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CURSOS LMCC + LESI
AULA SUMARIO
Tebrica Apresentacao da disciplina. Equipa docente. Progranthsgglina e seu en
2006.02.20 quadramento no plano de estudos. Regime de avaliacadalfoaopcional.
22-feira, 14h00-16h00 Bibliografia. Informacao electronica sobre a disciglin
Sala DI-Al (LEsH+LMcC) www.di.uminho.pt/“jno/html/mii.html
Introducdo: A “equacao de Wirth” [9]
Algorithms + Data Structures = Programs
e 0 binbmio especificago / implementafo. Necessidade de eficiéncia.
Eficiéncia das implementacdesrsusclareza das especificacdes. Nocaalde
talhede implementacao. Miltiplas implementagdes parasnmaeespecificacap
(modelo). Necessidade de estratégias (ordens) para arreirto.
O DOCENTE
AULA SUMARIO
Pratica Nao houve aula (aula a compensar logo que possivel).
2006.02.27
2.a—feira, 11h00-13h00 O DOCENTE
DI-0.04 (LMcC+LES))
AULA SUMARIO
Tebrica Nao houve aula (aula a compensar logo que possivel).
2006.02.27
2.a—feira, 14h00-16h00 O DOCENTE
Sala DI-Al (LEsH+LMcC)
AULA SUMARIO
Pratica Revisdes dé/étodos Formais de Programaca@iatica em modelacao VDM:
2006.03.06
28 feira. 11h00—13h00 eCaso de estudBCTSs— formulagao do invariante do modelo.
DI-0.04 (LMmcC+LESI) (v.s.f)
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(cont.)

Exercicio 1. Demonstrar a implicacao
f-r = 1id =  f ésobrejectiva e & injectiva Q)

Sugesio: comecar por C f°
O
Exercicio 2. [Transformada-PF]

eConverter para variaveis e interpretar as expressoes
f- g (2)
fo- g 3)

onde< e C s&o ordensSugesio: aplique aregra do guardanap¢214)
sempre que possivel.

c

IN N
I 1M

eMostrar que se se fizex:=id em (2), esta expressao traduz a ordem
ponto-a-pontentre funcdes (216).

O
O DOCENTE
AULA SUMARIO
Teorica Introdug@o ao refinamento de modeloBrincipios gerais de substituicao de um
2006.03.06 modelo por outro.
23-feira, 14h00-16h00 Nivel algoritmico: relacao de satisfacao (substituicao, ou refineojest tradi-
Sala DI-Al (LEsH+LMcC) cional ordems menos definido do queentre autdmatos de estados finitos (vistos

como funcdes de estado actual para estados sucessores):

sk &f Va : (sa)D0: 0 C(ra)C(sa)) (4)

Nivel dos dados necessidade de mudanca de formato dos dados. Casg mais
simples: formatos isomorfos. Relaxe da relacao de isbsmoo A = B a
relacdoA < B captando o facto dé ter menos informacao quB. Relacdes
de abstraccao (simples + sobrejectivas) e de repregenfiajectivas e inteiras)|.
Assim: isomorfismgf© (converso dg), ambos tais quieng f = id eker f = id
é relaxado a tal quef - r = id, deixando de ser exigido- f = id.

O DOCENTE
AULA SUMARIO
Pratica Conclusao dos exercicios da aula anterior. Pratica edetagao VDM:
2006.03.13 _ o
22 feira. 11h00—13h00 eCaso de estuddTable — modelo de tabelas de “hashing” (variatite
DI-0.04 (LMcc+LESI) tas de coliseg
eHtable vista como refinemento d€ollection — funcdes de

abstraccao e de representacao.

O DOCENTE
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AULA

SUMARIO

Teorica

2006.03.13

22-feira, 14h00-16h00
Sala DI-Al (LEsH+LMcC)

Refinamento formal de dadoslei da representacao pasgontadof:
A < A+1 (5)
Estudo do isomorfismo de totaliza¢ao de correspondéncia
A—=B =~ (B+1A (6)

Inicio do estudo do repertorio dimequaes de refinamente respectivas
funcBes de abstraccao e de representacao:

PA < A* @)
PA < N—~A (8)
PA < A—-B 9)
PA < A—N (10)
O DOCENTE
AULA SUMARIO
Pratica Conclusao de alguns exercicios pendentes.
2006.03.20 Refinamento: calculo do inverso do isomorfisepdit assciado a lei

22-feira, 11h00-13h00
DI-0.04 (LMcC+LESI)

(B x C)* =~ BA x ¢4 (11)
Pratica em modelagdao VDM:

eCaso de estudBCTSs— formulacéo dos invariantes dgegridade ref-
erenciale de duas funcionalidades.

O DOCENTE
AULA SUMARIO
Tebrica Refinamento de dados paiiculo (cont.) : Estudo do repertério deequades
2006.03.20 de refinamente respectivas funcdes de abstrac¢ao e de repreaentac”™

22-feira, 14h00-16h00
Sala DI-Al (LEsH+LMcC)

A—=BxC < (A=B)x(A—C) (12)
(B+C)—=A = (B—A)x(C—A) (13)
A= (B+0C) < (A=B)x(A—-0) (14)
(A=~BY =~ (CxA) —B (15)

A projeccao relacional (238) e seu caso particular pdegdes simpleg — g
gue é usado em funcdes de abstragao/representacao.
(v.s.f.f)
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(cont.)

Apresentacao da lei

A—-Dx(B—-C) < (A—=D)x((AxB)—0C) (16)
O DOCENTE
AULA SUMARIO
Pratica Célculo da simplicidade de uma projeccag; R (238) e sua relagao com de
2006.03.27 pendéncias funcionais em bases de dados. Projeccdetagdas simples. A

22-feira, 11h00-13h00

notacaof — g = m, r paraf injectiva.

DI-0.04 (LMmcC+LESI) Introdugdo ao VDM++. Exemplo: o0os modelostackAlg.vpp e
stackObj.vpp
O DOCENTE
AULA SUMARIO
Tebrica Refinamento de dados pdilculo : Propriedades da relacda reflexividade e
2006.03.27 transitividade e suas provas. Relacionadorelators) e o refinamento estrutu-
22-feira, 14h00-16h00 rado. Analise detalhada das representacdes e alistmadas leis estudadas até
Sala DI-Al (LEs+LMcC) ao momento.
O DOCENTE
AULA SUMARIO
Pratica Apresentacao do tema proposto para o projecto da disaipli
2006.04.03 Exercicios de refinamento relacional dos modéteksV/ S e ECT'S deMétodos

22-feira, 11h00-13h00
DI-0.04 (LMmcc+LES))

Formais de Programéip .

O DOCENTE
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AULA SUMARIO

Tebrica Refinamento formal de dados (cont.)Introducdo ao refinemento de modelos
2006.04.03 de dados recursivos. Necessidadehdemorfismosrelacionais para exprimif
22-feira, 14h00-16h00 abstraccdes e representagdes. O hilomorfis®oS | como solugcdo da equacio
Sala DI-Al (LEsH+LMcC) relacional

X = R-FX.S

Exemplos introdutérios: “fold” de conjuntos e deppings

Introducdo ao dlculo de pontos-fixos Fun¢des monbdtonas, pré/pds-pontps-

fixos. Teorema de Tarski. Notac@go Resolucao de equacdes relacionais. Casos

tipicos: hilo-equacgdeX = R - (F X) - S e outras, por exemplo,
————

fx

X=RUR-X
—_——

g X
(cf. fecho transitivo.)
O DOCENTE
AULA SUMARIO
Pratica Demonstragao das propriedades “functoriais” da pr@ecelacional
2006.04.10 _ ' '
22-feira, 11h00—13h00 id—id = id (7)
DI-0.04 (LMcC+LESI) id—(g-h) = (id—g) - (id—h) (18)
Continuacao dos exercicios de refinamento relacionauda anterior. Con-
versao do modelo ECTS para diagrama entidades-relacdes
Exercicios de especificacao recursiva sobre modelosfangdes parciais fini-
tas. O caso de estudas (“file system”).
O DOCENTE
AULA SUMARIO
Teorica Teorema ddusdo-u: parah, g monotonas g‘b adjunta-inferior,
2006.04.10 . , ,
23-feira, 14h00-16h00 f(ph)=pg <= f-h=g-f (19)
Sala DI-Al (LEsHLMmcC) (20)

AplicacBes: prova de
[[S’R]]o = [[Rovso]]

e das leis de fusao-hilo:
(v.s.f.f)
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(cont.)

V- [S,R]=[T,R] « V.-S=T-(FV)
[S,R]-V=[S,U] « R V=FV-U
Os tipos colectivos de dados em VDM-SL e seus hilomorfismos.tip®

map Ato B. Otiposetof A e a nota¢ad|g[}. Catamorfismos relacionais.
Predicados indutivos vistos como catamorfismos coreflexivo

O DOCENTE

AULA SUMARIO
Pratica Nao houve aula (aula a compensar logo que possivel).
2006.04.24
2.a—feira, 11h00-13h00 O DOCENTE
DI-0.04 (LMcC+LES))

AULA SUMARIO
Tebrica Nao houve aula (aula a compensar logo que possivel).
2006.04.24
2.a—feira, 14h00-16h00 O DOCENTE
Sala DI-Al (LEsH+LMcC)

AULA SUMARIO
Pratica Resolucao dos exercicios seguintes, onde as fungilaspes e tipos de dadg
2006.05.08 do mbdulomii0506.vdm  que se referem podem ser procuradas consultan

22-feira, 11h00-13h00
DI-0.04 (LMmcC+LES])

anexoFunction/Method Cross-Reference Indgre € gerado automaticamente:

Exercicio 3. Procure a funcaputs e as relacdefuts e Listify'.
1.Mostre quePuts & simples.

2.Desenhe o diagrama do anamorfismo relaciénali f/ = [(Ins°®), onde

Ins % [0, Puts].

3.Mostre — recorrendo as leis (240) a (256) — que
Listify' C elems® (21)
ondeelems (primitiva em VDM-SL) & o catamorfism@{d , puts])).

4.De (21) infere-selems - Listify’ C id. Contudo,Listify’ - elems C id
nao se verifica. Porqué? Apresente um contra-exemplo.

(v.s.£1)

doo
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(cont.)

Exercicio 4. Especifique em notacao VDM-SL a funcdo (recursivay.
Mostre quetar nao &€ um isomorfisma.l

Exercicio 5. [Transformada-PF] Mostre, usando (235), que a reflexd@236)
de um coprodutol + B & quivalente a

imgiy Uimgis = id (22)
por sua vez equivalente a
V.

r€A+B:
< (Ha:a€A: x=11a) > (23)

\%
(3b:beB: x=iyb)

0 que capta bem a ideia da unido disjuntadde B retida emA + B. [

O DOCENTE
AULA SUMARIO
Teorica Polimorfismo paramétrico — porqué e para qué? Teorem&i&jrde um tipo
06.05.08 polimorficot. Operador de Reynolds:

23-feira, 14h00-16h00
Sala DI-Al (LEsHLMcC)

f(R—S)g = f-SCR-g

i

-
)

i

Exemplos. Teorema “gratis” do operadaf)
f-B(R,S)CS-g = (f)-FRCS-(g)

e seus corolarios. Leis de fusao e de absorcao.

O DOCENTE

AULA SUMARIO
Pratica Nao houve aula (tolerancia do Enterro da Gata).
2006.05.15
23-feira, 11h00-13h00 O DOCENTE
DI-0.04 (LMmcc+LES))

AULA SUMARIO
Teorica Refinamento formal de dados (cont.)leorema de desrecursivagao genérica:
2006.05.15

22feira, 14h00-16h00
(Aula suplementar)

uF < (K —~FEK)x K (24)

(v.s.f.f)
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(cont.)
Exemplos: desrecursivagdo do tipo de daflap = A + B x Exp*. Primeira
analise da desrecursivacao do modelo

GenDia ::  indiv: token [*data about an individual/
mother :  [GenDial
father : [GenDia]

Estudo da funcao de abstraccao de abstraccao adaaci{@4):

~ f(ME) € [(M)k (25)

Inicio do estudo do respectivo invariante concreto. Redaale pertenca estrii-
tural (€¢) e acessibilidade estruturakg).

O DOCENTE

AULA SUMARIO

Pratica Resolucao de exercicios sole®remas ditis e desrecursivacao de modelos:
2006.05.22
2°-feira, 11h00-13h00 Exercicio 6. No contexto do processo de desrecursivacao do madeidia
DI-0.04 (Lmcc+LES)) da aula anterior, calcule a funcdo de abstracdo askoci passo d
desrecursivacao (exprimindo-a em notacavvSL). (I

1%

Exercicio 7. Apo0s calcular o teorema gratis do tipo de

sort : a* — a* «— (2 (a x a))

nub:a* «—a* — (2 (a xa))
investigue a sua instanciacao para
esort p em quep define uma ordem total e

enub p em quep define uma equivaléncia

O DOCENTE

AULA SUMARIO

Teorica Técnicas de refinamento algtmico : Versao-PF da definigao (4):

06.05.22
22-feira, 14h00—16h00 SER = (domSCdomR) A (R-domS C S)

Sala DI-Al (LEsH+LMcC) . o L ) o
A eficiénciacomo principal motivacao para o refinamento algoritmico

Refinamento funcional — satisfacao de uma especificegpbcita S por uma
funcaoy:

SEf = f-domSCS (26)
Exemplo: resolucao da equacao
IsPermutationt f

(v.s.f1)
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(cont.)

em ordem af, sabendo quésPermutation = ker seq2bag, onde

seq2bag = ([bnil ,bcons]|) (27)
bnil = {—} (28)
bcons = @ - (singb x id) (29)
singpa = {aw— 1} (30)
O DOCENTE
AULA SUMARIO
Pratica Resolucao dos exercicios seguintes:
2006.05.29
2°-feira, 11h00-13h00 Exercicio 8. No contexto do processo de desrecursivacao do madeidia
DI-0.04 (Lmcc+LEsI) da aula anterior, calcule
oA relacdo de pertenca associada ao relator do respeigtivde dados
EF = i;-ﬂgUig-ﬂ'g (31)
oA respectiva relacao de accessibilidade
<s=€f-0 (32)
O
Exercicio 9. Completar o calculo que se segue:
Sk f
= { defini¢ao (26)}
= { Galois }
y(domS)z = y(f°-S)x
y=xz AzedomS = (fy)Sz
rzredomS = (fxz)Sz
O
(v.s.f.f.)
Métodos Formais de Programagao Il (LMCC)+ Opgao Il -etbtios Formais de Programacao Il (LESI)— Sumarios 20 Fol.9



(cont.)

Exercicio 10. Aplicar o resultado do exercicio anterior a verificaclofacto
St id ondeS & a especificacdo que se segue, escrita em-\3L:

S(n: real) r: real
pren>1
post r *r + 2*n*n = 3*n*r,

Seréid a Unica implementacao functional € Justificar informalmentél

Exercicio 11. Demonstrar as seguintes propriedades da relagao

22-feira, 14h00-16h00
Sala DI-Al (LEsH+LMcC)

L=f , THf (33)
(SUR)Ff <« SEHf ARFSf (34)
(SNR)Ff <« SEHf ARFS (35)
(kerg)-f = g-f=y (36)
gbf = f=yg (37)
O
O DOCENTE
AULA SUMARIO
Tebrica Técnicas de refinamento algtmico (conclu&o) : Leis do refinamento relar
06.05.29 cional — satisfacao progressiva de uma especificacgdidita S por outra

especificacad:
SFR = R-domSCS A domS CdomR (38)

Propriedades de ordem parcial da reldca®ropriedade dé-monotonia.

O refinamento funcional - g e a procura de eficiéncia. Leis de fusao “vertical

de processos algoritmicos (leis functoriais, de fusae alusor¢ao). Leis d
fusao “horizontal” de processos algoritmicos. A lei délnga (257) e o sel
corolarios “banana-split” (258).

Calculo de ciclogor/while (250) a partir do hilomorfismo genérico (251)

1%

f . A—C

= p—=0b,0-(df €
Introducao de parametros de acumulacdo. Leis derfaat@iio iterativa (252
253). Uso do calculo de hilomorfismos na prova de (252).

Consideracgdes finais. Encerramento da disciplina. Rreemnto dos inquéritos
de avaliacao das aulas tebricas e praticas.

O DOCENTE
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AULA SUMARIO

Pratica Resolucao dos exercicios seguintes relativos a faeigho iterativa de hilomory
2006.05.31 fismos:

42feira, 14h00-16h00

(Aula suplementar) Exercicio 12. Identifique que lei (252) ou (253) foi aplicada para se oleter,

VDM-SL, os pares de fungdes que se seguem e reconstitiueras linear de
que se partiu em cada caso:

h(y) == haux( 1, y);

haux(b, y) ==

if y =[] then b else haux( b * hdy, tly)

g(f, y) == gaux(, v

gaux(f, b, y) ==

ity = {}

then b

else let x in set y in gaux(f, {f(x) } union b , y \
{x3;

f(y) == faux(1, y);

faux(b, y) == if y = 0 then b else faux(y * b,y -1);

ix, y) == jaux(x, false, y);
jaux(x, b, y) ==
if y =[] then b else jaux(x, (x = hd y) or b , tl y);

Isto &, para cada caso identifique os parametrdse etc em (251)0
Exercicio 13. E possivel mostrar que o calculo da projecgad? - f°, em que

M €& ummappingfinito e f € injectiva, se pode fazer em VDM-SL através [do
hilomorfismo

proj(@)(H(M) ==
itM = {->}
then {|-> }

else let a in set dom M
in {f(a) |-> g(M(a)) } munion
proj(g)(f)( {a} <= M)

Mostre que é possivel calcular a mesma projecc¢ao desfdarativa, isto €, sok
a forma de um ciclawhile . O

O DOCENTE
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AULA

SUMARIO

Pratica

2006.06.20

32feira, 10h00-13h00
(Aula suplementar)

Previsto

Exercicio 14. Verifique se a funcag definida no fragmento de dMm-SL que
se segue,
types

BTree = [Node];
Node :: item: int left: BTree right: BTree;

functions
f: int * BTree -> bool
f(i,t) == cases t:
nil -> false,
mk.Node(x,l,r) -> if x = i then true else
if (i < x) then f(i,) else f(i,r)
end;

esta em condicdes de ser transformada num ciclo-whustififjlue adequada
mente a sua resposta identificando eventuais lei de cajugldenha utilizado

O
(v.s.f.f)
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(cont.)

Previsto

Exercicio 15. Recorde a lei (24) que representa estruturas indutivas sob a
forma de paregheap, apontador)bem como a respectiva fun¢ao de abstraccao

(25). Seja K P K uma funcdo de transformacao de apontadores, usada

como paramtero na seguinte operagao de re-alocac@éldias de umheap
(vulg. garbagge collection

gcol : (K—K)— (K—~FK)— (K—~FK)

geol fM % (Ff)y-M-f°

E de notar qué/ - f° tem de ser simples, ja que o contrario destruiria a simpli-

cidade dcheapresultante. Mas — sera isso suficiente?
Uma garbagge collectiongcol f M estara correcta se nao destruir
representacao, isto &, se

F(gcol f M, f k)= F(M,k) (39)

se verificar, ondd’ & a abstraccao (25). Complete o céalculo seguinte de uma

condigao que é suficiente para (39) estar garantida. Eapudicao é essa?

F(gcol fM,fk)=F(M,k)

(geol FM(f k) = [(M]k
((Ff)- M- fo)- f=[M)
[in, (Ff)-M-f°]-f=[in,M]
= {...}
(Ff)-M-f°-f=(Ff)-M
<= {...}
fo-f=id

O

Exercicio 16. Estude a semantica da construcao
for id = el to e2 by e3 do s

(pag. 86 do manual de VDM-SL) e represente-a sob a forma dbilomor-

fismo.O
(v.s.f.f)
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(cont.)
Previsto

Exercicio 17. Complete a seguinte prova de (222), onde se assUersmples:

Exercicio 18. Especifiqgue em notacdo VDM-SL a convergax de tar.
Exprima-as como hilomorfismos, isto &, identifigtie S° no diagrama

FS—2% s [d — (File + FS)

tar[/ \Lid—\(id+tar)

Paths ~< Id — File + Paths

O

Exercicio 19. Aprecie, no model&CTS, a adicao da rela¢&opics (ja anun-
ciada na aula anterior) e o invariantgicsOk. Se tivesse que especificar gue
uma dada:.topics € aciclica, como o faria?

Exercicio 20. Com base nas propriedades (237) e (233), prove [que]
preserva abstraccdes e que_) preserva representagdes. Isto &, mostre |que
(R, S) (resp.[R , S]) € uma relacdo de representacao (resp. abstraseagire
qgueR e S individualmente o sadJ]

O DOCENTE
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A Lecture notes

A.1 On the “less defined than” ordering on models

Suppose a componentf some piece of hardware gets faulty and needs to be repl&teslild no exact match be
found off the shelf, the maintenance team will have to loauad forcompatiblealternatives. What doe®mpatibility
mean in this context?

Let » be a candidate replacement forand let the behaviour of both andr be described by state-transition
diagrams indicating, for each statethe set of states reachable framSo boths andr can be regarded as set-valued
functions such that, for instance, componemay step from state to stateb iff b € (s a). Shoulds a be empty,
machines will be in a deadlock and will fail.

The intuition behind- being a safe replacement for— written s - » — is that not onlyr should not fail where
does not,

Va : (sa)D0: 0C(ra))

but also that it should behavas s does”. Wherever(s a) is nonempty, there is some freedom fao behave within
such a set of choices:is allowed be more deterministic thanAltogether, one writes

skr & (Va: (sa)D0: 0C(ra)C(sa))
cf (4) above.
Ouir first task will be to PF-transform (4). We first concergrah transforming the test for non-deadlock states,
which occurs twice in the formulds a) D 0 and(r a) D 0. A set is nonempty iff it contains at least one element.
Therefore,

(sa)D0 (Fx :: xe€(sa))

{ idempotence ofA }

3z :: ze(sa) N z€(sa))

{ (214) twice and conversé

(Fa :: ale-9)°r A z(€-s)a)

{ introduceb = a ; composition }

b=a A b((€-s5)°-(€-9))a

{ introduce kernel}
b=a A blker(e-s))a

Then we address the whole formula:

skr
= {@}

Va: (sa)D0: 0cC(ra)C(sa))
= { expand) C (ra) C (sa) }

Va: (sa)D0: DC(ra) A (ra)C(sa))
{ expand tests for non-deadlock state and rep(aeg by (r b),cf.b=a }
(Va,b: b=a N bker(e-s))a: b=a A bker(e-r))a A (rbd) C (sa))
{ domR = ker RNid , for everyR [5, 3] }
(Va,b : b(dom(e-s))a: b(dom(€-r))a A (rb) C (sa))

{ expand set-theoretic inclusiop
(Va,b : b(dom(e-s))a: b(dom(€-r))a A (Ve :ce(rb): ce(sh)))
= { (214) twice ; then introduce left-division (215)
(Va,b : b(dom(€-s))a: b(dom(€-r))a A b((€-r)\ (€-s))a)
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{ remove points ; relational inclusion and mekt

dom(e-s) Cdom(e-r)Nn((e-r)\(€-5s))
{ remove membership by definifg=c-randS=¢c-5 }

domS CdomRnN(R\S)

Functions (resp.r) can be identified with thpower-transposgs, 6] of binary relationS (resp.R). Since trans-
position is an isomorphism, we can safely lift our originad@ring on set-valued state-transition functions to state
transition relations and establish the relational PFsiam of (4) as follows:

SFR = domS C (R\S)NdomR (101)

which converts to
SEFR = (domSCdomR) A (R-domS CS) (102)

once Galois connections of meet (218) and left-divisiorvj2ire taken into account.
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B Example of data refinement calculation

The BAMS example:

[
=1

Il

2

Aceld — (24¢cHolder s« Amount)
{ (205) }

Accld — ((AccHolder — 1) x Amount)
{ product swapping}

Accld — (Amount x (AccHolder — 1))
{ (208) }

(Aceld — Amount) X ((Accld x AccHolder) —

{ (205) }

(ACCId N Amount) % 2Acc1d><AccHolder

Abstractions and representations:
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f =1id — (dom x id)
r=1id— set2fm X id)
f =1id — swap
r =1id — swap
< _ f = Xy
5= r = unnjoin

f=id x set2fm
r =1id x dom
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C Relators

Relators[4] are relational extensions @dinctors F A describes a parametric type whHeR is a relation fromF A to
F B providedR is a relation fromA to B:

A FA (103)
Al e
B ............. FB

Relators have to be monotone and commute with compositamverse and the identity:

F(R-S) = (FR)-(FS) (104)
F(R°) = (FR)° (105)
Fid = id (106)

Examples The most simple relators are titentityrelatorld, which is such thald A = A andld R = R, and the
constantrelatorK (for a particular concrete data ty@é) which is such thak A = K andK R = idk.
List maps extend to relators in the obvious way,

I(RMI" = lengthl =lengthl’ A Vi e indsi.(li)R(I' i) (107)
Relators can also be multi-parametric. Two well-known egba® of binary relators are product and sum,

RxS = (R-m,S m) (108)
R+S = [ii-R,is- 8] (109)

wherer, o denote the projection functions of a Cartesian prodiicty denote the injection functions of a disjoint
union, and thesplit/eitherrelational combinators are defined by (228) and (235), ictfEdy.

By putting these four kinds of relator (product, sum, idgntéind constant) together with fixpoint definition one is
able to specify a large class of parametric structures —edpblynomial— such as those implementable in Haskell.
For instance, théf aybe datatype is an implementation of polynomial relafos Id + 1 (ie. F A = A + 1), wherel
denotes thasingletondatatype, writter{) in Haskell.
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D Parametric Polymorphism and “Theorems for Free”

Parametric polymorphism: why?
e Less code gpecificsolution =genericsolution +customization)
e Intellectual reward
e Last but not least, quotation (frofrheorems for freeby Philip Wadler [8]):

From thetype of a polymorphic function we can derivetldeoremthat is satisfies(...) How useful
are the theorems so generated? Only time and experienceslil..)

e No doubt: free theorems avery useful!

Reynolds abstraction theorem. The original theorem (thabstraction theoreis due to J. Reynolds [7], and only
later advertised by P. Wadler [8] under thaéorem for freeheading. We follow the pointfree styled presentation
of this theorem in [2], which is remarkably elegant: febe a polymorphidunction f : ¢ , whose type can be
written according to the following “grammar” of types:

t ou= t—t"
t u= F(t1,...,tn) for n-ary relatorF
t == v forvatype variable (= polymorphism “dimension”)

Let V' be the set of type variables involved in typg R, } ., be aV/-indexed family of relationsf, in case all such
R, are functions); and®; be a relation defined inductively as follows:

Rt::F(tl,...,tn) = F(Rtn s aRtn) (110)
Rt::’u = RU (111)
Rt::t’<—t” = Rt’ «— Rt” (112)

whereR; — Ry~ is defined by Reynolds “arrow combinator”

g(S—R)f = g-RCS-f cf. diagram DR - (113)

A B
e |
C D

-
S

Thefree theorem of typéreads as follows:

given any functiory : t andV as abovey R, f holds for any relational instantiation of type variables in
V.

Note that this theorem is a result abowaind holds forany polymorphic function of type independentlyf its actual
definition?.
Example Letthe target function bg = invl : a* < a*. Calculation ofR;—,«. - is as follows:
Ra’w—a*
{ rule (112) }
Ry« «— Ry~
{ rule (110) }
Ra* - Ra*

1See [2] for comprehensive evidence on the the power of thisrem when combined with Galois connections, which stersiséily from the
interplay between equations (2) and (3).
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Calculation of FTinvl (R4 —q+ ) invl follows. The FT itself will predict &, abbreviated tdr):
invl(R* «— R*)invl
= { definition (113) }
invl - R* C R* - invl
In case R is a function, the FT theorem boils down tmwvl’s natural property:
mul -t = r* inol
Further calculation (back t&):

invl - R* C R* - invl

{ shunting rule }

R* Cinvl® - R* - invl

{ going pointwise }

(R*)r = (invll)(R*)(invl r)

{ pointwise definition ofR* }
Vi€ indsl.(li)R(ri) = (invl)(R*)(invl r)
Natural transformations A collection of G X I F X , foreveryX, is said to be aatural transformatiorfrom
G to F iff, for every R,
T-FR C GR-T (114)

holds, cf. (omitting subscripts):

=
-

[2)

=
-

U
-

-

=

B GB<T—FB

whereverT is a function, say, then (114) equivales

t{(GR—FR)t = t-FRCGR-t (115)
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E Elements of the Fixpoint Calculus

E.1 Basic definitions

Definition 1 (Poset) A poset A, <) is a setA equipped with a partial ordering 4, that is, a relation<,C A x A
which is reflexive, transitive and antisymmetric.
(]
Definition 2 (Pre/post-fixpoints) Let A S A be a (endo) function on poset, <,4). Then
e everya € A such that
a <afa (116)
is said to be gost-fixpointof f.
e everya € A such that
a >afa (117)
is said to be gre-fixpointof f.
e everya € A which is both a pre-fixpoint and a post-fixpointfofs said to be dixpoint of f and is such that
a = fa (118)
holds.
O

Examples:
e Given endofunction
f:[0,10] — [0,10]
z ~ 10—z
one very easily checks thats a fixpoint of f, sincef 5 =10 — 5 = 5.
e Let R C P x P be arelation on nonempt in
r=RUR-x (119)
Define
fe=RUR-x (120)
on pose{P(P x P),C). Then
— P x Pis an example of a pre-fixpoint gf (P x P is the largest relation in the poset).
— () andR are examples of post-fixpoints ¢f In fact,() C R andR C R U R2.
Clearly, every fixpoint: = f a can be regarded as a “solution” to equation
r=fz (121)
But one can also regard this equation as a “recursive” defingf its fixpoints. For instance, recall equation

T
:1 —
x +2

The fact tha is a fixpoint of this equation can be rephrased‘te:= 1 + 3" is a recursive definition of numbe.
However, the following equation
22+ 3
4
admits two solutions (fixpointd)e 3. What are we “recursively defining” here? Ther the3? Furthermore, equation

r =2
defines any object! By contrast, some equations don't haysalntion at all. Thinkeg.of
r=x+1

in N. So, in this case, our recursive equation defines. hingt
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E.2 Computing fixpoints

Definition 3 (Monotone functions) A function B P A from posef A, <,)toposef{ B, <p) is said to benono-

toneiff
f-<a € <p-f

that is,
Va,a' € A:a<pd = (fa) <p (fd)

holds.
O

Theorem 1 (Lattice Fixpoints) [Tarski 1955]
Let

o A PN A be a monotone function oncmplete latticg A; <);

e P be the set of all fixpoints of, i.é
P={acAl|la=fa}

Then
e Pisnon-empty andP; <) is a complete (sub)lattice.
e In particular, the least of all fixpoint§/\ P) and the greatest on@/ P) are as follows:
/\P = /\{x|x2fac}
\/P = \/{x|x§fac}
We define:
nf = AP
vf Lef \/ P

In the sequel we shall be focussingleastfixpoints.

E.3 Laws of the Fixpoint Calculus

Computation rule:

Example: hylo-cancellation law

Rolling rule:

wg-f) = gluf-9)
Example: théhylo rolling rule: Let f = g - hwhereh X = F X - S andg = (R-). Then
pf = wlg-h) = gluh-g)
= { definitions ofg, h }
R-(uX.(F(R- X)-S))
= { relators }
R-(uXFR-FX.9)
that is,
[R,S] = R-[FR,S]
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Square rule:

uf = p(f?) (129)
Monotonicity:
pf<pg < f<g (130)
where< is defined by (216).
Induction rule:
pf<z < fz<z (131)

Diagonal rule:  given monotonic: 6 y
(px :: (py 2 z0y)) = (ux :: zx) (132)
Last — but not least —u-fusion:

Theorem 2 p-fusion theorem Let

e h, g be monotonic,
e (A, <)and(B,C) be completéattices,
¢ f° be alower-adjoint.

Then

fluh)y=pg < f-h=g- f

E.3.1 Applications of u-fusion theorem
Converse of a hylo
[S,R]°=[R°5°] (133)
Proof: letf* = (_)° and
hX = S-FX-R

gX = T-FX-U
that is,
puh =[S R]
pg=[T,U]
Then

[[S’R]]o =[1T,U]
= { u-fusion theorem}

(S FX-R°=T F(X°)-U

{ converse and is a relator}
R°-FX°-8°=T-FX°.-U
<= { Leibniz }

R=T NS°=U
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Hylo(cata)-fusion:
V. [S,R]=[T,R] « V-S=T-(FV) (134)
Proof: since(V-) = (V\)’,
V-[S,R]=][T,R]
<= { wp-fusion theorem}
V. (S-FX-R =T F(V-X)-R
{ associative-) and relatofr }

(V.-S)-FX-R=T-(FV)-(FX)-R

<= { Leibniz }
V.S=T-(FV)
Hylo(ana)-fusion:
[S,R]- V=[S U] « R-V=FV.U (135)

Proof: (-V)) = (/V)". Then
[S,R]-V=[5TU]
= { w-fusion theorem}

(S-FX-R)-V=S-F(X-V).U

{ associativé-) and relatofF }
S FX-(R-V)=S-(FX)-(FV)-U
<= { Leibniz }

R-V=FV.-U
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F Catalogue of Relational data refinement rules

F.1 Isomorphisms

Product unit

Ax1 = TNy (201)
\<_>/
id!
x4 = TNy (202)
\/

“Maybe” transpose

(B+1)4 = A—B (203)

that is,

f=totR = (Vbya:: bRa = (fa=11b))) (204)

Sets are multisets

24 CA —~1 (205)

“Simple currying”

BxC—A = (C— AP (206)

where

abbreviatingscurry R to R.

Relational either

(B+C)— A o~ (B— A) x (C — A) (207)
F.2 Lessthanrules
“Nested join”
unnjoin
A—\(DX(B—\C@D)X((AXB)AC) (208)

My
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where

Rx,S = (R,S)

unnjoin R = (w1 - R,unpcurry(ms - R))
Concrete invariant induced bynjoin:
Gunnjoin(M,N) = N=<XM-m
where

R<S = domRCdomsS

F.3 Structural data refinement

R FR
/\ /\
A < B = FA < FB
\_/ S—
F FF

whereF is an arbitrary relator (functor).
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G PF-transform Reference Manual

G.1 Relational taxonomy

Classification criteria:

| | Reflexive | Coreflexive]

ker R entireR injective R (211)
img R || surjectiveR | simpleR

Binary relations:

relation

injective entire simple surjective

representation function abstraction (212)

injection surjection

bijection (isomorphism)
Orders:

endo-relation

symmetric transitive co-transitive anti-symmetric  cocteel

(213)
preorder
coreflexive equivalence partial order
id linear order
G.2 PF-transformation rules
“Guardanapo”
b(f*-R-gla = (fb)R(ga) (214)
Left-division:
b(R\Y)a = (Ve:cRb: cY a) (215)
Pointwise ordering on functions:
fCg = fCC-g = (Va:: (fa)C(ga)) (216)
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G.3 Table of useful Galois connections

(217)

D

Relational Operators as Galois Connections
(fX)CY=XC(gY)

Description f=gq g=f* Obs.
converse (0)° (2)°
shunting rule (f) (f°) NB: f is a function
“converse”
shunting rule (-1°) -f) NB: f is a function
left-division (R) (R\) Runder...
right-division (‘R) ( /R) ...overR
range rng (T) lower C restricted to coreflexive
domain dom (T9) lower C restricted to coreflexive
implication (RN) (R=) Note that( R=) = (-R U )
difference (_—R) (RU)

PROPERTIES
cancellation XC(g-HX (f-9Y CY
definition fX={Y|XCgY} gY =U{X|fXCY}
distibution | f(x UY) = (f X)U(/Y) | g(XnY) =(gX)n () | TR = T

G.4 Other Galois connections

Meet-universal

XC(RNS) = (XCR)IAN(XCS)
Join-universal
(RUS)CX = (RCX)A(SCX)
Split-universal
XC(RS) = m-XCRAmm-XCS
Either-universal
X=[R,S] = X -i1u=R AN X-ix=85

G.5 “Almost” Galois connections
“Shunting” rules forS a simple relation:
S-RCT = (domS)-R C S§°-T
R-S°CT = R-domS C T-S8
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G.6 Relational division

(R\S)-f=R\(S-f)
G.7 Meets

(SNT)-R=(S-RN(T-R) <« T-imgRCTVS-imgRCS
Therefore, forf a function,
SNT)-f=(S-HN(T-f)
R-(SNT)=(R-S)N(R-T) <« (kerR)-TCTV(kerR)-SCS
G.8 Splits
Definition equivalent to (220)
(R,S) = @7 -Rnmng-S
The same definition pointwise: for all b, ¢
(a,b){R,S)¢c = aRcAbSc
Split cancellation
m-(R,S)=R-domS A m-(R,S)=S5-domR
Split (conditional) fusior?:
(R,S)-T=(R-T,S-T) < R-(imgT)CRVS-(mgT)CS

Split absorption

(R-T,S-U) = (RxS8)-(T,U)
Splits and converses:
(R,S)° - (X)Y) = (R°-X)Nn(S8°-Y)

Therefore:

ker(R,S) = kerRnkerS
G.9 Eithers
Definition:

[R,S] = (R-i7)U(Si5)

From (221), all coproduct properties extend to relationgarticular:+-reflexion:
id = [iy , 2]
etc. Eithers and converses:

[R,S]-[T,U]° = (R-T°)U(S-U°)

2Theorem 12.30 in [1].
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G.10 Relational projection

Definition

Property

G.11 Hylomorphisms

Definition

Cancellation

Hylomorphism converse
[R.S]" =[5 R]
Hylo(cata)-fusion
V- [SR]=[T,R] « V-S=T-(FV)
Hylo(ana)-fusion
[S,R]-V=[S,U] « R-V=FV-U
Monotonicity:

[T,U]C[RS] « TCRAUCS

Induction
[R,S]CT <« R-FT-SCT
Coreflexion:
[R,S]Cid <« R-SCid
Corollaries:

(in-®) Cid <« ®Cid
[R,R°] Cid <« Rissimple

The while loop hylomorphism:

whilepdol = [[id id],(id+1)- (= -p)?]
that is

whilepdol = (uf :: (--p)—id, f-1)
Linear recursion (functional) hylomorphism:

f: A—C
f=p—=0b,0-(df e
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G.12 Iterative factorization of linear recursion
First law for while loop conversion: fat associative, the following equality holds:
(uf ::p—>b,0-(d,f-€) = p—b,0-(idxb) -w-(de)
where
w = while (—-p-m2) do (0 (id x d),e - m3)
Second law for while loop conversion: f(#, ) a monoid, the following equality holds:

</Lf::p—>g,9-<d,f'8>> = ﬂ-l'w'<27id>

wherew is the same as in (252) above.

G.13 Catas and Anas

Definitions
(R) = [R.in°]
(s] = [in,S]
Converse ofinais cataof converse
(s1° = (5°)

Mutual-recursion law (also called “Fokkinga law”):

frin=nh-F{f,g9) _ _
{g-in—k~F<f,g> = (f,9) = ({hK)]

Corollary (“banana-split”):

(2D, (D) = (i - Fry, 5 - Fa)))

that is

(@D, 14D} = (@@ x j) - (Fm1, Fma))

H Solutions of some of the exercises

Resolugo 1 Proof thatf (resp.r) in (1) is surjective (resp. injective): from the equatiofier » C  f° which,

(252)

(253)

(254)
(255)

(256)

(257)

(258)

e together with f C f weget f-r C f-f° ,thatis, id C f-f° , which means that the image ¢fis

reflexive and sq is surjective.
e togetherwith r° C r° leadsto

I
—~~
—

I
—~~
—

and sor is injective.

Métodos Formais de Programagao Il (LMCC)+ Opgao Il -etbtios Formais de Programacao Il (LESI)— Sumarios 20

Fol.206



Resolu@o 72 O teorema & o mesmo pasart e nub, uma vez que tém o mesmo tipo. Quer dizer, onde nos calquiese
seguem ocorreort, pode substrituir-se potub: Ter-se-a

50Tt (R(a* —a*)— (2 (axa)))SOTt

{ (110, 111, 112) R¢.—» = id (cf. functor constante)}

sort((R* « R*) « (id — (R x R)))sort
{ (113) }
sort- (id— (Rx R)) C (R*+< R"):sort

{ shunting }

(id+— (Rx R)) C sort®-(R"« R")-sort

= { introducdo das variavejgeg }

fid— (Rx R))g = (sort f)(R* — R*)(sortg)
{ (110, 112, 113)}

f-(RxR)Cg = (sortf)-R*C R"-(sortg)
Caso em que? & uma funcao:
f-(rxr)y=g = (sortf) -r*=r*-(sortg)
= { introduzindo variaveis}
Ma,b :: f(ra,rb)=g(a,b)) = (VI :: (sort f)(r*1) =r"(sort gl))
Exprimindo os predicados binarigsg pelas ordens<, < (notacao infixa), ter-se-a:
Va,b::ra<l<rb=a=b)y = (VI :: (sort(L))(r* 1) =r*(sort (X)1))
Quer dizer, se for monoétona e injectiva, entao
sort (L) [rala<—1]
€ a mesma lista que
[ra|a<—sort (X)1]

d
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