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Pratica Apresentacao da disciplina. Equipa docente. Progranthsgglina e seu en
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22-feira, 16h00-18h00
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Bibliografia. Informacao electronica sobre a disciglin
www.di.uminho.pt/“jno/html/mii.html

Breve introducao ao VDM++, que devera ser usado na peatiep da disciplina.
Noc¢ao deobjectificag@io de uma especificacao puramente funcional. Exemplo:
os modelostackAlg.vpp e stackObj.vpp

O DOCENTE
AULA SUMARIO
Tebrica Introdugdo: De volta ao ciclo de vida de Balzer e ao binbnespecificago /
2007.03.08 implementago. Relacdes como especificacdes e fungdes como implaigiEes.

52-feira, 14h00-16h00
Sala DI-A2 (LEsi+LMcC)

Necessidade dealizar (reificar) especificacdes. Uso alternativo do temefe
nar em lugar de reificar.
Principio da reificacao de um pare/post por uma funcag’ &

(Va :: prea= post(f a,a)) Q)
isto &,
f-Pre C Post (2)

apos transformacao-PF, pdPae = [pre] e Post = [post].

Generalizagao do principio anterior a satisfacaarde qualquer relagao binarja

S por uma fun¢ag’ do mesmo tipo:
def

SEf = [f-68CS )

(v.s.tf)

aTrata-se da obrigacao de prova 3.1 do li@gstematic Software Development Using V[aj/
pagina 51.
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(cont.)

Calculo de (2) a partir de (3), pata= Post - Pre.
Interpretacao destes conceitos no contexto do VDM++. Alipnesenca das
variaveis de instancia. Nocao dsstado internode um modelo VDM++,
Semantica relacional de uma operagd@(post) em VDM++.

O DOCENTE
AULA SUMARIO
Pratica Resolucgao dos exercicios seguintes:
2007.03.12

22-feira, 16h00-18h00
DI-A.2 (LMCC+LESI)

Exercicio 1. Uma especificacad diz-se “total” sempre ques € inteira.
Mostre que, para essas especificacdes, se tem

SEf = fCS 4)
O

Exercicio 2. Uma especificaca8 diz-se “funcional”’ sempre qug & simples.
Mostre que, para essas especificacdes, se tem

Skf = f-58°Cid )

O
Exercicio 3. Provar que a especificacao que se segue, escrita w3,
Stid

S(n: real) r: real

pren>1

post rxr + 2+*n*n = 3xn*r,
é satisfeita pela funcao identidade. Seta Gnica implementacao funcional g
S7? Justificar informalmenté.]

Exercicio 4. Mostrar, recorrendo a transformada-PF, que a funcao
. def ... . .
absi = ifi<Othen —ielsei (6)
satisfaz a especificacéo

SE:Z)r:Z
postr=:tVr=—

Sugeséo: mostrar que a transformada-PFgé id U sym, ondesym i def —1,
e recorrer ao condicional de McCarthy

def

le

R—S, T = (S-6R)U(T--4R) (7)
para transformadabs. [
(v.s.f.f)
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(cont.)
Exercicio 5. Demonstrar, a partir (3), as seguintes propriedades dgixeta
LEf , THf ®)
(kerg)-f = g-f=y )
g-f = f=g (10)
(SUR)Ff <« SEHfARKSf (11)
(SNR)Ff < SEfARKESf (12)
SFfUR <« SFfAORCHS (13)
O
O DOCENTE
AULA SUMARIO
Teorica Dois caminhos para generalizar (3) ainda mais: (a) ref#icagntre
2007.03.15 especificagbes por aumento simultanedeini@o e dedeterminismp
52-feira, 14h00-16h00
Sala DI-A2 (LEsHLMcC) SFR = (0SCOR) AN (R-65C8S) (14)
sendo facil ver que, pard := f, (14) se reduz a (3); (b) reificacao envolvendo
mudanca de tipos de dadas.
SFf-R-r (15)

para o diagrama

BITAI

Interpretacao das funcdese r. Nocao deabstrac@o e derepresentago de
dados.

Refinamento de dados versgsnver§io de formatos Aspectos praticos
migracdo e canaliza@o de dados sem perda de informacao.

Caso mais simples: formatos isomorfos. Relaxe da reldgasomorfismod =
Ay arelagaoA < A; captando o facto del ter menos informacao qué;.
Exemplo: representacdo de conjuntos de naturais poéaeifs ordenadas sem
elementos repetidos. Assim: isomorfistheal quef - f°© =ide f°- f = id
generalizado g er tal quef - r = id, deixando de ser exigido- f = id.
Demonstracao do facto

f-r = 1id =  f ésobrejectiva e & injectiva (16)

a partir der C f° e do seu converso:
(v.s.f.f)
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(cont.)

f-r = id

{ igualdade de fungdes ; shunting ; convergos

rCfeAr°Cf
= { monotonia da composicaj
forCf-fCAr-rCf-r

{ igualdade de que se partiy
WdC f-f°ANr°-rCid

{ defini¢des}

f & sobrejectivan r & injectiva

Generalizacao a relacdes de abstraccao (simples brejsativas) e deg
representacao (injectivas e inteiras) — de volta a tarta

relation
injectiwtie\ simple surjective
representation fun tion/ abstraction
injection surjection
bijection
O requisito de invertibilidade
F-R=1id a7

e sua interpretagao por “ping-pong”: da direita para aiestp (d C F' - R)
significa que todo o valor abstracto & representavel; daegda para a direita
(F - R C id) significa que & sempre possivel recuperar de um valoretmo
valor abstracto que ele representa.

O DOCENTE
AULA SUMARIO
Pratica Inicio do primeiro caso de estudo de reificacao em VDM: alé@mentagag
2007.03.19 da algebra de conjuntos finitos sobre tabelashdshing Conjectura da

228-feira, 16h00-18h00
DI-A.2 (LMCC+LESI)

implementacdo da operacao geocura de um elemento e das funcdes e
abstraccao e de representacao envolvidas.
(v.s.f.f)
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(cont.)
Resolucao dos exercicios seguintes:

Exercicio 6. Mostre que a equivaléncia (5) se reduz a uma implicacao
SEf <« f-S°Cid (18)

no caso de& ser qualquer.
Sugeséo: recorra a (162).
O

Exercicio 7. Provar que a especificagao:

Abs(i : Z)r  Z
post 0 <r A (r=iVr=—i)

€ satisfeita poubs (6) .
Sugesho: prosseguir com a transformada-PF do Ex. 4 e recorra a (18).
O

Exercicio 8. Mostrar que, ao fim e ao cab@hs = Abs.
O

O DOCENTE

agste € 0 Ex.3.2.4 de [4], pag. 59.

AULA SUMARIO
Teorica Introducdo ao estudo de udélculo de reificago de dados Manutengao dg
2007.03.22 requisito de invertibilidade (17) panequa@es de representag
52-feira, 14h00-16h00
Sala DI-A2 (LESHLMcC) R
A< B (19)
~~_
F

sempre que o par de testemunhbase F € tal queR & representacad;’ &
abstrac¢cdo & C F° (requisito de conexao entre elas).
Demonstracao de que, sempre que (19) se verifica, a inleidde (17) est§
garantida:
F-R=1id

{ igualdade de relagde}
F-RCidNidCF-R

{ imgF =idekerR=id}
F-RCF-F°ANR°-RCF-R

{ conversos}
F-RCF-F°ANR°-RCR°-F°
= { monotonia déF-) e (R°") }

RCF° NRCF®°

(v.s.f.f)
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(cont.)

{ trivia }
RCF°
{ por hipotese}

TRUE

Primeiros exemplos (6bvios) de inequagdes de repras@menvolvendo prody
tos e coprodutos:

R 11
A~ < AxB e A~ <  A+B (20)
~—_ ~—_
1 F

Célculo simples dé e F' para estes exemplos, baseado em leis de fusao.
Noc¢ao deinvariante concretanduzido por uma inequac¢ao de representag¢ao:
trata-se do predicado determinado pela coreflexiva

® = idNR-F (21)

cuja interpetagao para o caso funcional &

ob = r(fb)=0>
(cf. invertibilidade).
O DOCENTE

AULA SUMARIO
Pratica Nao houve aula (envolvimento do docente na organizagicahferéncig
2007.03.26 ETAPS'07).
22-feira, 16h00-18h00
DI-A.2 (LMcC+LESI) O DOCENTE

AULA SUMARIO
Teorica Nao houve aula (envolvimento do docente na organizagiccahferéncig
2007.03.29 ETAPS'07).
52-feira, 14h00-16h00
Sala DI-A2 (LEsi+LMcC) O DOCENTE

AULA SUMARIO
Tebrica Inicio do estudo de um catalogo de leis de refinamento desda® isomor-
2007.04.12 fismo como caso particular de refinamento: revisao dosiparscisomorfismog
52-feira, 14h00-16h00 envolvendo produtos, coprodutos e func¢es (exponesciai
Sala DI-A2 (LEsi+LMcC) (v.s.f.f)
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(cont.)

Abordagem relacional ao refinamento de estruturas conas Jisappingsetc.
Uso da notacadl — B para designar o tipo de todas as relacdes binariagl“de
paraB”, e da notacaod — B para designar o tipo de todas as relagiiaples

“de A paraB”, logo incluindo o tipomap A to B em VDM-SL.
Apresentacao dos isomorfismos de transposicao deesdac

A—B (PB)4

A
—
~____—

o ()
isto e
f=AR = R=¢€¢-f

(qualquer relacao pode ser transformada numa fung@&ogeajuntos),

(C—-AP =~ BxC—A
\_/

— corolario de (22) — e, para relgic);ées simples, a trang@od/ aybe:
untot = (5 )

—
(B+1)4 = A—B
~_
_ tot
isto &
f=totM = M=i]-f

Inicio do estudo das leis envolvendo

(22)

(23)

22-feira, 16h00-18h00

O DOCENTE
AULA SUMARIO
Pratica Resolucao dos exercicios seguintes:
2007.04.16

Exercicio 9. Demonstrar as propriedades seguintes das transpogRBee

DI-A.2 (LMcC+LESI) (23):

€ (AR) = R (24)

AR-S)=(AR)-S <« (AR)-Seéfuncao (25)

Q- (tot M) = M (26)

tot(M-N)=(tot M)- N <« (AR)-Séfuncdo (27)

0

(v.s.f.f)
Métodos Formais de Programacao Il (LMCC)+ Opgao Il —etbtios Formais de Programacao Il (LESI)— Sumarios Z0&/ Fol.7



(cont.)
Exercicio 10. O diagrama que se segue documenta o processo de reprasentac
de um conjuntd (visto como uma coreflexiva) por uma tabelahdeshingt,

t = A(S-h) A<2—4 (28)
T Tho
B

em queh & uma dada funcao deashing Complete o seguinte raciocinio quie
explica o significado desta representacao:

t = A(S-h°)

1l
—~—
—

1l
-
—

a(S-h°)b = a(e-t)b

1l
—
—

aSa’ N a’h°b = a€ (th)
aeSNa=d Nb=had = a€c(th)

(...}

a€S ANb=ha = ac(th)

(...}

a€lS = act(ha)

O DOCENTE

AULA SUMARIO

Tebrica Estudo detalhado das leis derefinamento que constam do apéndice C. Calgulo
2007.04.19 da coneccao de Galois asscociada a lei

52-feira, 14h00-16h00 collect

Sala DI-A2 (LEsi+LMcC) _—

A—B < A—7PB (29)

O DOCENTE
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AULA

SUMARIO

Pratica

2007.04.23

22-feira, 16h00-18h00
DI-A.2 (LMCC+LESI)

Resolucao do seguinte exercicio, como preparacaa @arabalho pratico da
disciplina:

Exercicio 11. Especificar sobre os modeldsS (40) e T'ar (41) a fungao
mkdir que cria uma nova directoria na directoria corrente. (NBnedo ao
invariante sobr& ar.)

52-feira, 14h00-16h00
Sala DI-A2 (LEsHLMcC)

O
O DOCENTE
AULA SUMARIO
Teorica Refinamento de dados poélculo (continuado) : Propriedades da rela¢go
2007.04.26 <: reflexividade e transitividade e suas provas. Relaciomasdgelators) e o

refinamento estruturado.

22-feira, 16h00-18h00
DI-A.2 (LMCC+LESI)

O DOCENTE
AULA SUMARIO
Pratica Analise detalhada do célculo da implementagao em SQmddeloPPD da
2007.04.30 disciplina deMFP-I.

Conclusao do estudo sobtabelas de hashing

Exercicio 12. Defina-serepf S = collect(S - h°), ondeS & a (coreflexiva
gue modela) um conjuntofe & uma fung¢ao déashing Complete o seguinte
processo de calculo que mostra gug¢p € a funcdo que se definiu enDM-SL
em (39):
repf S
= {...}
A(S-h°)-6(S-h°)
= {...}
A(S-h°)-ker(S-h°)
= {...}
A(S-h°-h)-S-h°
= {ars}
TA(S-ho-h),hS

(..}

O DOCENTE
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AULA SUMARIO

Tebrica Introducdo ao refinamento de modelos de dados recursivbsorema de
2007.05.03 desrecursivagao genérica:

52-feira, 14h00-16h00

Sala DI-A2 (LESHLMcC) pF < (K —=FK)xK (30)

Exemplos: desrecursivacao do tipo de daflap =~ A + B x Ezp*. Primeira
analise da desrecursivacao do modelo

GenDia ::  indiv: token /*data about an individual/ (31)
mother :  [GenDial
father : [GenDia]

Necessidade dehilomorfismos relacionais para exprimir abstraccdes| e
representacdes. O hilomorfisfié, S | como solugdo da equacao relacional

X = R-FX-S

Exemplos introdutorios: “fold” de conjuntos e deppings

O DOCENTE
AULA SUMARIO
Pratica 12 parte?; Introdug@o ao @lculo de pontos-fixodrungdes monotonas, pré/pgs-
2007.05.07 pontos-fixos. Teorema de Tarski. Notagadresolucao de equacdes relacionais.
23-feira, 16h00-18h00 Casos tipicos: hilo-equacdés= R - (F X) - S e outras, por exemplo,
DI-A.2 (LMCC+LESI) T

X=RUR - X
—_—
g X

(cf. fecho transitivo.)
2 parte: foi feito o ponto da situagao quanto aos trabalhatsqos.

O DOCENTE

aDevido a realizagao das JOIN'07, a primeira parte dedtafai tedrica.

AULA SUMARIO
Teorica Nao houve aula (tolerancia das JOIN'07).
2007.05.10
52-feira, 14h00-16h00 O DOCENTE

Sala DI-A2 (LEsH+LMcC)

AULA SUMARIO
Pratica Nao houve aula (tolerancia do Enterro da Gata).
2007.05.14
22-feira, 16h00-18h00 O DOCENTE

DI-A.2 (LMCC+LESI)
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AULA SUMARIO
Tebrica Nao houve aula (tolerancia do Enterro da Gata).
2007.05.17
52a-feira, 14h00-16h00 O DOCENTE
Sala DI-A2 (LEsi+LMcC)
AULA SUMARIO
Pratica Caso de estudo sobre a lei (30): formula¢do (em VDM-SL) elacko de
2007.05.21 abstraccao envolvida na aplicacao dessa lei ao tipp({&t seccdes B.4 e G).

22-feira, 16h00-18h00
DI-A.2 (LMcC+LESI)

Expressao dessa relacao sobre a forma de um anamorfinional. Calculo
da relacao de accessibilidade e sua expressao em VDM-SL.
Foi ainda feito o ponto da situacao quanto aos trabalhatcps.

O DOCENTE
AULA SUMARIO
Tebrica Estudo do calculo de pontos fixos (seccao F, pag. 33).rehea dafusio-u
2007.05.24 (119) e sua aplicacao ao calculo de hilomorfismos refe® Os tipos colect

52-feira, 14h00-16h00
Sala DI-A2 (LEsi+LMcC)

tivos de dados em VDM-SL e seus hilomorfismos. O tipap A to B. O tipo
setof A e anotagad|g[}. Catamorfismos e anamorfismos relacionais.
Estudo da abstraccao associada a (30)

y F(H,k) = y[H]k (32)

como anamorfismo relacional.

O DOCENTE
AULA SUMARIO
Pratica Resolucgao dos exercicios seguintes:
2007.05.28

22-feira, 16h00-18h00
DI-A.2 (LMCC+LESI)

Exercicio 13. Considere o raciocinio

Books =

>~

ISBN — Title x (5 = Author) x Publisher
) { 11 =id — ({my,ms),m2) , fr = id — {my - w1, 2, 72 - 1) }
ISBN — (Title x Publisher) x (5 — Author)
<s { (78): 72 = unnjoin , fo = ™, }
(ISBN — Title x Publisher) x (ISBN x 5 — Author)
= Bookss

Sintetize as fung¢des de abstracgdo e de represergéujéais, escrevendo-as em
notacdo VDM-SL[]
(v.s.f.f.)
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(cont.)
Exercicio 14. Recorde a lei (30) que representa estruturas indutivas sob a
forma de pare@eap, apontador)bem como a respectiva funcao de abstracgao
(32). Sejak <—— K uma funcao de transformacao de apontadores, usada como
paramtero na seguinte operacao de re-alocacao diasé@e umheap (vulg.
compres&o):
compress : (K—K)— (K—~FK)— (K—~FK)
compress [ M def (Ff)-M-f°
E de notar qué/ - f° tem de ser simples, ja que o contrario destruiria a simpli-
cidade dcheapresultante. Mas — sera isso suficiente?
Umacompres8ocompress f M estara correcta se nao destruir a representacao,
isto &, se
F(compress f M, f k) = F(M,k) (33)
se verificar, ondeé” &€ a abstraccao (32). Complete o calculo seguinte de uma
condicao que € suficiente para (33) estar garantida. Eondicao é essa?
F(compress fM, f k) = F(M, k)
(compress fM)(f k) = [M]k
((Ff)-M-fo)- f=[M]
= {...}
IIZTL,(Ff)]\/[fO]] fZIIlTL,M]]
<= {...}
(Ff)-M-f°-f=(Ff)-M
= {...}
H-f° f=H
H-f°- fCH
= {3
foofcid
O
O DOCENTE
Métodos Formais de Programacao Il (LMCC)+ Opgao Il —etbtios Formais de Programacao Il (LESI)— Sumarios Z0&/ Fol.12



AULA

SUMARIO

Teorica

2007.05.31

52-feira, 14h00-16h00
Sala DI-A2 (LEsi+LMcC)

Calculo de ciclogor/while (126) a partir do hilomorfismo genérico (34)

f . A—C
f=p—=b,0-(df e

Introducdo de parametros de acumulagao. Leis derfaatifio iterativa (132
133). Uso do calculo de hilomorfismos na prova de (132).

(34)

22-feira, 16h00-18h00
DI-A.2 (LMCC+LESI)

O DOCENTE
AULA SUMARIO
Pratica Resolucao dos exercicios seguintes:
2007.06.04

Exercicio 15. E sabido que a compreensao de listas, eg. em VDM-SL
[ (@) | i in set inds | ]
€ o catamorfismo
(in - (id+ g x id)))

Mostre que esse catamorfismo & um cialbile e escreva-o como tal em
notacdao VDM com variaveis de estado internb.

Exercicio 16. Verifique se a fun¢ag definida no fragmento de dM-SL que
se segue,

types
BTree = [Node];
Node :: item: int left: BTree right: BTree;

functions
f : int -> BTree -> bool
f(i)(t) == cases t:
nil -> false,
mk.Node(x,l,r) -> if x = i then true else
if (i < x) then f(i)(I)
else f(i)(r)
end;

estd em condi¢des de ser transformada num ciclo-whilstifilue adequada
mente a sua resposta identificando eventuais lei de cajugldenha utilizado
O

Considerac0es finais. Encerramento da disciplina. Eheemnto dos inquéritos
de avaliagcao das aulas teoricas e praticas.

O DOCENTE
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A Lecture notes

A.1 Introduction to reification by calculation

Calculation of (2) from (3), foSpec = Post - Pre. First recall the two proof obligations at specificatiomdke

o Satisfiability

e Invariant preservation

Then we reason:
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Pre C  § Post

Spec- Inv C Inv- Spec

Spect f
(@)
f -6 Spec C Spec
{ substitution }
f -9 (Post- Pre) C Post - Pre
{ domain of composition ; domain of coreflexive
f - (8 Post) - Pre C Post - Pre
{ @57) }
f (6 Post) - Pre C Post
{ satisfiability }
f - Pre C Post

(35)

(36)
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B Case studies in VDM data refinement

B.1 Hash Tables
B.1.1 Abstract data type

Abstract data models

Collection

set of Data ;
Data (37)

int ;

Abstract functionality Insert data into collection:

insert : Data -> Collection -> Collection
insert(d)(S) == S union {d} ;

Find data in collection:

belongs : Data -> Collection -> bool
belongs(d)(S) == d in set S;

B.1.2 Concrete data type

Concrete data models Define

HTable = map Location to set of Data

inv HT == forall k in set dom HT & (38)
HT(k) <> {} and forall d in set HT(k) & hash(d) = k;

Location = nat;

assuming some given hash function of type

hash : Data -> Location

Concrete functionality Implementingnsert:

insertHT : Data -> HTable -> HTable

insertHT(d)(HT) == let k = hash(d)
in HT ++ { k |-> (if k in set dom HT then HT(k) else {})
union {d}};

Implementingbelongs:

belongsHT : Data -> HTable -> bool
belongsHT(d)(HT) == hash(d) in set dom HT and
d in set HT(hash(d));

B.1.3 Refinement step

Abstraction function

absf : HTable -> Collection
absf(HT) == dunion (rng HT) ;
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Representation function

repf : Collection -> HTable
repf(S) == { hash(x) |-> { d | d in set S & hash(d) = hash(x) } | x in set S }; (39)

B.1.4 Test data

S : Collection = { 1,13,2,34,5,10,26};

S1 : Collection = insert(45)(S);

HT : HTable = repf(S);

HTillegal : HTable = repf(S) ++ {1 |-> {1,13}};
HT1 : HTable = insertHT(45)(HT);

S1' : Collection = absf(HTL1);

B.2 FS (file system) model

B.3 Abstract data type
B.3.1 Abstract data models

Hierarchical file systems are recursive data structures:

FS :: contents: map Id to Node; -- FS means file system

Node = File | FS; -- a Node is either a file

-- or a directory

(40)
Id = token; -- node identifiers
File :: contents: FileContents;
FileContents = token; -- file contents unspecified for the t ime being
Alternative (less abstract) data model — the (tape archive) file model:

Tar = map Path to [FileContents] ; -- tar file (41)
Path = seq of Id; -- file path

(This requires an invariant — guess which.) The represemt&tinction is a well-known (Linux/Unix) command:

tar : FS -> Tar
tar(mk_FS(M)) ==
if M= {->}
then {[] |-> nil}
else merge (
{ cases M(K):
mk_File(f) > { [K] |-> f } ,
others -> prefix(k,tar(M(k)))
end | k in set dom M });

B.4 Family tree model

B.5 Abstract data type
B.5.1 Abstract data model
GenDia :: indiv: Name
mother: [GenDia] (42)

father: [GenDia];
Name = seq of char;
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B.5.2

Concrete data type

Heap :: heap: map K to (Name x[K] *[K])
pointer: K
inv mk_Heap(H,k) == k in set dom H and
let R = accessibility(H)
in closed(R) and wellf(R);
K = nat;

(Predicateslosed andwellf left as exercise.)

B.5.3

Refinement step

Abstraction function. Calculating with law (30) yields

B.5.4
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absf: Heap -> GenDia
absf(mk_Heap(H,k)) = f(H)(;

f: (map K to (Name =*[K] *[K])) -> K -> GenDia
f(H)(k) == mk_GenDia

(H(k).#1,
if H(k).#2 =nil then nil else f(H)(H(k).#2),
if H(k).#3 =nil then nil else f(H)(H(k).#3)
)i

Test data

|-> mk_("Peter",1,2),

|-> mk_("Mary",nil,4),

|-> mk_("Jules";nil,nil),

|-> mk_("Joseph",5,6),
|-> mk_("Margaret",nil,nil),
|-> mk_("Luigi",nil,nil)

badHeap
> mk_("Peter",1,2),

> mk_("Mary",nil,4),

-> mk_("Jules",0 ,nil),
> mk_("Joseph",5,6),

> mk_("Margaret",nil,nil),
> mk_("Luigi",nil,nil)

(43)

(44)

(45)
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C Catalogue of relational data refinement rules

In many cases, the abstraction/representation pairofefinement rule is a pair of Galois-connected functiof)s):
A < C (ra)xb=aC (f0) (46)

where thex, C ordering are made explicit in each case. The most specialisdabhat of isomorphisms, where these
orderings are the identity relation:

N
A =~ C ra=b=a=fb (47)
\_/
f
that is
N
A o c r=f
\_/
f
C.1 Isomorphisms
Product
swap
T
Ax B ~ Bx A (48)
\_/
swap
T T
Ax (B xC) S (Ax B)xC (49)
~
(m1-m1,(m2-m1,72))
(id,!)
/\
A =] Ax1 (50)
\/
(1,id)
>
A =] 1x A (51)
\/
etc
Coproduct
coswap
T T
A+ B ~ B+A (52)
v
coswap

[’il ‘11,12 Jr’Ld]

A+ (B+0) = (A+B)+C (53)

N (54)
\0/
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2

A 0+A

/_\
N~
i3

etc

Product and coproduct

undistr

e
Cx(A+B) = CxA+CxB
~
distr

Exponentials (functions)

(B x C)* = B4 x ¢4

split

Relational either  “Either” (where A — B denotes the set of all relations framto B):

[-,°
— T
(B+C)—A = (B—A) x (C— A)
\—/
- 5]

This ismorphism is nothing but (150).

Power transpose Applicable to any relation:

A
A
A— B =
\/

(PB)*
(€)
cf.
f=AR = R=¢€-f

Corresponds to the view of relations as “set-valued” fuorddi

“Relational currying”  Extension ofcurryingto relations, as direct consequence of (61):

/\
Bx(C—A = (C— A"
\_/

where

f=R = (Ya,bc::a(fbc=aR(bc)
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(56)

(57)

(58)

(59)

(60)

(61)

(62)
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The calculation of (62) follows:

Bx(C—A
{A/(e) }

(,PA)BXC

1%

1%

{ curry/uncurry }
(PA)°)”

{()®)
(C— A)°

1%

“Maybe” transpose Applicable to simple relations only [6]:

tot
AAB///;§\$Q+UA (63)
that is,
f=tot M = M=i-f (64)

Corresponds to the view of simple relations as “possiblgiafimed” functions.

Sets are multisets By combining (63) withP A = 24 we obtain

dom
A1 = pa (65)
\527”/
wheres2m.S =!- [S] anddom is such that M = [dom M (cf. the isomorphism between sets and coreflexives).
Viewing sets as coreflexives, (65) is nothing but
M=% = §M=9 (66)
— afact related to the definition ordering
R=<S = 6RC6S = !-RC!-S (67)
Currying simple relations
a
BXCAG(C—\A)B (68)

This is the instance of (62) for simple relations. It will lefarred to as thenultiple-key decomposition / synthesis
isomorphism.

C.2 “Lessthan”rules
C.2.1 Galois connections

Relational “split”

unjoin
T T
A—BxC < (A—=B)x (A—C) (69)
~— -
X

whereR, S are arbitrary relations and tli@n operator is nothing but theplit combinator:

RxS ¥ (RS

Exercise: guessnjoin. The GC of this rule is universal-property (149).
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Simple power-transpose

collect

/_\
A—B < A—~PB (70)

\_/

()
where
collect R ' (AR)-6R cof. B<—T—"24 0R __ 4 (71)
f=AR
€ collect R
PB

This corresponds to transposing relations into poweraktedsimplerelations instead of (entire) functions, such as
in (61). The GC captured by the diagram above is

collecctk REM = RCe-M (72)
where) is simple and_ is defined by
MEN = MC(e\€)-N (73)
which expands (pointwise) to
MCEN = (Va€ domM ::a€ domN A (¥Yb:be Ma: be N a)) (74)
The following proof of GC (70) is carried out by cyclic impéition:

collect R E M

= { definition of C ; monotonicity (GC) }
€-collect RCe-(e\e)-M

= { € (collect R) = R; (&) cancellation}
RCe- M

= { monotonicity (GC) again}
R-M°Ce-M-M°

= { R (6 R) = R; M is simple ; transitivity o= }

R-(§R)-M°C e

{ A-cancellation (24)}
€-(AR)-(0R)-M° Ce

{ shunting over GC of left division}
(AR)-(6R)-M° Ce\e

{ “almost GC” (152) }
(AR)-(OR)-(OM)C (€\€)- M

{ RCe-Maboveimplies RCsM }
(AR)-(GR) C (€\€)- M

{ definitions }

collect R E M
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“Currying /uncurrying” among simple relations

pcurry
—_— T

(BxC)— A < B — (C — A) (75)
\_//

unpcurry

This is thesimple counterpart ofrelational currying (68), therefore similar to what has just been reckoned about
collect. Thus the definition which follows:

peurry M % (id —img L) - (M) (76)
and GC
peurry M C N = M C unpeurry N (77)
Exercise: guessnpcurry.
“Nested join”
unnjoin
A=(Dx(B-0) <  (ASD)x(AxB)—0) (78)
—
where
Rx,S = (R,S)

unnjoin R (m1 - Ryunpcurry(ms - R))

Concrete invariant induced bynjoin:

(bunnjoin(Ma N) = N = M- Uyt
C.2.2 Others
“Coproduct join”
uncojoin
— T
A— (B+0C) < (A=B)x(A—=0) (79)
'\—/
-
X
MxN % (- M)u(s-N) (80)

Note thatx is not entire, because the union of two simple relations tsah@ays simple. Let us thus calculate its
(weakest) pre-condition:

M ; N is simple
= { definition }

(i1 - M) U (i2 - N) is simple

{ simplicity of union of simple relations}
(v - M) - (ia - N)° C id

{ converses ; shunting etg

M -N° CiS-ig
= {i9ip = 1;(151,152) }
OM-6NC L
= { coreflexives}
SMNSNC L
Thus, the domains af/ and N must be disjoint.
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Handling lists Several othex laws, eg.

seq2index
A* /S_\N — A
such that, for instance,
seq2index [a,b,a) = {(a,1),(b,2),(a,3)}
list {(a,11),(b,12),(a,33)} = |[a,b,d]
Guesdist andseq2index.
C.3 Properties of the<-ordering
<is a preorder Reflexivity is immediate
id
A/g\A cf. id-id=1d (81)
Kid/
while transitivity
R s 5-R
A/\B A B/E\C:A/:\C (82)

is calculated as follows:

e First note that, by monotonicity, the composite repred@nrtas connectedo the composite abstraction:

S-RC(F-G)° (83)

e The show show that composite abstraction is simple andcivge

img (F - G) =id

{ expanding and conversgs
F.-(imgG)-F°=id

{ G is simple and surjectivé

img F' = id

{ Fis simple and surjectivé

id = id
¢ Finally, show that composite representation is injective antire:

ker(S-R) =id

{ expanding and conversgs
R°-(kerS)-R=1id

{ Sis injective and entirg¢

kerR =id
= { Ris injective and entir¢
id =1id
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Structural data refinement Let G be a parametric datatype. Then

R GR
/\ /\
A < B = GA < GB (84)
\_/
F GF

providedG has the properties ofrelator — see section D.
Itis easy to prove thak F' is an abstraction and th&tR is a representation wherevErand R are so, respectively.
The proof that they are connected goes as follows:

GRC (GF)°

{ relators commute with converse (88)
GR C G(F°)
<= { relators are monotonic (89)

RCF°

D Relators

Relators[2] have to do with parametric datatyping: a parametric iya&G is said to be a relator wherever, given a
relation fromA to B, G R extendsR to G-structures: it is a relation frod A to G B

A GA (85)
Rl lGR
B GB

which obeys the following properties: it commutes with theritity, with composition and with converse,

Gid = 1id (86)
G(R-S) = (GR)-(GS) (87)
G(R°) = (GR)° (88)
and is monotonic:
RCS = GRCGS (89)

All'in all, a relator is the extension offanctorfrom functions to relations. In fact, onde, S above are restricted to
functions, (88) and (89) become trivialities — the formetabtishing thatG preserves isomorphisms and the latter
thatG preserves equality (Leibniz).

It is easy to show that relators preserve all basic propeofieelations. Let us calculate the simplicity®fR, for
instance:

(GR)-(GR)° Cid
{ (88) }
(GR)- (GR®) Cid
{ (87)and (86)}
G(R-R°) C Gid
= { 89 }
R-R°Cid

So, if R is simple,G R will be simple too.
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Examples The most simple relators are thentityrelatorld, which is such that

dA = A
dR = R

and theconstantrelatorK (for a particular concrete data tygé€) which is such that

KA = K
KR = g

List maps extend to relators in the obvious way,
I(R)I" = lengthl =lengthl’ A Vi e indsl.(li)R(l" i) (90)
Relators can also be multi-parametric. Two well-known egba®s of binary relators are product and sum,

RxS = (R-m,S m) (91)
R+S = [i1-R,iy- S (92)

wherem, w2 denote the projection functions of a Cartesian prodicty denote the injection functions of a disjoint
union, and thesplit/eitherrelational combinators are defined by (168) and (175), cisfdy.

By putting these four kinds of relator (product, sum, idgntéind constant) together with fixpoint definition one is
able to specify a large class of parametric structures —ed¢pblynomial— such as those made available in VDM and
Haskell. For instance, th&l aybe datatype is an implementation of polynomial relafoe Id + 1 (ie. GA = A + 1),
wherel denotes thsingletondatatype.

The (A — )relator The prominent rdle of the parametric tygeX = A — X, for A a given datatypel of keys
leads us to the investigation of its properties as a relator,

B A B (93)
Rl lm
O AC
where we definel — R as follows:
NA—=RM ¥ §M=6NAN-M°CR (94)

So, whereveV andM are A — R-related, they are equally defined and their outputd&related, that is, in VDM
dom M = dom N and forall k in set dom M & post_R(N(k),M(Kk))
WhereverR is a functionf, thenA — f is also a function, defined by projection
(A= f)M=f-M (95)
This can be extended to a bi-relator,
(9= fIM=f-M-g° (96)
providedy is injective (thus ensuring the simplicity 6§ — f)M).
€
Membership. Equation (22) involves the set-theoretic membershipigaial <—— P A. Sentence € x (meaning

that “a belongs tar” or “ a occurs inz”) can be generalized to's other than sets. For instance, one may check whether
a particular integer occurs in one or more leaves of a biréafy br of any othecollectiveor containertypeF.

Such a generic membership relation will have type—— F A, whereF is a typeparametric onA. Technically,
the parametricity of is captured by regarding it agelator — as we have seen above.
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€
There is more than one way to generaliee—— P A to relators other than the powerseet. (For a thorough presen-
F

tation of the subject see chapter 4 of [3].) For our purposedlibe enough to say thal <—— F A, if it exists, is a
lax natural transformationthat is,

€F

€r-FR C R-cf A<——FA (97)
R D FR
B = FB

holds. This is an obvious requirement, as can be checkedebfotlowing example: we convert (97) to pointfree
notation forlists of natural numbers ordered by “smaller than™:

(L 1< ANbeelemsl) = (Ja :acelemsl : b<a)
The membership associatedaolynomialrelators is defined inductively over the structure of sudatoes:
e Constant and identity functors:

cc = L
def
EAX.X = id
e Product and coproduct
def
€rxe = (€f -m)U(€g -m2)
def
€rrc = [€F,€Eq]
e Composition
def
€EF.G = €G- EF

Type functors also have membership. Here is an example:

def
€Ex+ = €-elems

Examples LetFX = K 4+ K’ x X*in
ERK+K/'xX*
= { € for coproduct bifunctor}
[€Ex , €Exrxx+]
= { €& for constant and product (bi)functors
[L,(€x -m) U (Ex+ m2)]
= { € for constant and identity functo}
[L,(L-m)U(€-elems- m)]
= { Land[R,S] = (R-i5)U(S-i3) }
€ -elems - my -5
Going pointwise:

k €ExyKrixx T

{ calculation above}

k(e -elems - m - i5)x

{ relational composition}

k(e -elems - m2)(a,l) N x =iz(a,l)

{ trivia }

k€ (elemsl) N x=iz(a,l)
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Another example: LeE X =1+ A x X. Then,

€14+AxX

= { € for coproduct bifunctor}
[€1,€axx]

= { € for constant and product (bi)functors
[L,(€a -m)U(Exx.x -m2)]

= { € for constant and identity functo}
[L,(L-m)U(id- m)]

= { Land[R,S] = (R-i5)U (S i) }
o - 19

Going pointwise:

k€iraxxz

{ calculation above}

k(ﬂ'g . Z;),T

{ relational composition}

k(ma)(a, k') A x =iz(a, k')

= { trivia }
r=1is(a, k') N k=K
= { trivia }
x = is(a, k)
Tx

Natural transformations A collection of G X <—— F X, for every X, is said to be aatural transformatiorfrom
G to F iff, for every R,

T-FR C GR-T (98)
holds, cf. (omitting subscripts):
A GA<~—"——FA
Rt GR‘ 2 [FR
B GB ~F FB
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E Examples of data refinement by calculation
E.1 The BAMS example
Accld — (PAccHolder x Amount)

= { (65 }
Accld — ((AccHolder — 1) x Amount)

~, { product swapping}

Accld = (Amount x (AccHolder — 1))
<3 { (78) }

(Accld — Amount) x ((Accld x AccHolder) — 1)
= { (65) }

(Accld — Amount) x P(Accld x AccHolder)

Abstractions and representations:

f= (dom x id)
! r=1id— set2fm X id)
~ f=1id — swap
=2 r =1id — swap
<3 { f = Mp

r = unnjoin

f =1id x set2fm
- r =1id X dom

E.2 The PPD example
Production planning department database:
PPD :: comps: CompDb

equips: EquipDb (99)
inv(mk_PPD(C,E)) == okRefIntegrity(C,E);

Components:
CompDb = map Compld to Comp;
Comp i stock: Stockinfo
cost: real;
Compld = token; (100)
Stockinfo :: alarm: nat
instock: nat
description: seq of char;
Equipments:
EquipDb = map Equipld to Equip;
Equipld = token;
Equip :: stock: Stockinfo
ptree: Unitbag;
Unitbag = map Unit to nat; (101)
Unit = Equipld’ | Compld’;

Equipld’ :: key: Equipld;
Compld’ :: key: Compld;
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Data model in calculational style:

Calculation steps:

I
(™)

=6

PPD = CompDb x EquipDb
CompDb = Compld — S xR
EquipDb = Equipld — (S x (Unit = N))
Unit = Compld+ Equipld

PPD
{ data definitions}
(Compld = S x R) x
(Equipld — (S x (Compld + EquipId) — N))

r1 = id X unnjoin }
f1=1id X x,

{ law (78) in{

(Compld = S x R) x
((EquipId — S) x ((Equipld x (Compld + EquipId)) — N))

ro = assocl }

roducts, etc i
{ P ! f2 = assocr

((Compld — S x R) x (Equipld — S)) x
((Equipld x (Compld + EquipId)) — N)

rg = id X (distr — id) }

{ products etc. | fz =1id x (undistr — id)

((Compld — S x R) x (Equipld — S)) x
((EquipId x Compld) + (Equipld x EquipId)) — N)

‘ +o
{ Iaw(79){ ra=idx ()
fa=1id x X

((CompId = (N x N x D) x R) x (Equipld = (N x N x D))) x
((EquipId x ComplId) — N) x ((Equipld x EquipId) — N))

rs = (id — flatten x id) X id

{ guessflatten and its converse n{ S — (id — flatten® x id)  id }

((CompIld = N x N x D x R) x (EquipId = N x N x D)) x
((EquipId x ComplId) — N) x ((Equipld x EquipId) — N))

re = (M1 - M1, T2 - W1, T - T2, T2 - T2) }
fe=r1g

{ calculatefs in {

(CompIld =~ N xN x D x R) x
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(EquipId = N x N x D) x
((EquipId x Compld) — N) x
((Equipld x Equipld) — N)

SQL encoding (after deciding about primitive datatypesgegcription, etc):

CREATE TABLE COMPONENTS (
Compld CHAR  (8) NOT NULL,
CAlarm NUMERIC (10) NOT NULL,
CStock NUMERIC (10) NOT NULL,
CDescription CHAR (73) NOT NULL,
Cost NUMERIC  (6,3) NOT NULL
CONSTRAINT COMPONENTS_pk PRIMARY KEY(Compld)

);

CREATE TABLE EQUIPMENTS (
Equipld CHAR (8) NOT NULL,
CAlarm NUMERIC (10) NOT NULL,
EStock NUMERIC (10) NOT NULL,
EDescription CHAR (73) NOT NULL,
CONSTRAINT EQUIPMENTS_pk PRIMARY KEY (Equipld)

);

CREATE TABLE PART OF (
Comp CHAR (8) NOT NULL,
Equip CHAR (8) NOT NULL,
HowManyC NUMERIC (10) NOT NULL,
CONSTRAINT PART_OF pk PRIMARY KEY (Comp,Equip)

);

CREATE TABLE SUBEQ_OF (
EquipA CHAR (8) NOT NULL,
EquipB CHAR (8) NOT NULL,
HowManyE NUMERIC (10) NOT NULL,
CONSTRAINT PART_OF_pk PRIMARY KEY (EquipA,EquipB)

);

ALTER TABLE PART_OF ADD CONSTRAINT PART OF fk1
FOREIGN KEY (Comp) REFERENCES COMPONENTS(Compld);

ALTER TABLE PART_OF ADD CONSTRAINT PART_OF fk2 FOREIGN KE¥Yuip)
REFERENCES EQUIPMENTS(Equipld);

ALTER TABLE SUBEQ_OF ADD CONSTRAINT SUBEQ_OF_fk1 FOREI@Y KEquipA)
REFERENCES EQUIPMENTS(Equipld);

ALTER TABLE SUBEQ_OF ADD CONSTRAINT SUBEQ_OF_fk2 FOREI®Y KEquipB)
REFERENCES EQUIPMENTS(Equipld);
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F Elements of the Fixpoint Calculus

F.1 Basic definitions

Definition 1 (Poset) A poset A, <) is a setA equipped with a partial ordering 4, that is, a relation<,C A x A
which is reflexive, transitive and antisymmetric.
O

Definition 2 (Pre/post-fixpoints) Let A <f— A be a (endo) function on poset, <,4). Then
e everya € A such that
a <afa (102)
is said to be gost-fixpointof f.
e everya € A such that
a >4 fa (103)
is said to be gre-fixpointof f.
e everya € A which is both a pre-fixpoint and a post-fixpointfofs said to be dixpoint of f and is such that
a = fa (104)
holds.
O

Examples:

e Given endofunction
f:10,10] — [0,10]
r ~ 10—«

one very easily checks thats a fixpoint of f, sincef 5 = 10 — 5 = 5.

R
e Let P<——— P be arelation on nonempty in

r=RUR-x (105)
Define
fz ¥ RUR. 2 (106)
on the poset of alP to P relations, ordered byz. Then
T
— P < P is an example of a pre-fixpoint gf (it is the largest relation in the poset).
1

— P —— P andR are examples of post-fixpoints ¢f In fact, L C RandR C RU R?.
Clearly, every fixpoint: = f a can be regarded as a “solution” to equation
r=fuzx (207)
But one can also regard this equation as a “recursive” defingf its fixpoints. For instance, recall equation
X
= 1 —_
T + 2

The fact tha is a fixpoint of this equation can be rephrased‘'te:= 1 + 5" is a recursive definition of numbex.
However, the following equation
2243
4
admits two solutions (fixpointd)e 3. What are we “recursively defining” here? Ther the3? Furthermore, equation

r=2
defines any object! By contrast, some equations don’t haysealntion at all. Thinkeg.of
r=x+1

in N. So, in this case, our recursive equation defines. hingt
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F.2 Hylomorphisms are least fixpoints

Relational hylomorphisms:

S
A—FA

Xthatis, X=R-(FX)-S

X F

B<—FB
R

F.2.1 Examples: VDM collective types

Browsing theset of.. collecting type:
Ins®
setof A—1+ A xsetof A
{R} id +1id x {|R[}
B 1+AxB

Let us introduce notation

R} = [R,Ins"]
where

Ins [0, Puts]

and (in VDM-SL)

Puts[@A] : @A =* set of @A -> set of @A
Puts(e,s) == {e} union s
pre not e in set s ;

Pointwise (parametric VDM-SL) version §fR[}, for R = [u , f]:

shylo[@A,@B] : (@A *@B -> @B)* @B -> set of @A -> @B
shylo(f,u)(s) ==
if s={} then u
else let a in set s,
r=s\ {a}
in f(a,shylo[@A,@B](f,u)(r));

Browsing themap..to.. collective type:

Ins®
mapAto C——1+(AxC)xmapAto C

{ R} id +id x (id, {| R[})

B 1+(AxC)x B
R

leading to the following pointwise syntax:
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mhylo[@A,@B,@C] : (@A*@€@B -> @B)* @B ->
map @A to @C ->
@B
mhylo(f,u)(M) ==
if M={]->} then u
else let a in set dom M,
c = M(a),
R ={a} <= M
in f(c,mhylo[@A,@B,@C](f,u)(R));

F.2.2 Examples: relational ana’s and cata’s

We define
(R) = [R.in°]
(5] = [in,S]

where uF o F uF . Forinstance,
\_/
elems = (|ins|)

Question: how do weeasonabout relational hylos?

F.3 Computing fixpoints

Definition 3 (Monotone functions) A functionB <—— A from posef A, < 4) to poset B, <) is said to bemono-
toneiff

f-<a € <p-f (108)
that is,
Va,a' € A:a<pd = (fa) <p (fd)
holds.
O
Theorem 1 (Lattice Fixpoints) [Tarski 1955]
Let

e A< A be a monotone function onamplete latticg A; <);

e P be the set of all fixpoints of, i.é
P={a€A|la=fa}

Then
e Pis non-empty andP; <) is a complete (sub)lattice.

o In particular, the least of all fixpoint§/\ P) and the greatest on@/ P) are as follows:

AP = Nzle>fa} (109)
VP = zle<fa} (110)
We define:
nf = NP (111)
vf € \/P (112)

In the sequel we shall be focussingleastfixpoints.
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F.4 Laws of the Fixpoint Calculus

F.4.1 Computation rule:

wf = fuf
Example: hylo-cancellation law

[R,S] = R-F[R,S]-S
F.4.2 Rolling rule:

wlg-f) = guf-9)
Example: théhylo rolling rule: Let f = g - hwhereh X = F X - S andg = (R-). Then
pf o= wg-n) = gu(h-g))
{ definitions ofg, h }
R-(uX.(F(R- X)-S))
{ relators }

R-(WXFR-FX-S)

that is,

[R,S] = R-[FR,S]
F.4.3 Square rule:
pf = p(f?)

F.4.4 Monotonicity:

pf<pg < f<g
where< is defined by (145).
F.4.5 Induction rule:

pf<z < fz<z

F.4.6 Diagonalrule:
given monotonic: 6 y
(e = {py = xz0y))y = (ux :: x0x)
F.4.7 p-fusion rule:
The p-fusion theorem which follows is perhaps the most usefid oflthe fixpoint calculus:

Theorem 2 (u-fusion theorem) Let
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e h, g be monotonic,

e (A, <)and(B,LC) be completéattices,

e f” be alower-adjoint in a Galois connection.
Then

fuh)=pg < fh=g-f

F.4.8 Applications of u-fusion theorem
Converse of hylo

[S,R]"=[R5]
Proof: letf> = (_)° and

hX = S-FX-R

gX = T-FX-U
that is,

uh =[S R]

pg=[T,U]
Then

[S,R]=[T.U]
<= { wp-fusion theorem}
(S-FX-R° =T F(X°)-U

{ conversesF is a relator (87)}
R°-FX°-8°=T-FX°.-U
<= { Leibniz }

RC=T ANS°=U

So, we know how to compute the converse of a relational hytpimem:
[S,R]° = [R°,S°]
From (121) we easily infer thathais the converse of theataof the converse”:

(5]
[in,S]°°
= [5°in°]°
(s°)”
Hylo(cata)-fusion:
V- [S,R]=[T,R] « V-S=T-(FV)
Proof: since(V-) = (V\)?,
V- [S,R]=[T.R]
= { w-fusion theorem}
V. (S-FX-R=T-F(V-X)-R
{ associative-) and relatofF }
(V-8)-FX-R=T-(FV)-(FX)-R
= { Leibniz }
V.S=T-(FV)
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So, the following{-[}-fusion law
T-{R}={S} < T-R=5-(FT)

arises from hylo(cata)-fusion (122).
Hylo(ana)-fusion:
[S,R]-V=[SU] « R-V=FV.U (123)
Proof: (:-V) = (/V)". Then
[S,R]-V=[5U]
<= { u-fusion theorem}

(S-FX-R)-V=S8S-F(X-V)-U

{ associativé-) and relatofr }
S FX-(R-V)=8-(FX)-(FV)-U
<= { Leibniz }

R V=FV.U
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G Data Refinement — Getting Away With Recursion

How does one refineecursiveV bM-SL models such asg.

FS :: D: map Id to Node; -- FS means file system

Node = File | FS; -- a Node is either a file
or a directory

Id = seq of char; -- node identifiers

File :: F: seq of token -- sequential files

thatis,F’'S = uF forF X = Id — (File+ X):

out

/_\ .
uF = Id — (File + uF)
\_/

n

Two other examples of recursive data models follow: denisiees

DecTree :: question: What

answers: map Answer to DecTree
What = seq of char;
Answer = seq of char;

—that is,DecTree = uF in
DecTree = What x (Answer — DecT'ree)

for F X = What x (Answer — X) — and formal expressions:

Exp = Var | Term ;
Var 1 variable: Symbol ;
Term  :: operator: Symbol
arguments: seq of Exp
inv t == len t.arguments <= 20 ;
Symbol = seq of char
invs ==1lens <= 10 ;

—thatis,Exp = uF in

¢

Exp =  Symbol + Symbol x Exp*
for F X = Symbol + Symbol x X*.
Law for “getting away with recursion”  Given  out
— =
uF o~ F uF
\_/
one has law (30):
_— (K =~ FK)xK

uF < ————

K_/‘ “heap'’
F
for K a data type ofheap addresses”or “pointers”, such that’ = N.

Example of application Since

Exp = pX.(Symbol + Symbol x X*)

Métodos Formais de Programacao Il (LMCC)+ Opgao Il —etbtios Formais de Programacao Il (LESI)— Sumarios Z0&/

Fol.39



we have:

FExp
< { remove recursion}
(K — (Symbol + Symbol x K*)) x K
< { remove finite lists}
(K — (Symbol + Symbol x (N — K))) x K
< {recallA—= (B+C)<(A=B)x (A—=0C) }
(K — Symbol) x (K — (Symbol x (N = K))) x K
< { remove nested— }

(K — Symbol) x (K — Symbol) x (N x K) =~ K)x K
{ Ax A=A}

1%

(K — Symbol)* x (N x K) =~ K)x K
{ recall(C - AP ~BxC—A}
((2x K) = Symbol) x (Nx K) = K)xK

SYMBOLS EXPRESSIONS

12

In SQL, one will have aymbolgable,

CREATE TABLE SYMBOLS (
Symbol CHAR  (20) NOT NULL,
Nodeld NUMERIC (10) NOT NULL,
lfivar ~ BOOLEAN NOT NULL
CONSTRAINT SYMBOLS_pk
PRIMARY KEY(Nodeld,IfVar)

)i
and arexpressionsable:

CREATE TABLE EXPRESSIONS (
Fatherld NUMERIC (10) NOT NULL,
ArgNr NUMERIC (10) NOT NULL,
Childld  NUMERIC (10) NOT NULL
CONSTRAINT EXPRESSIONS_pk
PRIMARY KEY (Fatherld,ArgNr)

)i
However, can youely on this implementation? We need details aketdtractioninvariant.

Abstraction function

e Main rble in representation is played by simpleoalgebrak’ — F K, understood as a (finite) piece of “linear
storage”, a “heap” or a “database” file.

o F —recall (62) — of typg K — pF)(K—FX) is nothing but thé-anamorphism combinator:
m

pF F(1F) - 0
FH' 'F(FH) FH ; u}('.:in~(FX)-H
K FK
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Partiality of implementation F(H, k) = (F H)k will be undefined wherever
e kg doH
e H is not “closed” over itself (see below)
e H is non-well-founded (see below)

Thus concrete invariant

Q(H, k) < kesH A (closed H) A (wellf H)

In order to definelosed H andwell f H we needH'’s accessibilityrelation<:

—<H
K—K
def
<y = €-H

€F
where K < F K is the membership relation associated-t¢97). Let<}; denote the transitive closure efy.
Then we define
closed H = p <5C0H
that is, all reacheable are defined, and

wellf H = (<) Nid=1

that is,<7; is irreflexive (no cycles, no looping). For more details attbis subject see section 10 of [5].
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H Algorithmic Refinement — Getting Away With Recursion

A very common pattern in functional hylomorphisms is

f: A—C

f = p—=b,0-(df-e
that is,

f = [b,0 (id+idx f)-(id+ (d,e)) - p?
cf. diagram:
p?  id+ (d, e)

A—>A+A—A+Bx A

il | id+idx f

C A+BxC

[0, 0]

By splittingb = b, - by andd = ds - d; we obtain a more general intermediate type

p? b1 + (d1,e€)
A A+ A D+BxA
fl | id+idx f
C D+CxC D+BxC
(b2, 0] id+dy X id
In summary,
fo= [lb2,0-(d2 xid)], (b1 + (d1,€)) - p?] (124)
For instance, the membership test for finite lists
p? I+ (hd,e)
X* X 4+ X* 14+ X x X*
7l | id+id x f
2 14+2x2 1+ X x2
[FALSE, V] id+ (= z) x id
fits in this schema.
In many situations, we find thatis associative, that is,
holds, for allz, j, k.
Exercise 17.Show that ifd is associative, then
0-(f x(0-(hk)) = 0-(0-(f xh)k-m) (125)
holds.
O
Associativity off leads us to a much simpler type scheme
p? b1+ {(de)
A=A+ A—=D+Cx A
fl |id+idx f
C D+CxC
[b2 79]
Can we eliminate recursion from this hylomorphism, eg. ernit to awhile loop?
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What is awhi | e loop? A while loop
whilepdol = (—-p)—id, (whilepdol)-1
is a very special case of hylomorphi§n®, S | whereS does all the work andk does nothing

(id+1) - (~-p)?

A A+ A
while pdol | | id + (whilep dol)
A A+ A
[id , id]
that is,
whilepdol = (uf :: (=-p)—id, f-1)

Our calculation plan is to convert the given hylo
fo=p—=b,0-(df e
into
f = p—b,w-{de)
for some*“tail recursive’l
w o= TrT—=Y,w-z
which will be nothing but the obvioushile -loop:
w = y-(while (=) doz)

The unknowns of the problem arey andz.

Calculation Clearly,
p—b,0-{d f e
= { x-absorption}
p—b,0-(idxf)-(de)
———

So, it suffices to findv such that
w = 0-(idx f)
holds. For this we recall McCarthy-fusion laws

f-—9g9,h) = p—=f-g9fh

p—f,g)-h = (p-h)—=(f h)(g-h)
<fa(p—>ga h)> = p_><fvg>7 <h7f>
fxpP—g,h) = pm—fxg, fxh

and calculate:
<Mf = p_>b7 9<d7f€>>
Ff
= {squarerule{u f == Ff)={(uf = F?f)(115) }
wfop—=>b,0-(d(p—>0,0-(df-e)-e))

= { (reverse)x-absorption}
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(f s p—b, 0-(idx(p—b,0-(df-e)-(de)
= { McCarthy-fusion law (130)}

(uf =p—b,0-(p-m—idxb,idx(0-(d,f-e)))-(de))
= { McCarthy-fusion law (127}

(uf = p—b, )
(p-ma—0-(idxb), 0-(idx (0-(d,f-e))))-{(de)

= { 6 is associative (125)

(uf = p—b, )
prmg—6-(idxb),0-(0-(idxd),f-e-m)-(de)

candidatev
We now focus on the candidate
w = p-my—0-(idxb),0-(0-(idxd),[f e-m)
= { x-absorption}
p-me—0-(dxb), 0-(idx f)-(0-(id x d),e - ma)
= { pattern matching (recall assumptian= 0 - (id x f)) }

p-me—0-(dxb), 0-(idx f)-(0-(id x d),e - ma)
——

x Yy w z

w

So we've found tail-recursive solution

w = p-m—0-(idxb), w-(0-(id x d),e - mw2)
Altogether:

o= p—>b,w-<d,e>

w = p-m—0-(idxb), w-(0-(id x d),e - mw2)

Quite oftenb = u, whereu is the unit ofd (that is,a # u = a for all a). In this case,
0-(fxb)=[f m
This makesav simpler:

w = p-my—m, w-{0-(idxd),e-m)
= m - (while = p-m2 do (0 (id x d),e - m3))

Example: factorial From

fac = (=0) =1, mul- (id, fac- pred)
we get VDM-SL functions
fac(n) == if n=0 then 1 else w(n,n-1)
w(m,i) == if i=0 then m else w(m * 0, i-1)

Below we show how thavhile loop can be made explicit by moving from funcions to operatio

fac : nat ==> nat
fac(n) ==
if n=0 then return 1
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else (dcl m: nat := n,

i nat := n -1;
while (i <> 0) do
(m:=m * i i:=il);
return m;

);
Other results Forb = w there is another recusion removal law which we could pravdaily:

f: A—C
f = p—u,0-(df- e

is equivalent to

[o= w'<gvid>
w = p-m—m, w-{0-(id x d),e- m)

The corresponding VDM-SL version of factorial is as follows

fac : nat ==> nat

fac(n) ==
(dcl m: nat = 1,
ii nat := n;
while (i <> 0) do
(m:=m = i;i:=1i- 1)
return m
);

For loops VDM-SL/VDM++ syntax includes for loops. Therefore, the twdile loops above can be converted
into, respectively,

fac(n) ==
if n=0 then return 1
else (dcl m: nat := n;

for i=n-1 to 1 by -1 do m ;= m *
return m;
);
and
fac(n) ==
(dcl m: nat = 1;
fori=ntolby-1dom:=m *
return m
);

In summary, we have the following results for iterative éaetation of linear recursion:
e First law for while loop conversion: for 6 associative, the following equality holds:
(wf:ip—b,0-(dfe) = p—b,0-(idxd) w-(de) (132)
where
w = while (- -p-ma) do (0 (id x d), e - m3)
e Second law for while loop conversionfor (6, ) a monoid, the following equality holds:
wfop—u, 0-(dfe) = m w-luid (133)

wherew is the same as in (132) above.
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| Solutions to some of the exercises

Resolu@o 4 Let N and P, denote the corelexiveg\i.i < 0] and[Ai.i > 0], respectively. Then the PF-transform dbs
is

Py - (id U sym) (134)
and that ofabs is N — sym , id. Clearly,
sym = sym’ (135)
N-P, = 1 (136)
N-Ngo = N (137)
No-sym = sym- Py (138)
Py-No = 0-0° (139)

where N, has the obvious meaning. Then complete the steps left ifigdsth:
AbsF abs
= {18}
abs - Abs® C id

{ in-lining PF-transforms ; conversesym is symmetric }

(N — sym, id) - (id U sym) - Py C id
{ conditional (7) ; negation aV is P, ; distribution and (138)}
(sym-NUPy) - (PoU Ng - sym) Cid

= }
sym- N -symU Py U0-0°-sym C id

= P }
sym- N C sym AQ° C 0° - sym

= P }
0=sym-0

{ going pointwise }
0=-0
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J PF-transform Reference Manual

J.1 Relational taxonomy

Classification criteria:

| || Reflexive | Coreflexive |

ker R entire R injective R (140)
img R surjectiveR simple R

Binary relations:

relation

injective entire simple surjective

representation function abstraction (141)

injection surjection

bijection (isomorphism)
Orders:

endg-relation

symmetric transitive co-transitive anti-symmetric  cocteel

(142)
preorder
coreflexive equivalence partial order
id linear order
J.2 PF-transformation rules
“Guardanapo™
b(f R-g)a = (fb)R(ga) (143)
Left-division:
b(R\Y)a = (Vc:cRb: cY a) (144)
Pointwise ordering on functions:
fCg = fCC-g = (Va= (fa)C(ga) (145)
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J.3 Table of useful Galois connections

Relational Operators as Galois Connections

(fX)CY=XC(gY)

Description f=gq g=f* Obs.
converse (0)° (L)°
shunting rule (h-) (h°-) NB: & is a function
;%%?:;?;;?;le (-h°) (-h) NB: A is a function
left-division (R) (R\) Runder...
(146)
right-division (‘R) (/R) ...0verR
range p (T) lower C restricted to coreflexives
domain 5 (T lower C restricted to coreflexives
implication (RN) (R=) Note that( R=) = (-R U )
difference (_—R) (RU)
PROPERTIES
cancellation XC(g-HX (f-9Y CY
definition FX=NYIXcgy} | gY=U{X[fXCY}
distribution | (X UY) = (f X)U(fY) | g(XNY) = (9 X)N(gY) gEH ¥ HE’C;))
J.4 Other Galois connections
Meet-universal
XC(RNS) = (XCRA(XCSY) (147)
Join-universal
(RUS)CX = (RCX)A(SCX) (148)
Split-universal
XC(RS) = m-XCRAm-XCS (149)
Either-universal
X=[R,S] = X-ii=R A X-ip=258 (150)
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J.5 “Almost” Galois connections

“Shunting” rules forS a simple relation:

S-RCT = (§S)-R C S°-
R-S°CT = R-6S C T-S

Variants concerning domain and range:

J.6 Converses
(R-S)° =8°-R°

J.7 Coreflexives

Since coreflexives are simple, the following follow from (1552):

®-RCS = &-RCP-S
R-®CS = R-&CS-d
Domain and range:
J(RNS) = (R°-S)nid
0(R-S) = 6(W0R-9)
pR = 0(R°)
Therefore, ford coreflexive
00=9
Also a consequence of the above:
R = kerRnid
pR = imgRNid

J.8 Relational divisions

(B\S)-f=R\(S-[)

J.9 Meets

SNT)-R=(S“R)N(T-R) <« T-imgRCTVS-imgRCS

Therefore, forf a function,

(SNT)-f=(S-£)n(T-f)

R-(SNT)=(R-S)N(R-T) <« (kerR)-TCTV (kerR)-SCS
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(152)

(153)
(154)

(155)

(156)
(157)

(158)
(159)
(160)

(161)

(162)

(163)

(164)

(165)

(166)

(167)
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J.10 Splits
Definition equivalent to (149)

(R,S) = #7-RNmngy-S (168)

The same definition pointwise: for all b, ¢

(a,0)(R,S)¢e = aRcANDbSc (169)
Split cancellation
m-(R,S)=R-68 AN m-(R,S)=S-6R (170)
Split (conditional) fusiort:
(R,S) T=(R-T,8-T) <« R-(imgT)CRVS-(imgT)CS (171)
Split absorption
(R-T,S-U) = (RxS)-(T,U) (172)
Splits and converses:
(R,S)° - (X)Y) = (R°-X)N(S8°-Y) (173)
Therefore:
ker(R,S) = kerRnkerS (174)
J.11 Eithers
Definition:
[R,S] = (R-i5)U(S-13) (175)

From (150), all coproduct properties extend to relationgarticular:+-reflexion:

id = [iy , 2] (176)
etc. Eithers and converses:
[R,S]-[T,U]° = (R-T°)U(S-U°) (177)
J.12 Relational projection
Definition
iR ¥ g-R.f° (178)
Property
mfRCS = g(S—R)f (179)

WhereverM is a simple, finite relation (coflexives included), apcbjg, fM is also simple, this can be written
pointwise as follows

mg M = {far g(Ma)|ae dom M} (180)

1Theorem 12.30 in [1].
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