1 The Relational Calculus

1.1 Basic structure

(R-S)-T = R-(S5:7) (1)
R=R-id = id-R ?2)
R C R (3)
RCSASCT = RCT (4)
RCSASCR = R=S (%)
SCTARCU = S:RCT-U 6)
1.2 Relational taxonomy
R reflexive: id C R
R coreflexive: R C i
R transitive: R-R C R
R symmetric: R Cc R°
R anti-symmetric: RNR® C id
R connected: RUR® C T
R entire: id C kerR
R simple: imgR C id
R surjective: R° entire
R injective: R° simple
1.3 PF-transformation rules
“Guardanapo”:
b(f°-R-gla = (fb)R(ga) @]
Left-division:
b(R\Y)a = (Vc:cRb: cYa) 8)
Pointwise ordering on functions:
fCg = fCC-g = (Va:: (fa)C(ga)) ©

1.4 Table of useful Galois connections

(fX)CY=XC(gY)
Description f=9¢ g=ft Obs.
converse ()° ()°
shunting 1 (he) (h°+) NB: h is a function
shunting 2 (-h°) (+h) NB: h is a function
Idivision (R-) (R\) Runder ...
rdivision (-R) (/R) ...over R
division (R/)) (\R)
range p (-T) lower C restricted to coreflexives
domain B (T+) lower C restricted to coreflexives
implication (RN) (R=) Note that (R=) = (-=RU )
difference (_—R) (RU)

PROPERTIES

cancellation XC(g-HX (f-9Y CY
definition fX=N{v|Xcgy} gY=U{X|fXCY}
disibuion | (X UY) = (f )UGY) [ sX V) =Ny | T = R

1.5 Other Galois connections

Meet-universal

Join-universal

X C(RNS)

(RUS)C X

10)
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Split-universal
X C(R,S) =
Either-universal

X=[R,S] =

1.6  “Almost” Galois connections

“Shunting” rules for S a simple relation:

mXCRAMm-XCS

X-i4u=R N X-is=S5

S-RCT = (58)-R C S°.T
R-$°CT = R-68 C T-S

Variants concerning domain and range:

JRCX = RCR-X
pRCX = RCX-R
1.7 Converses

RCR = R=FR°
R C R-R°-R
R° = R

(R-8)° = S°-R°

(RNS)° = R°NS°

1.8 Dedekind axiom

Alternative formulations: left modular law, right modular law, weak distributivity:

(R-S)NT
(R-S)NT
(R-S)NT

N 1NN

R-(SN (R°-T))
(RN (T-8%))-S
(RN (T-5°)- (SN (R°-T))

Useful instances (for 7" = id, R = R° and for S = id):

(R°-8) Nid
RNT

(RN S)-(RNS)

c
C R-(idn (R°-T))
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1.9 Coreflexives

1.10 Relational divisions

1.12 Kernel and image

(R\S)- f
R\ (S\T)
R/(SUT)
(SUT)\ R

P° = 0P = dNid
e Nw

®-RCP-S
R-®CS-d

< (kerR)-TCTV(kerR)-SCS
< T-imgRCTVS-imgRCS

(SNT)-f = (S-HN(T-f)
(RNS)yNnT = RN NT)
RNS = SNR

RNR = R

RCS = R=RNS
RNSCR A RNSCS
T-(RnS) ¢ T-RNnT-S
(RNS)-T € R-TNS-T

kerR = R°-R

RCS = kerRCkerS

(kerR)° = kerR

R C R-kerR

ker(R-S) = S°-kerR-S
(R°-S)nid = ker(RNid)

imgR = kerR°
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1.13 Domain and range

0R
R
0(R-S)
d(RNS)
PR
1.14 Splits
Definition equivalent to (12)
(R,S) =

The same definition pointwise: for all a, b, ¢
(a,b){R, S)c

Split cancellation

m-(RS)=R-68 A m-(RS)=S-6R

Split (conditional) fusion:

(R,S)-T=(R-T,S-T) <« R-(imgT)CRVS-(imgT)CS

Split absorption
(R-T,S5-U)
Splits and converses:
(R,8)°-(X,Y)
Therefore:
ker (R, S)
1.15 Eithers
Definition:
[R,S] =
R+ S

= kerRnNid
= R-0R

= 0(0R-S5)
= (R°-S)nid

= 0R°

m«RNng-S

= aRcANDSc

= (RxS)-(T,U)

= (R°-X)N(5°-Y)

ker R Nker S

(R-)U(S- i)
li1- R ,iz- 8]
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From (13), all coproduct properties extend to relations, in particular:

id = iy i)

[R,S]-iv = R A [R,8]iy = S
T-[R,S) = [T-R,T-S]

[T,P|-(R+S) = [T-R,P-S)

Eithers and converses:

[R,S]-[T,U° = (R-T°)U(S-U°)
(R+85)° = R°+5°

1.16 Relational projection

Definition

R Y g Rf°

Property

mgfRCS = g(S—R)f

1.17 Equality

Ping-pong rule:

Indirection:

R=S = WX ::  XCRAXCS))
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