processeandothercomputatonal
structurese.g., datastructurespothrepresentedscateyorical typesfor functors
capturinginterfacesof, respectrely, obserersand constructorgseesection6.).
Placingdataandbehaiour atasimilar level conveys theideathatprocessnodels
canbechoserandspecifiedaccordingo agivenapplicationarea,n thesameway
thata suitabledatastructureis definedto meeta particularengineeringoroblem.
As a prototypng platform, CHARITY is a sobertool in which differentprocess
combinabrs canbe defined,interpreterdor the associatedanguagesuickly de-
velopedandthe expressienessof differentcalculi comparedwith respecto the
intendedapplicatiors.

e Theapproachsindependentf arny particularprocessalculusandmakesexplicit
the differentingredientspresentin the designof any suchcalculi. In particular
structuralaspectf the underlyingbehaviourmodel(e.g., the dichotomes such
asactivevsreactve, determinisic vsnon-determirstic) becomeclearlyseparated
from theinteraction structurewhich definesthe synchronisatio discipline.

e Proofsarecarriedoutin apurelycalculationalbasicallyequaticnal andpointfree
style, thereforecircumvening the explicit constructionof bisimulationsusedin
mostof theliteratureon proces<alculi.

Processes. Theoperationakemantic®f aprocessalculuss usuallygivenin termsof a
transiton relation— over processesndexedby asetAct of actionsjn whichaprocess



getscommited,andtheresulting'continuatiors’, i.e., thebehaiourssubsequeiyt exhib-
ited. A first, basicdesigndecisionconcernghe definition of whatshouldbe understood
by suchacollection.As arule, it is definedasaset in orderto expressnon-determinism
Other morerestrictive, possbilities considera sequenc®r even just a single continua-
tion, modelling, respectiely, ‘ordered’ non-determirsmor determinsm. In general this
underlyingbehaiour modelcanberepresentetly afunctorB.

An orthogonalecisionconcerngheintendednterpretatiorof thetransitionrela-
tion, whichis usuallyleft implicit or underspecifieth processalculi. We may, however,
distinguishbetween

e An ‘active’ interpretationjn which a transitionp — ¢ is informally charac-
terisedas‘p evolvesto ¢ by performingan actiona’, bothg anda beingsolely
determinedy p.

e A ‘reactive’ interpretationjnformally reading’p reactsto an externalstimulus a
by evolvingto ¢'.

Processewill thenbetakenasinhabi&ntsof the carrierof thefinal coalgebrav : v —
T v, with T definedasB (Act x Id), in thefirst case,and (B 1d)4, in the second.To
illustrateourapproachye shallfocusontheparticularcasewhereB is thefinite powerset
functorandthe‘active’ interpretations adopted.Thetransitionrelation,for this case|s
givenbyp - ¢ iff {a,q) € wp.

Therestrictionto the finite powersetavoids cardinalityproblemsandassureshe
existenceof afinal coalgebrdor T 1°. Thisrestrictsustoimage-finiteprocessesa nottoo
severerestrictionin practicewhich maybe partially circumvenedby a suitabledefinition
of the structureof Act. For instancepy taking Act aschannelnameghroughwhich data
flows. This correspondsloselyto ‘ Ccs with value passing’[Milner, 1989. Therefore,
only the setof channelsandnot the messageéseenaspairschannel/data)nustremain
finite. In fact, asdetailedbelow, an algebraicstructureshouldbe imposeduponthe set
Act of actionsin orderto capturedifferentinteractiondisciplines. This will be calledan
interaction structure in thesequel.

Down to the programming level, we shallstartby declaringa processpaceasthe
coinductvetypePr ( A) , parametrizedby a specificationA of theinteractionstructure:

data C -> Pr(A) = bh: C->set(A* Q.

whereset standdor asuitableimplemenationof (finite) sets.

Dynamic Combinators. The cornerstonen the designof a processcalculi is the ju-
dicious selectionof a (hopefully small) setof processcombinators.In [Milner, 1989,
R. Milner classifiestheminto two distinct groups. The first group consistsof all com-
binatorswhich persistthroughaction,i.e., which are presentbeforeand after a transi-
tion occurs. They are called static andusedto setup process’architecturesspecifying

15 ambeklemma,provedin the previous sectionmpliesthatafinal coalgelba for the unrestrictegpow-
ersetfunctor in a universe of setscanna exist, asit would violate Cantors theorem In fact thereare
severd constrictionsandresultsof coalgelpa theorywhich dependn propertiesof funcor T. Evenif we
have restrictoursehes to a particdarly well-behaved classof functors,thereadeiis referrel to specialised
refeencedo getthe‘big picture’ ([Rutten 2000] is a goodstartingpoirt).



how their componentarelinkedandwhich partsof their interfacearepublic or private.
Dynamiccombinatorspn the otherhand,are ‘consumed’on actionoccurrencedisap-
pearingfrom the expressiorrepresentinghe procesontinuatian. In this paragraptthe
usualCcs dynamiccombinateos — i.e., inaction, prefixandnon-determirstic choice—
aredefinedasoperatoron thefinal universeof processesonsideredbove. Noticethat,
beingnonrecursve, they have a direct(coinductve) definitionwhich dependsolelyon
the choserprocessstructure. Therefore the inactive processs representedsa constant
nil : 1 — v uponwhich no relevantobsenation canbe made. Prefix gives rise to an
Act-indexedfamily of operators:. : v — v, with a € Act. Finally, the possilte actions
of thenondeterminisic choiceof two processep andg correspondso the collectionof
all actionsallowed for p andgq. Thereforethe operator+ : v x v — v canonly be
definedover a processtructuren which obserationsform a collection. Formally,

(inaction) wenl =0
(choice) wet = U (wXw)
(prefix) w+a. = sing - label,

wheresing = Az. {z} andlabel, = A\z. (a, ). Thesedefinitionsaredirectly translated
to CHARITY asfunctionsbni | , bpr e andbcho, respectiely:

def bnil: 1 -> Pr(A
= () => (bh: enpty).

def bpre: A * Pr(A) -> Pr(A)
= (a, t) => (bh: sing(a,t)).

def bcho: Pr(A * Pr(A) -> Pr(A
= (tl1l, t2) => (bh: union(bh t1, bh t2)).

Dynamiccombinatorsatisfya numberof laws. For example structure(v; +, nil)
forms an Abelian idempogent monoid, a fact that is proved in the literature (e.g.,
[Milner, 1989) by exhibiting a suitablebisimuation. All proofsof this sortcanbe made,
however, by simpleequationateasoningMoreover, finality turnsw into anisonorphism
andtherefore,to prove e = €' it is enoughto shaw thatw - e = w « €’. To illustrate
the proposedoroof style, considerthe proof of two simge results:+ commuativity and
associatiity 16, i.e.,
45 = + (32)

and
+e(+xid) = ++(dx+)-a (33)

In the sequel,processpropeties are statedpoirtfree, for which we shall resortto standarchatural
isomophismsin Set. In particular associatiity, commuativity and productleft andright units, will be
dendedbya: (AxB)xC — Ax(BxC(C),s : AxB— BxA;r:1xA— Aandl: Ax1— A,
respectiely. Thecorverseof anisomophismi is written asi®.



Proof. Thefoll owing calaulation estallishes+ commutaitvity:

w-++-s
{ + definition}

U (wXw):-s

{ snatural}

Uss: (w X w)

{ U comnutative }
U- (w X w)

{ + definition}
w:*+

The prod of asseiativity alsorelies on the propeties of setunion, but is a bit longer. Notice,
however, thatall elemenary stepsareshavn.

we~+ - (+ xid)
{ + definition}

U+ (w X w) - (+ xid)

{ x asafuncor respectcompmsition }
Us(w++ X w)
{ + definition}

U (U (wXw)) Xw

{ x asafundor respectsompsition }
U-(Uxid) - (wx w)-w)

{ aisanisomorgism }

U-(Uxid) - ((wXxw) w)-a°-a
{ a®isnaturalj.e. ((f x g)-h)-a°=2a°-(f x (g xh)) }
U-(Uxid)+a® (wx (wXxw))-a

= { U associatie }

U:(idxU): (wX(wxw))-a
= { x asafundor respectgompsition }
Us(wx (Us (wxw))-a

{ + definition}

Ur(wxw-+)-a

{ x asafuncor respectcompmsition }

Us(wxw):(idx+)-a
{ + definition}

w++-(dx+)-a



Static Combinators. Persistencéhroughaction occurrencdeadsto the co-recursive
definition of static combinators This meansthey ariseasanamorphis®s generatedy
suitabk ‘gene’ coalgebrasinterleaving restrictionandrenamingare examplesof static
combinabrs,which, moreorer, dependonly on the processstructure.On the otherhand,
syndironousproductandparallel compositbnalsorely ontheinteractionstructureunder
lying thecalculus.In eachcasewe give bothamathematicatlefinitionof the combinator
andthe correspondingCHARITY code. Thereis a direct correspondencbketweenthese
two levels Some‘houseleeping’morphisns, likethediagonal A, usedin theformer, are
morecorvenientlyhandledby the CHARITY termlogic.

Interleaving. Althoughinterleaving a binary operator||| : v x v — v, is not con-
sideredasa combinatorin mostprocesscalculi, it is the simplestform of ‘parallel’ ag-
gregation in the sensehatit is independenbf ary particularinteractiondiscipine. The
definitionbelow capturegheintuition thatthe obsenationsover the interleaving of two
processesorrespondo all possibé interleavings of the obsenations of its aguments.
Thus,onedefines|| = [¢), where

o = vxv—>wxv)x (vXxv)

(wxid) X (idXw)

(P(Act x v) x V) x (v x P(Act x v))

Tr XT]
E——

P(Act x (v x v)) x P(Act x (v X v))

— > P(Act x (v x 1))

Notice that, technically morphisns 7, and; above are, respectrely, the right and left
strengthassociatedo functorP(Act x —). For our purposesheir definitionin elemen-
tary termsis enough(plus the obsenation that both verify a natural property). Thus,
define

7 (X,c) = {{a,(z,0))| (a,2) € X} (34)

whichis straightforvardly encodedn CHARITY
def taur = (s,t) => set{(a,x) => (a, (x,t))} s.
Thedefinitionof 7; is similar.
The CHARITY codefor thiscombinatoris
def bint: Pr(Ac(L)) * Pr(Ac(L)) -> Pr(Ac(L))
= (t1, t2) =>

(] (r1,r2) => bh: union(taur(bh r1, r2), taul (bh r2, rl))
[) (t1,t2).

As onecouldexpect,proofsof propertieof staticcombinabrs oftenresortto the
anamorphisnfusion law (22). The proof of commuativity is carriedout below, asan
exampk. Commutaivity stateghatp|||g = ¢|||p, i.e., goingpointfree that|||-s = |||. Thus



Proof.
II-s =l
{ ||| definition }

[yl +s = [y

= { anamophismfusion— law (22)}

am S = P(id X S) . CV|||

Thelastequaton is justified by the following calcuation:

aj-s
= { |l 'gere’ definition }
U+ (1 x7) - ((wxid) x (id X w)): A -s

= { aisnatural}

-

«(1p x 1)+ ((wxid) x (id X w)) - (s X 5)* A
= { sisnatural}

Us(rp x7)-(sxs): ((id xw) X (wxid))- A
= { x funaor }

C

c(rpesxmes) - ((ld xw) X (wxid)): A
= { 7 arer; natura }
U-(P(id xs)- 7y x P(id x s) - 77) - ((id X w) X (w x id))- A
= { x funcor }
U-(P(id xs) x P(id xs)) - (1, x 77) - ((id X w) x (w x id))- A
= { Uisnatual }
Pid xs)-U- (1 x7,) - ((id X w) X (w x id))- A
= { Uis comnutative }
Pidxs)-U-s-(nx7)-((id X w) x (wxid))- A
= { sisnatural}
P(id xs)-U- (1, x 1)+ ((wxid) x (id X w)) +s- A
= { routine verification s- A=A }
P(id xs) - U- (1, x7) » ((w x id) X (id x w))- A
= { |l 'gere’ definition }
P(id xs) - o

Interaction. To specifyinteraction thereis a needto introducesomestructureon the
setAct of actions. For this purposewe axiomatizethe interaction structue underlying
aprocessalculusasan Abelian positive monoid(Act; 8, 1) with a zeroelement. It is



assumedhatneither0 nor1 belongto thesetL of labels.Theintuition is thatf determines
theinteraction discipine wheread) representshe absencef interaction:a zeroelement
is suchthat, for all « € Act, a # 0 = 0. Onthe otherhand,a positve monoidentails
afad =1iffa=a =1.

A simde exampleof an interactionstructurecapturesthe notion of action co-
occurrence.Thereforef is definedasa 6 b = (a, b), for all a,b € Act differentfrom 0
and1. Action equalityis definedasthatof the‘frontiers’ of Act terms,in orderto assure
f associatiity.

Ccs synchronisatio discipline [Miln er, 1989 providesanotherexample.In this
casethe set L of labelscarriesan involutive operationrepresentedby an horizontalbar
asin @, for a« € L. Two actionsa anda aresaidto be complementaryA specialaction,
denotedby 7 ¢ L, is introducedto representhe resultof a synchronisatio betweena
pair of complemerdry actions. Therefore,f evaluatesto = wheneer appliedto a pair
of complenentaryactionsandto 0 in all other cases(except, obviously, if one of the
argumentss 1).

Restriction and Renaming The restriction combinator\ x, for eachsubsetk’ C L,
forbidstheoccurrencef actionsin K. Formally, \ x = [, )] where

filterg

o, = v——=>P(Act x v) —=P(Act x v)

K

wherefilterx = As. {t € s| m t ¢ K}.

Onceaninteractionstructureis fixed, ary homonorphismf : Act — Act lifts
to arenamingcombinator| f] betweerprocessedefinedas(f] = [«s)], where

o) = v ——>P(Act x I/)PM)’P(Act X V)

Synchronous Product. This static operatormodelsthe simukaneousexecutionof its
two arguments At eachsteptheresultirg actionis determinedy theinteractionstructure
for thecalculus.Formally, ® = [ag) where

ag = VX Z/M’P(Act X v) X P(Act x v)

LP(Act X (v X v)) s—e'>'P(ACt X (v xv))

wheresel = filtero, filters outall synchroniationfailures.The fundamentabbsenration
hereconcernghe way interactionis cateredby 6, — the distributive law for the strong
monadP (Act x Id) 7. Again, for our purposesereit is enougha direct pointwise defi-
nition:

Or (c1,02) = {(a'0a, (p,p))| (a,p) € c1 A (d',P) € 2}

"Note thatthe monddal structurein Act extends functa P(Act x Id) to astrongmonad § . beirg the
Kleisli compgition of theleft andright strengths.This, onits turn, involvesthe applicdion of the monal
multiplication to ‘flatten’ the resultandthis, for a moroid monad requiesthe suitableapplicationof the
underlying monddal opeation. This, in our case fixestheinteractiondiscipline.




Parallel Composition. Parallel compositon arisesasacombirationof interleavingand
synaronousproduct in thesensehattheevolutionof p | ¢, for processes andg, consists
of all possiblederiatiors of p and ¢ plus the onesassociatedo the synchronisatins
allowed by the particularinteractionstructurefor the calculus. This cannotbe achieved
by merecompositon of the correspondingombinatorg|| and®: it hasto be performed
atthe‘genes’level for ||| and®. Formally, | = [(¢]], where

o = vXxv—"=xv) X ([VXV)

() xag)

P(Act x (v x v)) X P(Act x (v X v))
—=P(Act x (v x v))

What's Next? Due to spacelimitationswe have omitted heresomeof the CHARITY
implementationsindthe discusson of how this approacho the designof processalculi
extendssmoohly to differentbehaiour models(e.g., probabilstic processesandprocess
structurege.g., reactve processes)Theseextensios add genericityto the approachn
wayswhich arecomplementaryo the alreadydiscussegarametrizatiorby the interac-
tion discipine. Thereaders referredto [BarbosaandOliveira, 2003, for detailson the
CHARITY implemenationof a genericprocessnterpretey andto [Barbosa200] if in-
terestedn semantidssues.This lastreferencencludesa conditional fusion theoremto
derive conditioral laws, i.e., equalitiesdependingon the fulfilment of someside condi-
tionswhich arevery commonin processalculi. The novelty of theapproachs thatsuch
conditionsarederivedratherthanpostulatecandproved.

6. Conclusions

Construction StrikesBack. The observatimal standpointadoptedhereasthe frame-
work to model and reasonabout state-basedystems,later formalisedin coalgebraic
terms, hasto be contrastedagainto the ‘engineers view’ referredin section2.. The
latteremphasisethe possiblity of atleastsome(essentiallyfinite) thingsbeingnot only
obsened, but actuallybuilt. Therefore oneworksnotwith a‘lens’ but with a ‘toolbox’.
Thenthe assemblyprocessis specifiedin a similar (but dual) way to the one usedto
defineobsenationstructuresl.e, theengineewill equipher/himseliwith,

m

atool box [T]

m
anassemblyrocess  []] artifact 4 artifact

Noticethatin the picture‘artifact’ replacesuniverse’,to stressthatoneis now dealing
with ‘culture’ (asopposedo ‘nature’) and,whichis far morerelevant,thatthearrow has



beenreversed Formally, the‘toolbox’ is againafunctor Theassemblyprocesshowever,
is a T-algebra.As a functionthis amountgo a collectionof constructos. For example,
for thebinarytree‘artifact’, the suitabletoolboxwill be

m
|:|:| D = 1+ Datax D x D

This meansthat binary treescan either be built via a constantconstructoy yielding the
trivial, emptytree,or via the aggregation somedatato two previously constructedrees,
thusbuilding alargerone.

Both ‘obsenation structures’and ‘assemblyprocessestan be relatedand com-
pared.'Lens’ and‘toolboxes’ arefunctoss. In severalcasesif the‘lens’ or the ‘toolbox’
is smoothenough,thereexist a canonicalrepresentatie of the respectre ‘obsenation
structures’or ‘assemblyprocesses’In the latter casethis is known asthe termalgebra,
which may beregardedasthe formal analogto the ‘smallest’ machineryableto produce

m
all possibe [ ] J-artifacts. Its carrieris composedy all the termsgeneratedy the con-
structors.

Justasthe collectionof all possibé obsenedbehaiours,with respecto a given
interface,forms a (quite special)coalgebralthe final coalgebra) the setof termsgives
rise to a ‘syntactic’ algebra(calledthe initial algebra)which alsosatisfiesan universal,
but dual, property*®: thereis a unique morphisn from the term algebrato ary other
algebrad for thesamefunctor. Thisis calleda catamorphisnandrepresentedy (d)); not
only its definition,but alsoits propertiesaredualto thoseof ananamorphism

Coalgebra Theory and Applications. Initial algebrascorrespondo inductive data
types i.e., abstractdescriptionsof datastructures.Dually, final coalgebragntail a no-
tion of coinductive behaviourtypes representinghe dynamicsof systems.While data
entitiesin an algebraare built by constructorsand consideredo be differentif differ-
ently constructedcoalgebrasiealwith entitieswhich are obsered, or decomposedyy
obsenrers(or ‘destructors’). Internal configurationsareidentifiedif they cannotbe dis-
tingushedby obsenation. As a consequencesqualityhasto bereplacedoy bisimilarity
andcoinductionreplacesnductionasa proof principle.

Although previously known in Universal Algebra, coalgebraseganto be seri-
ously consideredonly after the categorical accountof both algebraicand coalgebraic
structureof atypeT hasprovidedtheright genericframavork in which severalphenom-
enaandtheoriedit. Therelevanceof coalgebraiconceptsandtoolswasfirst recognised
in programming semantics— see for exampk, P. Aczelfoundatioral work on ‘non well-
foundedsets’andthesemantic®f processepAczel, 1988 Aczel, 1993];H. Reichelchar
acterisatiorof behaioural satisaction[Reichel,1981]andJ. Rutten,G. Plotkin andD.
Turi work onfinal semantic§RuttenandTuri, 1994 Turi, 1996, Turi andPlotkin, 1997.
The systemat study of their theory essentiallyalongthe lines of Universal Algebra,
wasinitiatedby J. Ruttenin [Rutten,199€, which laterappearedn [Rutten,200q. This
rapidly expandedto a broadresearchopic, as an increasingnumberof contributions

187 really exciting thingin cateyory theoryis thefactthatuniversalconstrictionsandpropertiesalways
comein pairs.



appearean boththetheory applicationsandrephrasingf ‘old’ resultsin seeminglyun-
relatedareas.Part of this researchs documentedn the proceeding®f the Coalgebraic
Methodsn ComputerSciencevorkshopseries startingin 1998.

In fact, only recently coalgebratheory itself has receved enough atten-
tion and eventwally emeged as a common frameavork to describe ‘state based’,
dynamical, systems. Since then, coalgebraicmodelling and reasoningprinciples
have beenappliedin several areas. Examplesrange from automata[Rutten,1998
to objects [Reichel, 1995 Jacobs1996f, from process semantics[Lenisa,1998
Schamschuri, 1998 Wolter, 1999 to hybrid transition systems [Jacobs1996a].
B. Jacobsand his group, following earlier work by H. Reichel [Reichel,1995
HenselandReichel, 1999 have coinedthetermcoalgebraic specification [Jacobs,1997,
Jacobs2003 to denotea style of axiomaticspecificationnvolving equationsipto bisim-
ilarity actingasconstraint®on systemobsenable behaiour. Modelsof coalgebraispec-
ificationsaresubcoalgebrasf thefinal coalgebrajustasmodelsfor algebraicspecifica-
tionsarequotiens of initial algebras.

In a broaderperspectie, coalgebraicmodellng exploresthe closerelationslip
betweencoalgebrasand modal and tempoal logics, whoserole in the specificationof
systems dynamicdgs well-establified. Thebasicidea,developednamelyin [Moss, 1999
and[Jacobs;1999, consistf associatinga modallanguagéo the interfacefunctorand
having thelogic assertiongnterpretedover the (Kripke modelsdefinedby the) transiton
systens inducedby T-coalgebras.

Some Work Directions. This tutorial explored the role of coalgebraicstructuresin
modeling andreasoningaboutdynamical state-basedystens. The underlyingresearch
agendan programcalculi is broadenoughto includea variety of semantidormulations
and applications but, at the sametime, the quite pragmaticgoal of develogng useful
toolsfor the working softwae engineer In this context, we are currentlyworking on the
following directions

e Develgpmentof coalgebraiomodelsand calculi for coordinationlanguagesand
middeware, building on previous work on genericstate-basedoftware compo-
nents[Barbosa2000].

e Extensim of thework reportechereon processalculidesignto copewith naming
andmobility.

e Systematistudyof co-recursiorschemesandtheirinterpretationn differentcat-
egories.

¢ Developmentof suitablenotiors of refinemenin a coalgebraicsettingandtheir
applicationto procesge-engineeringf legag/ informationsystems.
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A Where Do Models Live?

The succes®f functionalprogramming, which literally meansprogrammingwith func-
tions is due,to a greatextent, to its rootson a basicmathematicaintuition. The notion
of anarrav connectingwo objects(aswe usuallydepictthe signatue of a function)and
representingomekind of transformatiorof oneinto the otheris penasie bothin math-
ematicsandcompuer science.Therefore somesortof spaceof typesand(composable)
typedarrows is usuallytaken asthe underlyingsemanticuniversefor systems’specifi-
cations. In this text typesare simply identified with setsand arrows with set-theoretic
functions This appendixreviews somecanonicalconstructios on sucha universe—
product, sumandexponentials— andtakesthe opportuniy to fix somenotationusedin
themaintext.

Product. The productof two setsA and B canbe characterise@itherconcretely(as
the setof all pairsthat canformedby elementsof A and B) or in termsof an abstract
specification.In this case,we sayset A x B is definedasthe sourceof two functions
m : Ax B — Aandm, : A x B — B, calledthe projectilns which satisfythe
following property:for ary othersetZ andarrons f : Z — A andg : Z — B, there
isauniquearrow (f,g) : Z — A x B, usuallycalledthe split of f andg, thatmakes
thefollowing diagramto commute:

This is againan univeisal property*®, entailingboth an existenceanda uniguenessas-
sertion. Suchan abstractcharacterisatioturns out to be more genericand suitablefor
conductingcalculations Notethatit canbewritten as

k=(fg) & m-k=f Am-k=g (35)

where=- meansxistenceand< meansuniqueness

We illustrate this claim with a very simple exampk. Supposeve wantto shav
thatpairingthe projectionsof a cartesiarproducthasno effect, i.e., (my, m2) = id. If we
proceedn aconcreteway we first attempto corvince oursehesthatthe uniquepossible
definitionfor splitis asa pairingfunction,i.e,, (f, g) z = (f z, ¢ z). Then,instantiatng
thedefinitionfor the caseat handsconclude

<7T1,7r2> <‘T7y> = <7T1 <$,y>,71'2 <.CL',y>> = <$,y>
9Recalldiscussioron universal propertiesin the maintext.




Using the universalproperty instead,the resultfollows immediatelyandin a pointiree
way:
id = <7T1,7T2> = M -id =T N\ To -id = Ty

Equation
<7T1,7T2> = idaxB (36)

is calledthereflectionlaw for products.Similarly the following laws (known as x can-
cellationandfusior) aredervablefrom (35):

7Tl'<fag>:faﬂ-2'<f7g>:g (37)
<gah>°f = <g°f:h'f> (38)
(txj)+(g,h) = (i+g,5+h) (39)

Thesameappliesto structual equality.
(f,9)=(k;h) = f=kANg=h (40)

Finally note that the productconstructionappliesnot only to setsbut alsoto functions,
yielding, for f : A — Bandg : A’ — B',functionf x g: Ax A’ — B x B’
definedasthe split (f - 71, g - ). This equivdesto the following pointwise definition:
fxg=Xa,b). (fa,gb).

Sum. ThesumA+ B (or coproduct) of A andB correspondso theirdisjointunion. The
constructio is dualto the productone.Froma programmig pointof view it corresponds
to the aggreation of two entitiesin time (asin a uni on constructiom in C), whereas
productentailsan aggr@ation in space(asar ecord). It alsoarisesby universality:
A + B is definedasthetargetof two arrovss; : A — A+ Bandiw, : B— A+ B,
calledthe injections which satisfythe following universalproperty: for any othersetZ
andfunctionsf : A — Z andg : B — Z, thereis auniquearrow [f,g] : A+ B —
7, usually calledthe either (or casg of f andg, that makesthe following diagramto
commue:

L2

A—2A+B<—B

S

A
Againthisuniversalpropertycanbewritten as

k=[fg] & keuu=fANk-y=g (41)

from which oneinferscorrespondentancellation reflectionandfusionresults:
[fag]'lef’[fag]'l’Zzg (42)

[L1,L2] = idX_|_y (43)
f'[gah’] = [f'gaf'h] (44)



Productsaandsumsinteractthroughthefollowing exchange law
(£, 9):(f. 9] = (f. f]: (9,9 (45)

provalde by either x (35) or + (41) universality The sumcombinatoralso appliesto
functionsyielding f + g : A+ B — A’ + B’ definedas|t; - f, i+ g].

BasicSets. We shouldalsoassumesomebasicsets,namelyf), theemptysetand1, the
singleton set. Note they are both ‘degenerate’casesof, respectrely, sumand product
(obtainedby applyirg the iteratedversionof thosecombinates to a nullary agument).
Thereaderis invited to specialisehe correspondinginiversal propertieso thesepartic-
ular cases.Of courseall our constructionsare madeup to isomaphism. Therefore set
2 =1 + 1 istakenasthe setof booleanvalues.Similarly theinfinite sumof 1 givesthe
setof naturalnumbers.

Exponential. NotationB“ is usedto denotefunctionspacei.e., the setof (total) func-
tionsfrom A to B. It is alsocharacterisedy an universal property: for all function
f: Ax C — B, thereexistsauniquef : A — B¢ suchthatf = ev . (f x C).
Diagrammattally,

A AxC
?j 7chl !
B¢ B¢ xC—+B
i.e.,
k=f & f=ev:(kxid (46)

Remark. It should be remarled that the set-theoreticfoundatiors assumedhere
are not enoughwhen dealing with programminglanguageswhich, like HASKELL
[Hudaketal., 1993, incorporatepartial functions. Someorderenrichedsemant: set-
ting appliesthen.In somecaseshowever, suchanuniversewill ‘collapse’initial algebras
andfinal coalgebrasmaking obscure,or even preventirg, the direct ‘manipulation’ of
‘infinite’, ‘circular’ objects. By contrast,the basicsymmetrybetweeninitial andfinal
typesmakesitself moreintuitive in languageslike CHARITY, in which all programsare
guaranteedo terminate(in the sensehatonly total functionscanbe programmed)Ref-
erence[Turner 1995] providesa lively discussio on the meritsof sucha discipline of
typedtotal functional programming. This is certainly not the placeto go further into
semanticconsideratios (the interestedreaderis referredto [Winskel, 1993 for a first
introdwction). The point we would like to stress,however, is that constructios intro-
ducedin this appendix(and,in general coalgebraheory?’) comefrom cateyory theory
[Mac Lane, 1971, wherethey canbe appreciatedn their full genericityandinstaniated

2%there is a remakable amoun of recentwork on axiomdic, set-theoreticfree, coalgela theoy
[PowerandWatanabel998, Kurz,2001.



to amyriadof semantiauniversesThereadets referredto [McLarty, 1992]for aconcise
introdwctionto categyoriesandto [LawvereandSchanuel1997]for building theintuitions
behindthis exciting way of thinkingmathematicaij.

B Programming in Charity

As aprogrammindanguageCHARITY [CockettandFukushima199 makesonly afew
assumpbnson theunderlyingsemanticsiniverse(cf., appendixA): it assumesghe exis-
tenceof products,(the possibiity of defining) sumsandtheir distributivity. It alsopro-
videsa mechanisnior definingbothinductiveandcoinductivetypes,i.e., initial algebras
andfinal coalgebragor a classof so-calledstrong functors?!.

CHARITY primitivetypesare,then,thenullary (denoteddy 1) andbinaryproduct
types(denotedby the infix operator*, with projectionspO andpl). The absenceof
exponenials atthebasiclevel of thelanguagegivesto programmingn CHARITY arather
differentflavourwhencomparedvith moretraditionalfunctionallanguagesltn particular
functionsarenotvaluesandfunctioncomposiion, insteadf functionapplicationis taken
asthe fundamentaprimitive in thelanguage This doesnot mean however, that CHARI -
TY lackssupportfor higherordertypes:simply they have to be explicitly declared.

In this context, CHARITY maybeclassifiedasa polymorphic,strongly-ypedlan-
guagewhich is functionalin style. In particular any programhasa guaranteeof ‘ter-
mination’, in the sensethat the term representingt always reducesto a headnormal
form and, therefore,a ‘response’is produced. Sucha ‘response’is computedeither
lazily or eagerlydependingon the typesinvolved being coinductve or inductive, re-
spectvely. In ary case,the type systemsimdy blocksthe possilility of writing func-
tionsthatmay neverterminate.CHARITY programsarewrittenin a particulartermlogic
[CockettandSpencer1999 which allows the useof variablesn combiratorexpressios
andpatternmatching.

Let us briefly review the main ‘building blocks’ of a CHARITY program,start-
ing with type declarations.The declarationof a coinductve type in CHARITY hasthe
following format:

data S->T(A) = 0:S->E((A,S) | ... | on S->E,(A,S).

whichintroduceghetypeT'( A) , parametricon A. The declaratiorformat corveys the
ideathatmorphisnsfrom arny type S to T'( A) aresolelydeterminedy morphisnsfrom
S to eachF;(A, S), the outputtype of obsener o;,. Formally, this definesT’( A) asthe
final coalgebrdor afunctor T, determinedy theobsenrerssignaturej.e.,

(v1,, (01, .. 0p) t VT, — HEi(A’ Z0)

21The strong quadification meansthatthe uncerlying functor T possess strength i.e., for eachtype C
transfomatiors 7,7 : TX x C — T(X x C) subjectto certaincondtions. Its effect is to distribute
contet C' alongfuncta T. Whentypesare modded in sucha setting,the universal comhnators(such
asanamophisms)will possesa someavhat more generé shape,ableto dealwith the presere of extra
paranetersin thefunctionsbeingdefined.



Eacho; identifiesoneof suchobsererswhosetypeis obtainedby settingS = 7'( A) in
thedeclarationTherefore T'( A) modelsvy,.

Dually, aninductive typeis declaredas

data T(A) ->S= ci: Ei(A,S)->S | ... | cu: En(A,S)->8.

SuchadeclarationintrodwestypeT'( A) , againparametricon A, astheinitial algebra

<IU/TA’ [Clv R Cn] : ZEi(Av /’LTA) — IU/TA>

Thebasiccombiratorassociatetb a coinductve typeis unf ol d, i.e. ananamor
phismin a strongsetting.In CHARITY, thisis specifiedoy supplying, for eachobsener
o; the correspondingomponenp; of the sourcecoalgebra.As expected strongnesse-
quiresthateachp; betypedasp; : S x C' — E;(A4, S), assumig S asthecarrierof the
sourcecoalgebrandC thecontet type. Theconcretesyntaxfor anunf ol d expression
is asfollows:

(s, => (| s=>oipi(s, ) | ---| onipa(s, ) |)

wheres andc denotevariablesof type S andC, respectrely. A ‘degenerate’j.e., non
recursve, unf ol d, is ther ecor d combinatorwhich providesa way of popuhkting a
coinductve typeby specifyingparticularvaluesfor theobseners. Thegenerabatternfor
ther ecor d combinato is

c=>( o1 fi(e) -+ | onl fulc) )

For inductive typesthe dualsof thesetwo combinatorsare f ol d and case,
respectrely. The f ol d combinatoris specifiedby introducirg, for eachconstructor
¢;, the correspondingconstructor d;, of the target algebra. Eachof themis typed as
d; - E;(A,S)x C — S, whereC is thetypeof thecontext andsS thecarrierof thetamget
algebra. The tamget algebrais, of course,just ‘the either of all suchd;’. The concrete
syntaxfor af ol d expressioris:

(516) => {l 61:31:>d1(5116)| | Cn- Sn:>dn(5nac) I}S

As mentioredabove,ther ecor d combinatorprovidesa canonicalway of spec-
ifying (generalizedelementsof a coinductve type. Dually, (generalizedelementsof
ary type S, having aninductive type asdomainof variation,canarisein a simge (non
recursve) way by definingits valueon eachconstructoiof thedomain This construction
is known in CHARITY asthecase combinatowhosesyntax,in thegenerakasejs

(s,¢) => { c151=>di(s1,0)| -] cpsp=> dn( 5p, €) }5



Eachd; is a function from E;(A, ut,) x C, to the targettype. Notice that E;(A, ur,)
is the domainof constructorc; and C' denotesthe type of the context. Therefore,the
domainof thecase combinatoiis T, x C. Usingstrengthgcontext is pushednsidetheT 5
outermos (coproduct)structureand,therefore evenin this generalcase the combinator
is still determineddy [d4, .. ., d,)].

For eachinductive or coinductve type, the map combinatordenoteghe action
on morphems,with strength,of the correspondindype functor. Its generalformat, for
thz XC—}A;,iS:

(t,e) =>T{ z1=>h(z1,0)| -+ | Zw=hp(Tm, ) }t



