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Modelling & Reasoning

The double face of Formal Methods. |Lec 1 slides and & [9ﬂ
Modern software desigms school physics’ basiproblem-solving strategy

understandhe problem

build a mathematicainodelof it
reasonwithin such a model

upgradethe model whenever necessary
calculatea solutionandimplementt

Hence,

The modelling problem
e How are theight abstractions for a problem domabnilt?
e Requireexpressivéoften diagramatic) notationge.g, VDM [24, 20])
The reasoning problem
e To what extent do such abstractions enadffective reasoningbout en-
gineered systems as well as along the process of their construction?
e Requireconcise(often cryptic) notationsd.g, pointfree program calculi
[18, 3])

Reasoning styles |Lec 1 slides & [2]

Guess-and-verify or theorem-followed-by-proof
e oriented to system’gerification build a more concretedétailed closer
to the programming environment.) model and thacheckit against the
abstract model.
Goal-followed-by-construction
e oriented to system’sonstructionandunderstandingemphasis on thde-
rivation more concrete models from abstract ones andemkingor gen-
eric laws by suitable (essentially synthatic) calculations.



A categorial “parenthesis” |Lec 1 slides & Note N1

e Categories as a framework to study semantic universes

e Set theory ¢lementsand membershipvs Category theory [27]rhorphismsand
composition

e Three essential notions:

— universality asserts the existence of a canonical reduction within a family
of similar entities; entails botkxistencg ~ definitional method) and
uniquenes$~~» proof principle).

— functoriality: uniform transformation of both objects (types) and morph-
Isms (programs).

— naturality: polymorphic morphisms relating structural shapes (functors).

e Some good references: [1] (available free from the web), [16, 35] (computer sci-
ence oriented), [26] (limited scope but good to build intuitions).

Coalgebras & Coinductive Reasoning

Algebrasdescribeassemblyprocesses. The emphasis is @anstructionThe

initial algebra is an algebra whose carrier is the set of terms for the signa-

ture captured by the underlying functog., theterm algebrahence alata type
[nil,cons] : 14+ O x L — L

In general:

m

atool box [T]

m
anassembly process []] artifact %, artifact

Coalgebrasdescribe observationstructures i(e., transition systems). The
emphasis is oobservation A final coalgebrais a coalgebra whose state space
is the set ofbehavioursof all coalgebras for the underlying functor. Hence, a
behaviour type

(at,m) : U — O x U

In general:

alens O~0O

anobservation structure universe — O~ universe




A structural duality | Lec 2 slides & Note N2

A basic symmetryconstruction vs observation

... leading tanformational vs behaviouradtructures.

e Such symmetry is mathematically explained by the dualigebra vs coalgebra
which, in particular, allows us to go

¢ ... frominductivearguments (ovetinite structurese.g, A*) to coinductiveargu-
ments (oveinfinite structurese.g, A“).

e References: [21] (very good, easy to follow tutorial introduction); [6] (small

programming-oriented introduction); [32] (foundational paper); [25] (an introduc-

tion to the logic oriented reader); (application to stream calculus) [33, 34]; [23, 22]

application to object-orientation.

Coinduction as a Universal Property |Lec 2 slides & Note N3
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The universal property is equivalently captured by the following law:
k=[p] © wr-k=Tk-p

e Existence = definition principle (co-recursion)
e Uniqueness = proof principle (co-induction)
From which a number of useful laws can be derived:

cancellation wr-[p] = T [p)]-p
reflection [wr)] = id,,
fusion [p)]-h = [q] i p-h = Th-q

Example: definition by coinduction (or corecursi¢n)

(hd,tl)

oY ——=0 x O¥
rep Tidxrep

0O—2>0x0

rep = [A)

e A carries the ‘genetic inheritance’ of the generating process: it i©tigestep
behaviour specification ogp.



¢ Unfolding the universal equation we arrive to pointwise definition in the format
one would expect: the behaviour is specified under albtieervers

(id x rep)- A = (hd,tl) - rep
= { Adefinition}
(id x rep) - (id,id) = (hd,tl) - rep
= { x absorption and fusio}
(id,rep) = (hd - rep,tl-rep)
= { structural equamy}
hd-rep=id A tl-rep=rep
= { going poinwise}

hd (repa) =a A tl(repa)=repa

e Compare with definitions bynduction(overe.g, a data type defined by a signa-
ture ofconstructors the inductive operation is specified by recording the result of
its application to each constructor. For example, recall functarover A*:

len]] = 0 A lenh:t = 1+lent

Example: proof by coinduction

Lemma:Pointwise addition of streams of reals is commutative,c +7 = 7+ o

in pointfree notation:

+es =+

wheres = (my, m;) is the swap natural isomorphism.

Proof

= +

{ definition}

((+ - (hd x hd),tl x tl)) - s = [(+ - (hd x hd), tl x tI))

{ coinduction fusion Iaw}

(4« (hd x hd),tl x tI) -s = (id x s) - (++ (hd x hd), tl x tl)

{ X -fusion and absorption Iaw}

(+ - (hd x hd) -5, (tI x tl) -s) = (4 - (hd x hd),s - (tl x tI))

{ sis natural}

(+-s-(hd x hd),s- (tI x tl)) = (4 (hd x hd),s - (tl x tI))

{ arithmetic adition is commutative (i.ef - s = +) }

(+-(hd x hd),s- (tl x tI)) = (4 - (hd x hd),s - (tl x tI))

¢ Intuitively, to reason about circular definitions over infinite structures, our atten-
tion shifts from argument’s structural shrinking to the pro- gressive construction
of the result which becomes richer in in- formational contents.



e Traditionally, coinductive proofs are made bisimulation(see,e.g, in process
algebra reference®.q, [30]) or basic references in coalgebra theayg( [32,
34]). In the lectures we have presented an alternateulationalproof style, in
the spirit of the so-called Bird-Meertens formalism [18], which is more generic
and closer to the (functional) programming practice. This style explores, in a
direct way, theuniversal propertyassociated to final coalgebras.

Applications

To Final Coalgebras

Streams |Lec 2 slides and Processes |Lec 3 slides

Introduction to a reconstruction of classical process algebra design basedoatctila-

tional approach to coinduction explained before. The idea is to apply coinductive reas-
oning principles and calculational style to the design of process calculi, relying on the
representation of processes as inhabitants of final coalgebras for s&italilenctors.

This is claimed to provide

e Generic design principles. In particular, structural aspects of processes are clearly
separated from thiateraction structuravhich defines the synchronisation discip-
line.

e Generic proofs, in a calculational (basically equational and pointfree) style. Ex-
plicit construction obisimulations as ine.g.[30], is avoided.

e Main references: [5, 31].

¢ Interpreters for process calculi become very easy to define in a functional pro-
gramming language (see [10]).

To Arbitrary Coalgebras

Components |Lec 4 slides

This lecture was almost entirely skipped. The case study, however, is interesting
as an example of applying coalgebraic technigues to a domain whichfinaloSoftware
components are, actually, definedgeneralized Mealy machinesd encoded aseeded
concrete coalgebras for functor

T = B(ld x O)!

whereB is an arbitrarystrong monadfor more onmonadssee Note N4), expressing a
behavioural modelFor example,

Partiality: B=1d+ 1

Non determinismB = P

Ordered non determinismB = Id*

Monoidal labelling B = Id x M, with M a monoid.

‘Metric’ non determinism B = Bag,, based onM, &, ®), where® distributes
over®, both defining Abelian monoids ovér .



This also leads to hicategorial structure (in short a bicategory is a category equipped
with a categorial structure in its sets of arrows, see Note N5 for details).

Main references

e On the component model: mainly [11] (but also [4, 19])

e On the component calculus: [7]

e On the component refinement (not covered in the slides): [28, 8, 29, 12]

e On the componentrototypingin a VDM-like language: report to be released in
November 2006 (joint work with Joost Visser and Jacome Cunha)

Compositionvs Coordination

This are new research results coordination modelsresorting to relational/coalgebraic
semantics.

e Publications so far: [13, 15, 14]
e Recent application to configurations of web-services were presented last month at
FOCLASA 06 (paper available on Elsevier ENTCS in November)

Extra tutorial notes (draft)

N1 — A brief introduction to categories

N2 — Algebraic and coalgebraic structures

N3 — Coalgebraic Structures in Program Construction

N4 — Monads (from a mathematical perspective; for the popular functional program-

ming point of view seee.qg, [17] or browsewww.haskell.org )

N5 — A brief introduction to bicategories
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