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Motivation
Regular expressions

Deterministic automata (DA) @ User-friendly alternative to DA
@ Widely used model in notation.
Computer Science. @ Many applications: pattern
@ Acceptors of languages matching (grep), specification
of circuits, ...
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Kleene’s Theorem

Let A C ¥*. The following are equivalent.
@ A=L(A), for some finite automaton A.
@ A= L(r), for some regular expression r.
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Can we fill the ? in the diagram?

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC’09 3/19



What do these things have in common?

a
< Lo
b
b
olo 110

N

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC’09 4/19



What do these things have in common?

a
(©S
— (S,6:5—2x 84
b

olo 110

N

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC’09 4/19



What do these things have in common?

a
(©S
— (S,6:5—2x 84
b

olo 110
(S,6:S— (BxS)A

N

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC’09 4/19



What do these things have in common?

a
(©S
— (S,6:5—2x 84
b

olo 110
(S,6:S— (BxS)A

N

(S,6:S—>(1+S) xAx(1+9))

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC’09 4/19



What do these things have in common?
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What do these things have in common?

a
xOul >k
. b (S,6: S —2x 8%
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(S,6:S— (Bx S)A)
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(5,6:8S—(1+8) xAx(1+9))

(S,6: S— GS) G-coalgebras
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Coalgebras

Polynomial coalgebras
@ Generalizations of deterministic automata
@ Polynomial coalgebras: set of states Sand f: S — GS

G:=Id|B|GxG|G+G|G"
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Coalgebras

Polynomial coalgebras

@ Generalizations of deterministic automata
@ Polynomial coalgebras: set of states Sand f: S — GS

G:=Id|B|GxG|G+G|G"

Examples

e G=2x ldA Deterministic automata
@ G=(BxId)A Mealy machines

e G=(1+1ld)xAx(1+1d) Binary trees

o ...
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In a nutshell — beyond deterministic automata

Deterministic automata ~~  G-coalgebras

Q— 2xQ* Q- GQ
) )
Regular Expressions  ~~  G-expressions
) )

Formal Languages ~»  Final coalgebra
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In a nutshell — beyond deterministic automata

Deterministic automata ~~  G-coalgebras

Q— 2xQ* Q- GQ
) )
Regular Expressions  ~~  G-expressions
) )

Formal Languages ~»  Final coalgebra

Our contributions are:

@ A (syntactic) notion of G-expressions for polynomial coalgebras: each
expression will denote an element of the final coalgebra.

@ Equivalence between G-expressions and finite G-coalgebras
(analogously to Kleene’s theorem).
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G-expressions

E = 0|c|E-E|E+E|E*

Eg == 7
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G-expressions

E = 0|c|E-E|E+E|E*

How do we define Eg?

Untyped Type system G-typed

expressions parametrized with G expressions

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras

CIC'09

8/19



G-expressions

Expse == (|ede |uxry
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G-expressions

Expse == (|ede |uxry
| b B
| Ke) [ r{e) Gi x Gz
‘ /[8] ’ r[a] Gy + Go
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G-expressions

Exp>e

Alexandra Silva (CWI)

= 0lede | uxny

b B
| Ie) [ r(e) G x Gz
| el [ rle]  Gi+ G2
| a(e) c

A Kleene theorem for Polynomial coalgebras CIC’09

9/19



Examples

Deterministic automata expressions — G = 2 x Id*

e u= Dlede|pxry|
—————
G
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Examples

Deterministic automata expressions — G = 2 x Id*
e n= Qle@e|pxy| ) i)
N————

G

X4
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Examples

Deterministic automata expressions — G = 2 x Id*

€ n= @Ie@zlwﬂvl l<\l;-’>|l<\2-’>|r<i(5/)>
IdA
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Examples

Deterministic automata expressions — G = 2 x Id*

€ u= @Ie@zluxﬁl /<\l,_,>|/<\(2}_,>|f<a(€/)>
IdA

e n= 0lede|ux~y]|alb]ale)
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Examples

Deterministic automata expressions — G = 2 x ld#

e n= @|€@2\MX~7\ /<\12/>\/<\(2)/>\f(3@>
IdA

Mealy expressions — G = (B x ld)A

e = Dlede|pux~y| alb | a(e)
a(lib)) ~ a(r(e))
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Examples

Deterministic automata expressions — G = 2 x ld#

e n= @Iﬁ@z\ux-v\ /<\1£,>|/<\f2)/>\f<3@>
IdA

Mealy expressions — G = (B x Id)A
e = Dlede|pux~y| alb | a(e)
a(l(b))  a(r(e))

.

Binary tree expressions — G = (1 + Id) x A x (1 + Id)

e n= 0lede|pxy| Krle) | @\ al rrlel) | rdl=])
I(e) I r(e) r

v
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Kleene’s theorem

The goal is:

G — expressions correspond to Finite G — coalgebras and vice-versa.
What does it mean correspond?

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC’09 11/19



Kleene’s theorem

The goal is:

G — expressions correspond to Finite G — coalgebras and vice-versa.
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Final coalgebras exist for Kripke polynomial coalgebras.
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Kleene’s theorem

The goal is:

G — expressions correspond to Finite G — coalgebras and vice-versa.
What does it mean correspond?

Final coalgebras exist for Kripke polynomial coalgebras.

S-- - -qg--tL - Expa

al iUJG i)\@
GS__—— GQG _G_[['_]]_GEXPG
correspond = mapped to the same element of the final coalgebra
= bisimilar
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A generalized Kleene theorem

G-coalgebras < G-expressions

@ Let (S,g) be a G-coalgebra. If S is finite then there exists for any
s € S a G-expression eg such thateg ~ s.

@ For all G-expressions ¢, there exists a finite G-coalgebra (S, g)
such that 3gcs s ~ ¢.
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Proof by exampile |
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Proof by exampile |

10
Jeogilll o=l
01

Xo =0(xp) ®0/0® 1(xy) ®1]0
x1 =0(x) ®0[1®1(x1) D 1]1

Solve the system and take the least solution:

gg = uXo-0(x0) @00 1(e9) @ 1|0
€1 = /LX1.0(X0) @01 1(X1) o101

€0~ 8o and eq ~ Sy
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Proof by example |l

— Apply (almost) A —> .

Repeat for new states
Collect states

Alexandra Silva (CWI) A Kleene theorem for Polynomial coalgebras CIC'09 14/19



Proof by example |l

e = px.r(a(r(b(x)))) © I(1)

e 22 (1, r(b(e))) —2> (1,6
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Proof by example |l

e = px.r{a(r(b(x)))) @ I(1)

e 22 (1, r(b(e))) —2> (1,6

!

(0,0)
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Proof by example |l
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Proof by example |l

e = px.r(a(x & x))
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Proof by example |l

e = px.r(a(x & x))

e (0,e®¢)
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Proof by example |l

e = px.r(a(x & x))

e 25 (0,ee) 5 (0, (c@e) B(ede)) - (0, (ede)® (e Be)B(ede)) . ..
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Proof by example |l

e = px.r(a(x & x))

e 25 (0,ee) 5 (0, (c@e) B(ede)) - (0, (ede)® (e Be)B(ede)) . ..

We need ACI!
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Proof by example |l

e = px.r(a(x & x))

e 25 (0,ee) 5 (0, (c@e) B(ede)) - (0, (ede)® (e Be)B(ede)) . ..
We need ACI!

px.riax e x)) > Ha
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Conclusions and Future work

@ Language of regular expressions for Kripke polynomial coalgebras
@ Generalization of Kleene theorem and Kleene algebra
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Conclusions and Future work

Conclusions
@ Language of regular expressions for Kripke polynomial coalgebras
@ Generalization of Kleene theorem and Kleene algebra

@ Enlarge the class of functors treated: add P, D, etc
@ Axiomatization of the language
@ Automation: circ — Coinductive prover

¢
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Axiomatization

g1 Deo = &2 @D ey
e1®(c2®e3) = (e1De2)Bes | o
g1 D ey = &1

ed = ¢
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Axiomatization

g1 Deo = &2 @D ey
e1®(c2®e3) = (e1De2)Bes | o
g1 D ey = &1

ed = ¢

pix.y = luxy/x] },_-P
Ve/x]<e = puxy<e
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Axiomatization

g1 Deo = &2 @D ey
e1®(c2®e3) = (e1De2)Bes | o
g1 D ey = &1

ed = ¢

Xy = lwxy/X1 | gp
Ve/x]<e = puxy<e

0 = 1p B

by@ob, = biVb

1(0) = 0

I(e1) @ l(e2) = I(e1 @)

I’( ) _ @ G1 X Gg
rer) ®r(ez) = r(er®ez)
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Axiomatization

g1 Deo = &2 @D ey
e1®(c2®e3) = (e1De2)Bes | o
€1 Deq = &

ed = ¢

Xy = lwxy/X1 | gp
Ve/x]<e = puxy<e

0 = 1 B

by@ob, = biVb

1(0) = 0

I(e1) @ l(e2) = I(e1 @)

I’( ) _ @ G1 X Gg
rer) ®r(ez) = r(er®ez)

Similar for G + G, and G#
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Axiomatization

g1 Deo = e ®Dey
e1®(c2®e3) = (e1De2)Bes | o
g1 D &q = &1

ed = ¢

pX.y = lwxy/X1 | gp
Ve/x]<e = puxy<e

0 = lp 5 Sound and complete w.r.t ~
by@ob, = biVb

1(0) =0

I(e1)®l(e2) = (g De2)

I’( ) _ @ G1 X GQ
r(e)) @ r(e2) = r(e1 ®en)

Similar for G + G, and G#
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Axiomatization — example

LTS expressions — G = 1 + (Pld)*

en=0|lede|uxy| v | 0 | ae
i« 0 rla({e})]

g1 Deo = &2 @ ey
e1D(eaPeg) = (e1De2) Des
€1 Deq = &

edl = ¢

EDI = ¢

Xy = q[uxv/x]

Ye/x]<e = wpx~y<e
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Axiomatization — example

LTS expressions — G = 1 + (Pld)*

en=0|lede|uxy| v | 0 | ae
i« 0 rla({e})]

€1 Deo = &2 @ ey

e1D(eaPeg) = (e1De2) Des

€1 D €1 = &1

ed@ = ¢ No rule

ed@d = ¢ a.(e1 ®ep) = aer @ aes
Xy = q[uxv/x]

Ve/x]<e = pxy<e
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