
Appendix A

MFP-I/0102: Addenda to the
LecturesNotes

A.1 T 2001.10.11— Cata-fusion/reflexion

Giventhefollowing VDM-SL definitionof list inversion

invl[@A] : seq of @A-> seq of @A
invl(l) == if l = [] then l else invl[@A](tl l) ˆ [hd l] ;

wewantto prove
�������

involution:

���������	��������
 �
�
We express

�������
asa catamorphism

�������������
 � ������� �
ˆ

��� �"!$#%�&�'� ����(��*)%�
�,+,�
-

� +
(A.1)

andassumethefollowing properties:

�������,�
ˆ



ˆ

�.���������/)%��������+���� �"!$#
(A.2)���������.� ����(��0
 � ����(��
(A.3)

ˆ
�.�'�1����(��*)%�
�,+2
 3
4	�5�

(A.4)

Thenwebaseourreasoningonpropertiesavailablefrom thecata-toolbox(noneed
for induction):

�������,���������6
7�
�
8 9 cata-reflexion (2.58)e (A.1) :�������,�;� � (�� +<
=� � ���>� +

1
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? 9 cata-fusion(2.61):���������	(@
7���A�;���
�CBA���D)%��������+
8 9 expanding

(
(A.1) :���������.����� �

ˆ
��� �"!$#%�.�'�1����(��*)%�
�,+��/
E���A�&���
�FBA�
�%)%��������+

8 9 +-fusion(1.40):�����������.��� ���������,�
ˆ

�G�1�%!�#H�.��� ����(��*)H�
��+I�/
E���J�.�K���LB@�
�%)H��������+
8 9 by (A.2) :�;�
� �

ˆ
�.�K�������/)H��������+���� �"!$#%��� �"!$#%�&�'� ����(��*)%�
�,+��M
N���A�;���
�CBA�
�H)H��������+

8 9 � �"!$#
involutionand

)
-bifunctor:�;�
� �

ˆ
�.�K����������� ����(��6)H��������+,�/
E���A�&���
�FBA�
�%)%��������+

8 9 by (A.3) :�;�
� �
ˆ

�.�'� ����(��*)%��������+��/
7���J�.���
�LB@�
�%)H��������+
8 9 by (A.4) and

)
-bifunctor:�;�
� �$3
4	�5�>�;���
�%)H��������+,�/
E���A�.�K�
�FBA���H)%��������+

8 9 (reverse)+-absorption(1.41):�;�
� �$3
4	�5�O�P�.�K�
�FBA���H)%��������+Q
N���J�&�K���FB@�
�H)H��������+
8 9 definitionof

��� :R"SLTVU

A.2 T 2001.10.18- Cata-absorption

Proof(deduction)by cata-absorption:

� WPXY�&Z [

 9 � WPX

is acatamorphism:� �K�$\ �$!��&�]��� +6�&Z [

 9 cata-absorption(2.67)for the

[
functor:� �K�$\ �$!��&�]�P�&���
�FB^Z )%�
�,+'� +

8 9 by
B

-fusion(1.40):� �K�$\ �$!��&�F�.�1Z )H�
��+���� +

 9 by (1.22):
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� �K��\ ��!��;�_�&�1`	Z �'acb�d +I��� +

 9 definitionof

� WO3 :� �K��\ ��� WQ3O�eacbf��� +

 9 definitionof

�hg ��(;i�j :�kg ��(&i�j

Exercise1.1 Adaptthepreviouscalculationto thatof countingthenumberof leavesof a leaf-tree.(Indeed,

youcangeneralizethecalculationto anarbitrary, polynomialdatatype.)l

Exercise1.2 For m nopq a predicate,definethe“ r -filter” operatorasfollowss.t�uwvyx z r|{e}k~� �
�'�e�;�*��� r_��� t �&� u����k� ���
where �
�1�	�;��� � � �
��� � �'�e�&� � � ��'�e�&����� �K�
� � � ˆ

�
1. Proceedby cata-absorptionto calculateapointwisedefinitionof

sGtKu�vyx	z r
NB: assumethefollowing fact:� r_� s�� � �;�L� � r ����� � sF���P� � ���

2. Write it down in (pointwise)VDM -SL notation.

l

A.3 2001.10.18— Mutual recursion

Considermutually-dependent� and
(

asfollows:

f: nat -> nat
f(n) == if n = 0 then 0 else g(n - 1);

g: nat -> nat
g(n) == if n = 0 then 1 else f(n - 1) + g(n - 1);

How wereasonaboutmutually-dependentfunctions?
Thesituationishandledby theso-calledmutual-recursionlaw, alsocalled“Fokkinga

law”:

� �	����
�j����]` � �'(�d�(%������
¡ ����>` � �'(�d ¢ ` � ��(6d<
£� ��`1jc�� Pd'� +
(A.5)
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In termsof diagrams:from

¤
¥]¦§

� ¤
¨�© ¥.ª -1«¦§

¬w­pq
® �f� ® )J¯%+°pq

¤
- ¦§

� ¤
¨�© ¥.ª - «¦§

¬�­pq
¯ �]� ® )J¯%+±pq

weget

¤
© ¥.ª - « ¦§

� ¤
¨�© ¥.ª - «¦§

¬�­pq
® )A¯ �f� ® )J¯%+© °�ª ± «pq

Proof: ` � �'(�d������E
=`'jc�� Id����>` � �'(�d
8 9 by

)
-fusion(1.24):` � �'(�d������E
=`'j����>` � �'(�d1�� ��,�>` � ��(6d1d

8 9 by hypothesis:` � �'(�d������E
=` � �e���5��("�	���>d
8 9 by (reverse)

)
-fusion(1.24):` � �'(�d������E
=` � ��(6d��e���

8 9 equalityis reflexive:R"SLTVU
Applying this to theabovepairof � and

(
:

� �.�$\ �$� WO36�²
 ��\ �'(L�
(%�.�$\ �$� WO36�²
 �;Z �³B´�G` � ��(6d��

Themutualdependencecanbemademoreexplicit by forcing

� �.�$\ �$� WO36�²
 ��\ �'acb_�G` � ��(6d��
(%�.�$\ �$� WO36�²
 �;Z �³B´�G` � ��(6d��

Theunderlyinginductive typeis µ ¶
· ¸ 
 Z¹B µ ¶

·¨�º »G¼ (A.6)

which is suchthat
� � 
7���LB � . Sowe canwrite

� �e��� 
 �$\ ��a�b]�I�,�>` � ��(6d
(%�e��� 
 ��Z �½BE�I�,�>` � ��(6d
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Sowe identify
j¾
£�
\ ��a�b>�

and
 ¿
���Z �½BN�

thereforeobtaining` � ��(6d

 9 Fokkingalaw :� ��`	��\ �'acbf�k�³�;Z �½B7��d1� +

 9 exchangelaw :� �K�&`h\ �³Z d1�½`Ka�b.�½BLdP��� +

which is easilyconvertedinto VDM-SL asfollows:

fg: nat -> nat
fg(n) == if n = 0 then mk_(0,1)

else let p=fg(n - 1)
in mk_(p.#2,p.#1 + p.#2);

A.3.1 Example

Checkinga list-invariantwhich ensuresthata (non-empty)list is ordered:

4	À,�;g À�g½�HÁ ®5Â ÃÄ Å4	À,�;g À�g½�]�w!½�M
 R"SLTVU4	À,�;g À�g½�]��3
4	�5�G�'!;�$��+ +<
¡!"Æ£�'ÇÈ!�É%��+ � ��4	À��;g1À�g³�5��+
Assumingsingl

!%
���!³�
we candepict

4	À��&g À�g³�
asfollows:

®5Â
Ê Ë	Ì�Í'Ë	Í'Ì ¦§

® B ® ) ® Â
¬ Ì Â ¬ Ì�Î ©ÐÏHÑ
Ò ª Ê Ë	Ì�Í'Ë	Í'Ì	«¦§

Ó singlª Ô Ê ­GÕ6Öpq
Å ® B ® )×� ® ) Å +Ó�ØcÙ�Ú6Û ª Ü Öpq

where

Ý �1!��½�KX7�$Þ$+'+��$���
Y!�Æ´X � Þ
andwhere ÇÈ!$ÉN
£� �K�
�
�&�'X7!$ÉD��� +
cf.

® Â
ÏHÑ
Ò ¦§

® B ® ) ®5Â
¬ Ì Â ¬ Ì�Î ÏHÑ
Ò¦§

Ó singlª Ô Ê ­GÕ�Öpq
® ® B ® ) ®Ó ¬ Ì ª ß Ñ
Ò Öpq
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It is easyto checkthat the equationimplicit in this diagramis the sameas the one
implicit in

®>Â
Ï%Ñ�Ò ¦§

® B ® ) ®5Â
¬ Ì Â ¬ Ì�Î ©wÏHÑ
Ò ª - «¦§

Ó singlª Ô Ê ­GÕ�Öpq
® ® B ® )×� ® )J¯%+Ó ¬ Ì ª ß Ñ
Ò;à á ¬ Ì�ÎPâ,ãKä Öpq

for any
®>Â - ÃÄ ¯

. For
¯0
 Å

and
(å
æ4	À��&g À�g³�

we are in position to apply
Fokkinga’s law andto obtain:` ÇÈ!$ÉM�$4	À,�;g À�g½��dç
 � ��`e�e�
�;��XE!�É@�.���
�H)HaQè$+P�k�³� R"SLTVU � Ý ��d � +


 9 exchange law (1.47):� �K�;`K�
�;� R"SLTVU d1�$`KXE!$Éé�.�K���D)%a è +'� Ý dP��� +
Of course,

4	À��;g À,g³�´
êa�b��I` ÇÈ!$ÉM�$4	À,�;g À�g½��d
. Calling

!$WPÉ
to the above synthesized

catamorphism,weendup with thefollowing realizationof
4	À��;g1À�g³�

:4	À��;g1À�g³�5�²
 �kg i �'!���Þ$+Q
�!$WPÉ"���� Þ
where !$WcÉNÁ ® Â ÃÄ ® ) Å4	À��;g À,g³�]��!½�M
��1!;� R"SLTVU +4	À��;g À,g³�]��3
4	�5�G��!��$��+1+>
 �hg i ��XE��Þ$+Q
¡!�WcÉ"���� ��XE!�É<��!���X´+��³��!%ÆEX � Þ$+ +
A.3.2 “Banana-split”: a corollary of the mutual-r ecursionlaw

Let
j¾
E�O���6aQè

and
 ¿
7ë��,��a�b

in (A.5). Then

� �	����
=���<����a è +��,�>` � �'(�d
8 9 compositionis associativeand

�
is a functor:

� �	����
7�O���f��a<èQ�.` � ��(6d +
8 9 by

)
-cancellation(1.20):

� �	����
7�O��� �8 9 by cata-cancellation:
� 
=� � �
� +

Similarly, from
 ¿
EëL�,�6a b

we get (@
£� � ëI� +
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Then,from (A.5), weget` � � ��� +'�½� � ëI� + d<
=� �w`��O�,��aQè���ë��,��a�b&d	� +
thatis `	� � ��� +��³� � ëI� + d<
£� �K���C)%ëP+��&`���a<è
�.��acb;d � +

(A.7)

by (reverse)
)

-absorption(1.25).
This law providesuswith a very usefultool for “parallel loop” inter-combination:

“loops”
� � ��� +

and
� � ë�� +

arefusedtogetherinto asingle“loop”
� �K���O)_ëP+&� `
��a è �G��a b d � +

. The
needfor this kind of calculationarisesvery often. Consider, for instance,thefunction
whichcomputestheaverageof a non-emptylist of naturalnumbers:

!���g À�!�(�g �$���
 �'ì;+��.`1� WPXE���kg1��(;i�j�d
Both

�1WcX
and

�hg ��(;i�j
are

µ ¶ Â
catamorphisms:�1WcXE!"
=� �K���
�;�½BN��� +

�hg ��(;i�jD
£� ����Z �$� WO3O�ea b ��� +
Function

!$��g À�!$(�g
will do two independenttraversalsof the argumentlist beforedi-

vision
��ì�+

takesplace. Banana-splitfusessuchtwo traversalsinto a singleone,thus
leadingto a function which: (a) runstwice asfast (b) canbe convertedinto a while
loopby introductionof accummulationparameters(suchasseenabove).

Exercise1.3 Apply thebanana-splitlaw to thefollowing definitionof the í �;î t r function:

í �;î t r {e}h~� ïÐ�c� � � �Ið ��ñ
Extendí �;î t r to binarytreesandrepeattheexercise.l

A.4 2001.10.25— Paramorphisms

Considerthestandarddefinitionof thefactorialfunction(in VDM-SL notation):

fac : nat -> nat
fac(n) == if n = 0 then 1 else fac(n-1) * n

Thepatternof recursionof this function— usuallyknown asprimitive recursion— is
somewhatmoreelaboratethanthatof a catamorphismover

µ ¶
.

Notethanit canbecapturedby thefollowing diagram:µ ¶
¥ Ñ Ô ¦§

Z¹B µ ¶Ó · ª Õ'ò Ô Öpq
¬ Ì Â © ¥ Ñ Ô�ª ¬ Ì	«¦§µ ¶ Z¹B^� µ ¶ ) µ ¶ +Ó è ª ß ò³ó àôá ¬ Ì�Î Õ'ò Ô ä Öpq
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Function � !�3
is a particularinstanceof a so-calledparamorphism. In general,a

paramorphismof some � relative to functor
�
, is the uniquemorphism

` � � � d which is
suchthat

¤
© Ó ¥ Ö « ¦§

� ¤¬�­pq
¨�©�© Ó ¥ Ö « ª ¬ Ì	«¦§õ �f� õ ) ¤ +¥pq

thatis, we havethefollowing universalproperty:

j¾
�` � � � d 8 j��	����
 � ���>`'jc���
��d
A.4.1 Examplesof paramorphisms

Fromabovewe canexpressthefactorialfunctionasa paramorphism:

� !�3]
=` ���;Z �'X¾WQ�,�&�K���H)A� WQ3$+���� d
A lessstraightforwardexampleis thatof a function

���
— cf. wc -w in L INUX—

countingthenumberof wordsin text (seq of char ):

nw : seq of char -> nat
nw(s) == if s = [] then 0

else if not sep(hd s) and sepahead(tl s)
then nw(tl s) + 1 else nw(tl s) ;

sepahead: seq of char -> bool
sepahead(s) == (s = []) or sep(hd s) ;

sep : char -> bool
sep(c) == c = ’ ’ or c = ’\n’ or c = ’\t’ ;

This is list-paramorphism

char
[

­Gö ¦§
Z¹B

char
)

char
[

¬ Ì Â ¬ Ì�Î © ­Gö ª ¬ Ì	«¦§

Ó�Ó Ö ª Ô Ê ­.Õ�Öpq
µ ¶
· Z¹B

char
)×� µ ¶ · )

char
[ +Ó · ª ° Öpq

where

h : char * (nat * seq of char) -> nat
h(c,mk_(i,s)) == if not sep(c) and sepahead(s) then i + 1 else i ;



A.4. 2001.10.25— PARAMORPHISMS 9

A.4.2 Propertiesof paramorphisms

1. Clearly, everycatamorphismcanbeexpressedby a paramorphism:� � � � +Q
=` � � ����a è � d
(A.8)

Proof: j¾
¡` � � ���6a è � d 8 j"�e���´
 � �,�6a è ���f`1jc���
��d

 9 functorversuscomposition(2.45),

)
-cancellation:j¾
¡` � � ���6a è � d 8 j"�e���´
 � �,�>j


 9 cata-universal:� � � � +Q
�` � � ���6aQè1� d
2. Conversely, everyparamorphismcanbeexpressed(indirectly) in termsof acata-

morphism: ` ��j;� d<
7a è �.� �K`'jc�����A�,��a b d1� +
(A.9)

Proof: let
(

be
�
�

in the mutual-recursionlaw, leadingto � 
Y` ��j&� d
. Thenthe

equationfor
(A
7�
�

is ���F�	����
¡ V���>` � ���
��d
andthis is satisfiedfor

 ¿
E���A�,��a b
.

So
` � ��(6d<
�� �K`'jc�����A�,��a b d1� +

and � 
�` �wj;� d<
7a è �.� ��`1jP�'���A���6a b d1� +
.

3. PARA-REFLECTION: �
�"
¡` � ���J����a è � d
(A.10)

By cata-reflection(2.58)thiscanberegardedasaninstanceof (A.8) above.

4. PARA-FUSION: j"�.` � � � d<
=` � (�� d ? j�� � 
7(%�,����jA)%�
�,+
(A.11)

Exampleof aplication

By (A.9) thefactorialfunctioncanbeexpressedby theprojectionof a catamorphism:

� !�3¹
7a<èQ�.� �K` ��Z ��XéWQ���;���
�%)÷� WO3½+,�������A�&���
�FBAacb�+'d	� +
8 9 +-absorption(1.41):

� !�3¹
7a<èQ�.� �K` ��Z ��XéWQ���;���
�%)÷� WO3½+,���½�$\ ��� WQ3Q�	acb]��d1� +

 9 exchangelaw (1.47):

� !�3¹
7a<èQ�.� �y�.`eZ �1\ d'�½`KXéWO�,�&�K�
�%)÷�1WQ3$+'��� WO3O�	a�b;dP��� +
Thiswill leadto thefollowing VDM-SL:
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fac : nat -> nat
fac(n)==facaux(n).#1;

facaux: nat -> nat*nat
facaux(n) == if n=0 then mk_(1,0)

else let p = facaux(n-1),
a = p.#1,
b = p.#2

in mk_(a * (b + 1), b + 1);

A.5 2001.11.29— Elementsof the Fixpoint Calculus

A.5.1 Basicdefinitions

Definition 1 (Poset) A poset
� ® �½øúù¹+

is a set
®

equippedwith a partial ordering
øúù

,
that is, a relation

øúù5û ® ) ®
which is reflexive, transitiveandantisymmetric.ü

Definition 2 (Pre/post-fixpoints) Let
® ®¥pq bea (endo)functiononposet

� ® �½øúù]+
.

Then

ý every
!%þ ®

such that

! ø ù � !
(A.12)

is saidto bea post-fixpointof � .

ý every
!%þ ®

such that

! ÿ ù � !
(A.13)

is saidto bea pre-fixpointof � .

ý every
!¿þ ®

which is botha pre-fixpointanda post-fixpointof � is saidto bea
fixpoint of � andis such that

! 
 � !
(A.14)

holds.ü
Examples:

ý Givenendofunction � Á�� \I�½Z
\.��� � \I�³Z�\&�É � Z
\��AÉ
oneveryeasilychecksthat

�
is a fixpoint of � , since � � 
£Z�\���� 
��

.
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ý Let
S û	�È)
�

bea relationon nonempty
�

in

ÉN
 S��éS�
 É
(A.15)

Define

� É7
 S�� S�
 É
(A.16)

on poset
���¾��� )
��+��$ûV+

. Then

–
��)��

is anexampleof apre-fixpointof � (
��)��

is thelargestrelationin
theposet).

– � and
S

are examplesof post-fixpointsof � . In fact, � û S
and

S ûS��¾S b
.

Clearly, everyfixpoint
!H
 � !

canberegardedasa“solution” to equation

É7
 � É
(A.17)

But onecanalsoregardthis equationasa “recursive” definition of its fixpoints. For
instance,recallequation(2.3) É7
=Z¹B É Å
The fact that

Å
is a fixpoint of this equationcanbe rephrasedto: “

ÉÈ
 Z�B Òb ” is a
recursivedefinitionof number

Å
.

However, thefollowing equation

ÉN
 É b B��
�

admitstwo solutions(fixpoints)
Z

e
�
. Whatarewe“recursively defining”here?The

Z
or the

�
? Furthermore,equation ÉN
EÉ

definesany object! By contrast,someequationsdon’t have any solutionat all. Think
e.g. of É7
7ÉéB^Z
in

µ ¶
. So,in this case,our recursiveequationdefines.. .nothing!

A.5.2 Computing fixpoints

Definition 3 (Monotone functions) A function
¯ ®¥pq from poset

� ® �$ø ù +
to

poset
�'¯��½ø��_+

is saidto bemonotoneiff

� !���!��*þ ® Á�!%ø ù !�� ¢ � � !�+Oø � � � !���+
holds.ü
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Definition 4 (Ordering on functions) Giventwofunctions
¯ ®¥pq and

¯ ®-pq
fromposet

� ® �$øúù]+
to poset

��¯��½ø��_+
define

� ø7( �����
 � !"þ ® Á�� � !�+Oø�� ��(L!�+
(A.18)

ü
Theorem1 (Lattice Fixpoints) [Tarski 1955]
Let

ý ® ®¥pq bea monotonefunctionon a completelattice
� ®�� øV+

;

ý �
bethesetof all fixpointsof � , i.e.

� 
 9 !"þ ® �L!H
 � ! :
Then

ý �
is non-emptyand

��� � øV+
is a complete(sub)lattice.

ý In particular, the leastof all fixpoints
� ��+

andthegreatestone
� ��+

are as
follows:

� 
 9 É@�<É7ÿ � É : (A.19)
� 
 9 É@�<É7ø � É : (A.20)

We define:

 � �����
 �
(A.21)

! � �����
 �
(A.22)

ü
In thesequelwe shallbefocussingon leastfixpoints.

A.6 2001.12.06— Laws of the Fixpoint Calculus

Computation rule:

 � 
 �  � (A.23)

Rolling rule:

 ��(D� � +2
 (6�  � � �	(6+ +
(A.24)
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Square rule:

 � 
  � � b + (A.25)

Monotonicity:

 � ø  ( ? � ø�(
(A.26)

Induction rule:

 � ø�É ? � ÉNøEÉ
(A.27)

A.6.1 Illustration

Let � É7
£Z¹B Òb . Successiveapplicationof thecomputationrule (A.23) leadsto:

 � 
 Z¹B  �Å

 Z¹B �1Z¹B#" ¥b +Å 
�Z¹B ZÅ B  ��
...
 ­

¬%$ è
ZÅ ­ B  �Å ­ Â è

In thelimit (
���'&

), we get
" ¥b)(+* ã 
�\

andtherefore � 
 , ¬%$ è èb-( 
 Å
.

The rolling rule (A.24) canbe applieddecomposing� 
 (é��j
for

j<ÉÈ
 Òb and(<ÉE
�Z¹BAÉ
. Then

 � 
  ��(%�.j�+Q
E(*�  ��j"�e(*+1+

 Z¹B  É/. Z¹BAÉÅ

whereby
ÉE
 è Â Òb hassolution

Z
.

Theaotherrulesenableusto reasoninequationally. For instante,fact
Z,B Òb ø Å B Òb ,

for all
É

, andmonotonicity(A.26) enablesus to saythat  É0.y�1Z�B Òb +�
 Å
is smaller

than É0.y� Å B Òb +Q
 �
.

Similar intuition canbegatheredfrom (A.16), providing evidencethat  � 
 S Â
(transitiveclosureof

S
).

For instance(rolling rule), we candecompose� into
(D�;j

where
j<É^
 S �
É

and(<ÉE
 S�� É
. Then

 � 
  ��(H�Gj�+

 9 ���$�����$�
���$���$��� :(*�  �'j��e(*+1+
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 9 �$���$�����$���$�
���$� :S�� �  É/.K� S �;� S�� É<+1+

 9 �$���$�����$���$�
���$� :S��  É0.y� S b �éS �eÉQ+

Furtherapplicationof this rule will “f actorout”
S b

,
S21

, etc., leaving a “smaller and
smaller”fixpoint to becalculated.In thelimit, onegets � 
 , 3 $ è S 3 
 S Â

.

A.6.2 Inducti ve datatypes“ar e” fixpoints

Recall

4 
 Z¹B ® ) 4
¨65 (A.28)

ý The“=” symbolin equation(A.28) shouldbeunderstoodas“ ¸ 
 ”

ý �
shouldbeunderstoodasa functor

ý So any solution
4 · to the equationshouldcarry along an algebra

���
and its

inverse
4	Wci

thusproviding evidenceof therequiredisomorphism:

4 ·
Ê ò�7 89¸ 
 Z¹B ® ) 4 ·
¬w­:;

For instance,

® [
Ê ò�7 89¸ 
 Z¹B ® ) ® [

¬�­�$ Ó�Ó Ö ª Ô Ê ­GÕ6Ö:;

where
4	Wci

is theobviousinverseof
���

.

ý The
ø

-orderingcorrespondsto right-invertibility:

® Ë <=ø ¯
¥>? thatis � �eÀ 
N�
� ù

(A.29)
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In general: For
�

a polynomialfunctor, equation
4 ¸ 
 � 4

ý admitsa standardsolution— its leastfixpoint solution

 � Ê ò�7 @A¸ 
 �  �
¬w­BC (A.30)

Example:

 4 .KZ¹B ® ) 4 
 ® [
— where 4 .k� 4 abbreviates ��D 4 .h� 4 +

.

ý
 �
is initial amongall other

�
-structures— thatis to say, for agiven

� ® � ® � ®Üpq +
,

arrow
 

in

 �
± ¦§

�  �
¨ ±¦§

¬w­pq
® � ®Üpq

is unique,recalluniversal property:

 D
=� � Ý � +FE  ��e���E
 Ý �,�5 
A.6.3 Application of the Fixpoint Calculus to datatypes

Computation rule:

 � Ê ò-7 89¸ 
 �f�  �,+
¬�­BC (A.31)

cf. (A.30).

Rolling rule:

 �HG÷����+
á I J ¬w­6K)LNM%O%PRQ I äTSU¸ 
 G]�  �e�F�-G]+1+

¬�­ PVOWM'à J;á I ¨ ¬�­ PVOWM�I äXY (A.32)

cf.
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 �VG×�,�,+
á I - I ä ¦§

�VG×�,�,+1�  �HGN����+ +
á�J;à ¨ ä á I - I ä¦§

¬�­ZK)L PVO�MNQpq
G]�  ���F�)G]+ + �VG×�,�,+1�VG]�  �e�L�-G]+1+ +- $ J ¬�­ZK)LNM%O%PRQpq

Example:Let � 4 
 Z¹B 4
G 4 
 ® ) 4

Then �e�C��G]+ 4 
 ZfB ® ) 4
�VGN���,+ 4 
 ® )÷� ZúB 4 + ¸ 
 ® B ® ) 4

andso

 �e�C��G]+ 
 ® [
 �VGN���,+ 
 ® Â

Therolling rule will statetheobviousfactthat® Â ¸ 
 ® ) ® [
holds,thatis

®5Â
¥ ¦§

® )÷� ZúB ®>Â +
¬ Ì�Î á ¬ Ì Â ¥ ä¦§

® B ® ) ®>Â
¬ Ì Â ¬ Ì�Î ¥¦§

±pq
¬�­6[ *

\]

® ) ® [ ® )×�1Z¹B ® ) ® [ +¬ Ì�Î ¬w­ [_^pq ® B ® )÷� ® ) ® [ +±pq

(A.33)

for
 ¿
=` �
�
�&�'a è �k�³�a`.BAa b +'d

Exercise1.4 Concerning(A.33), show that
s � ï s � �Ks ð ñ where

s � is the “head” function and
s ð is the

“tail” functionon ncb .l

Monotonicity:

 �
á I ¬�­ P�à Ë I ä M deø  G
á I ¬�­ M'à ¥ I ä PBC ? � 4

Ë deø G 4
¥BC
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cf. diagram

 G
á I ¬�­ M à ¥ I ä P ¦§

�f�  G]+
¨�á I ¬�­ M à ¥ I ä P¦§

Gé�  G]+¥pq
¬w­ P

fg
JQá I ¬�­ M à ¥ I ä P¦§ � �f�  �,+¬w­ Mpq Gé�  ��+¥pq

Let usseeanexampleof application,wherebypossiblyemptysequencesarerep-
resentedby non-emptyones—  �"
 ® [

and G´
 ® Â
, for

ZLø ®
:

® [ ¸ 
 Z¹B ® ) ® [
Ó�Ó Ö ª Ô Ê ­GÕ�Ö:;

®>Â ¸
 ® B ® ) ® Â
Ó Õ'¬w­ - ª Ô Ê ­GÕ*Ö:;

where
� ����(F!%
��w!³�

.
Of course

Z¹B ® ) 4
Ñ�¼ Â ¬ Ì SUø ® B ® ) 4
h Â ¬ ÌXY

holdsfor some
! · þ ®

since

Z
Ñ ¼ <=ø ®
hij

by hypothesis.Accordingto (2.78)we infer not only thatnon-emptylists implement
emptylists

® [
Í ßck Í'Ì deø ®5Â
k ó Ñ Õl7BC

(obvious!) but how they do it:

Þ��h!�� i]
=� �y�&�
� �$3
4	�5�Q�I�;�a`.BA�
��+1� +
g X7Þ
g³��
£� �K�&� ����(���3�4	�5�M�P�&��! · BA�
��+1� +
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(lessobvious).Let uscalculatefurther:Þ
�k!��1iQ�&�.� ����(���3�4	�5�M�

 9 cata-cancellation:���e� ��3
4	�5�Q�c�.�a`&B@�
�,+��&�K���FB@�
�H)JÞ
�k!;� i½+

 9 B

-bifunctorandtrivia:���e� ��3
4	�5�Q�c�.�a`&B@�
�%)JÞ
�k!;� i½+

 9 B

-absorptionandtrivia:���e� ��3
4	�5�]�.�K���D)AÞ��h!�� i½+,�
thatis Þ
�h!�� i/�ô!³� 
 �e�

Þ
�h!�� i/��3
4	�5�G��!��$��+1+ 
 3
4	�5�G��!���Þ��h!�� i���+
(
Þ��h!�� i

=“all but last”)

Similarly: g X7Þ�g½�]�e� 
 �Ð! · �g X7Þ
g³�]��3
4	�5�G��!��$��+1+ 
 3
4	�5�G��!���g XEÞ
g³�5��+
Constructiveproof

We want to find a right-inversefor
� � ��� " J �$(6� +

in (2.78)which, of course,will beex-
pressibleasacatamorphism

� � Ý � +
, cf. diagram

 �
á I Ü I ä M ¦§

�  �¬w­ KmPpq
¨�á I Ü I ä M¦§ G

á I ¬�­ KmP�à - I ä P ¦§
�  GÜpq

¨�á I ¬w­ KmP�à - I ä P¦§ � �  �¬�­ KmP�à -pq
So Ý is theunknown. Calculationof Ý :� � ��� " ¨ ��(�� + J �.� � Ý � +<
7�
�

E 9 by
�
-cata-reflexion:� � ��� " ¨ ��(�� + J �.� � Ý � + ¨ 
£� � ��� " ¨ � + ¨? 9 by

�
-cata-fusion:
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� � ��� " ¨ �e(6� + J � Ý 
E��� " ¨ ���f� � ��� " ¨ �	(6� + J
E 9 decomposeÝ 
N��� " J � Ý � :� � ��� " ¨ �e(6� + J ����� " J � Ý � 
N��� " ¨ ���f� � ��� " ¨ �	(�� + JE 9 by

G
-cata-cancellation:��� " ¨ ��(%�-Gé� � ��� " ¨ �	(�� + J � Ý � 
N��� " ¨ ���f� � ��� " ¨ �	(6� + JE 9 (

is natural(A.34):��� " ¨ ���f� � ��� " ¨ ��(�� + J �e(%� Ý �M
7��� " ¨ ���f� � ��� " ¨ �	(6� + J? 9 (%�G�L
N�
� :Ý � 
 �
So

Ý 
 ��� J ���
NB: both

(
and

�
arenatural,e.g.

�e� � +6�e(é
E(%�.�VG � + ®
¥ ¦§

G ® - [ ÃÄ
J ¥ ¦§

� ®
¨ ¥¦§¯ G ¯ -)n ÃÄ �>¯

(A.34)

holds.

Square rule:

 �
- @A¸ 
  �e� b +

á I ¬w­ à�á�¨ ¬w­ ä I äBC (A.35)
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