Appendix A

MFP-1/0102: Addendato the
LecturesNotes

A.1 T 2001.10.11— Cata-fusion/reflexion

Giventhefollowing VbM-SL definitionof list inversion

invf@A] : seq of @A-> seq of @A
invI(l) ==if | =1 then | else invi[@A](l )]

we wantto prove invl involution:
invl -invl = id

We expressinvl asa catamorphism

il ([[]," - swap - (singl x id) ])

g9

andassumehefollowing properties:

invl -~ = 7 - (invl X invl) - swap
vl - singl = singl
" (singl x id) = cons

Thenwe baseour reasoningon propertiesavailablefrom the cata-toolbox(no need

for induction):

nvl - ol = id
= { cata-reflgion (2.58)e (A.1)}

invl - (g)) = (in)

* [hd

(A1)

(A.2)
(A.3)
(A.4)

1]
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{ cata-fusion(2.61)}
invl - g =in - (id + id x invl)
{ expandingg (A.1) }
invl - [[],” - swap - (singl x id) | = in - (id + id x invl)
{ +-fusion(1.40)}
[invl - [],invl -~ - swap - (singl x id) | = in - (id + id x invl)
{ by (A.2)}
[[]," + (invl x invl) - swap - swap - (singl x id) | = in - (id + id x invl)
{ swap involution and x-bifunctor}
[[]," - (invl - singl x invl) | = in - (id + id x invl)
{ by (A.3)}
[[]," - (singl x invl) | = in - (id + id x invl)
{ by (A.4) and x -bifunctor}
[[], cons - (id x invl) | = in - (id + id x invl)
{ (reverse)}+-absorption(1.41)}
[[], cons ]+ (id +id x invl) = in - (id + id x invl)
{ definitionof in }
TRUE

T 2001.10.18 Cata-absomption

Proof(deduction)y cata-absorption:

sum - 1*
= { sumn is acatamorphisrh
([0, add]) - 1*
= { cata-absorptio(2.67)for the _* functor}
1[0, add] - (id + 1 x id))
{ by +-fusion(1.40)}
([0, add - (1 x id) )
= { by (1.22)
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([0, add - ({1, 72)) ])

= { definitionof suc}
([0, suc-m2])

= { definitionof length}

length

Exercisel.1 Adaptthe previouscalculationto thatof countingthe numberof leavesof aleaf-tree.(Indeed,
you cangeneralizehe calculationto anarbitrary polynomialdatatype.)
O

Exercisel.2 For 2 <2 A apredicatedefinethe“p-filter” operatorasfollows

filterp %' deonc- (p — singl, [])*
where
deconc = ([[],conc])

conc(a,b) = a” b

1. Proceeddy cata-absorptioto calculatea pointwisedefinitionof filter p
NB: assumehefollowing fact:

(p—frg)xh = p-m— fxhgxh

2. Write it down in (pointwise)V DM-SL notation.

A.3 2001.10.18— Mutual recursion

Considemutually-dependent andg asfollows:

f. nat -> nat
fn) ==if n =0 then 0 else g(n - 1);

g: nat -> nat
gn) ==if n =0then 1 else fi(n - 1) + g(n - 1)

How we reasoraboutmutually-dependerfunctions?
Thesituationis handledby theso-callednutual-recuisionlaw, alsocalled“Fokkinga
law”:

A = (f,9) = (k) (A.5)
g-in=k-F{f g
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In termsof diagramsfrom

T—"—FT T—"—FT
fl lF (f>9) gl lF(fyg)
A<h—F(A><B) B<k—F(A><B)
we get
T—"—FT
(f,g)l lﬂf,g)
AX B TR F(A x B)
Proof:

{ by x-fusion(1.24)}
{ by hypothesi$
<.f7g> in = <f : i7l,g' Zn>
{ by (reverse)x-fusion(1.24)}
{ equalityis reflexive}
TRUE

Applying this to theabove pair of f andg:

fol0suc] = [0,g]
g'[Q,SUC} = [la+<fag>}

Themutualdependenceanbe mademoreexplicit by forcing
Fol0suc] = [0 (f.g)]
g-[Q,suc] = [la+<fag>}

Theunderlyinginductive typeis

Ny = 1+ N (A.6)
——
FNg

whichis suchthatF f = id 4+ f. Sowe canwrite

frin = [Qm]-F(fq)
g-in = [L+]-F(f.9)
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Soweidentify h = [0, w3 | andk = [ 1, + | thereforeobtaining

(f,9)

{ Fokkingalaw}
({[0m [, [L+]D

= { exchangdaw}
(H <Qvl>a <7727+> ]D
whichis easilycorvertedinto VDm-SL asfollows:

fg: nat -> nat
fgn) ==if n = 0 then mk_(0,1)
else let p=fg(n - 1)
in mk_(p.#2,p.#1 + p.#2);

A.3.1 Example

Checkingallist-invariantwhich ensureghata (non-empty)list is ordered:

ordered : At ——=2
ordered|a] = TRUFE
ordered (cons(a,l)) = a > (Mazl) A (orderedl)

Assumingsingla = [a] we candepictordered asfollows:

. [ Singlcons | At Ax A*
orderedl lidJridx (Maz,ordered)

2 ~{TRUBa] A+ Ax(Ax2)

where
a(a, (m, b)) Ca>mnab
andwhere
Maz = ([ id, max ]|

cf.

[ Singl,cons ]
t———"-A+AXx AT

J\laxl lid-&-idXMax

A<———FA+AXA

[ id;mazx |
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It is easyto checkthat the equationimplicit in this diagramis the sameasthe one
implicit in

[ sin lcons}
AT g A+Ax AT

]Wawl lidJridX(Mam,g)

A+ Ax (AxB)

[id,max-(idxm1) |

forary A+ 7. B. ForB =2 andg = ordered we arein positionto apply
Fokkinga'slaw andto obtain:

(Maz,ordered) = ({[id,max - (id x m)|,[ TRUE, « 1))
= { exchange law (1.47)}
([ (id, TRUE), (maz - (id x m1), ) )

Of course,ordered = my - (Max,ordered). Calling auz to the above synthesized
catamorphismye endup with thefollowing realizationof ordered:

orderedl = let (a,b) =auxl
mn b

where

auxr: AT ——= A x2
ordered[a] = (a,TRUE)
ordered (cons(a,l)) = let  (m,b) = auxl
in  (maz(a,m),(a >mAD))

A.3.2 *“Banana-split”: acorollary of the mutual-recursionlaw
Leth =i-Fm andk = j - Fmain (A5). Then

frin=(i-Fm)-F(f.g)

{ compositionis associatie andF is afunctor}

frin=1i-F(m-(f,9))
{ by x-cancellation(1.20)}

f-in=i-Ff
= { by cata-cancellatioh
f= i)

Similarly, from k = j - F 75 we get

g=(J)
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Then,from (A.5), we get
(2D, (50 = ((@- Fry,j - Fa))

thatis

(D, (D) = (@@ x j) - (Fmy, F )] (A7)

by (reverse)x-absorption1.25).

This law providesuswith a very usefultool for “parallel loop” inter-combination:
“loops” (i) and(j]) arefusedtogetheiinto asingle“loop” ((i x j) - (F 71, Fma))). The
needfor this kind of calculationarisesvery often. Consideyfor instancethefunction
which computeghe averageof a non-emptylist of naturalnumbers:

average (/) - (sum,length)
Both sum andlength areN™ catamorphisms:
suma = ([id, +])
length = ([ 1, suc- w2 ]))

Functionaverage will do two independentraversalsof the argumentlist beforedi-
vision (/) takesplace. Banana-splifusessuchtwo traversalsinto a single one,thus
leadingto a function which: (a) runstwice asfast(b) canbe corvertedinto a while
loop by introductionof accummulatiorparameterg¢suchasseenabove).

Exercise1.3 Apply thebanana-splitaw to thefollowing definition of theun zip function:
unzip def (m1*, m2*)

Extendunzip to binarytreesandrepeathe exercise.
O

A.4 2001.10.25— Paramorphisms

Considerthe standardiefinition of the factorialfunction (in VDm-SL notation):

fac : nat -> nat
fac(n) ==1if n = 0 then 1 else fac(n-1) *n

The patternof recursionof this function— usuallyknown asprimitive recursion— is
somavhatmoreelaboratghanthatof a catamorphisnover IN.
Notethanit canbe capturedby thefollowing diagram:

[Q,suc |

IN 1+ N
facl LidJr(fac,id)
N=———1+(NxIN)

[ 1,mul-(idx suc) ]
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Function fac is a particularinstanceof a so-calledparamorphism In general,a
paramorphisnmof somef relative to functor F, is the uniquemorphism( /] which is
suchthat

T—" FT
) l l F (/] id)

thatis, we have thefollowing universalproperty:

h={f) = h-in=f-F(hid)

A.4.1 Examplesof paramorphisms

Fromabove we canexpresshefactorialfunctionasa paramorphism:
fac={[1,mul - (id x suc) ]

A lessstraightforvardexampleis thatof afunctionnw — cf. we -w in LINUX—
countingthe numberof wordsin text (seq of char ):

nw : seq of char -> nat
nw(s) ==if s =1 then O
else if not sep(hd s) and sepahead(tl s)
then nw(tl s) + 1 else nw(tl s) ;

sepahead: seq of char -> bool
sepahead(s) == (s =) or sep(hd s) ;

sep : char -> bool

sep(c) ==c¢ = or ¢ ="n or ¢ ="'\ ;

Thisis list-paramorphism

char * — 1+ char x char *
nw l/ lid—&-id X (nw,id)
Ny o] 14 char x (INg x char *)

where

h : char * (nat * seq of char) -> nat
h(c,mk_(i,s)) == if not sep(c) and sepahead(s) then i

+ 1 else
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A.4.2 Propertiesof paramorphisms

1. Clearly, every catamorphisntanbe expressedy a paramorphism:

(f)={f-Fm) (A.8)
Proof:
h={(f-Fm)=h-in=f-Fm -F(h,id)
= { functorversuscomposition(2.45) x -cancellation
h={(f-Fm)=h-in=f-Fh
= { cata-unversa}

(f) = {f-Fm)

2. Corversely everyparamorphisneanbeexpressedindirectly) in termsof acata-
morphism:
(h) =71 - ((hyin - F )| (A.9)

Proof: let g be id in the mutual-recursionaw, leadingto f = (k). Thenthe
equationfor g = id is
id-in =Fk-F(f id)

andthisis satisfiedfor k = in - F ms.
So(f,g) = ({(h,in-Fm)) andf = (h) = 71 - ({(h,in - Fma)).
3. PARA-REFLECTION:
id = (in - Fmy) (A.10)
By cata-reflectior{2.58)this canberegardedasaninstanceof (A.8) above.

4. PARA-FUSION:
h-(fd={Q9) <= h-f=g-F(hxid) (A.12)

Example of aplication
By (A.9) thefactorialfunctioncanbe expressedy the projectionof a catamorphism:
fac =y - ([ 1, mul - (id x suc)],in - (id + m3)))
{ +-absorption(1.41)}
fac=my - ({[1,mul - (id x suc) ], [0, suc - 73 ]))
= { exchangelaw (1.47)}
fac = - ([(L.0), (mul - (id x suc), suc- ) )

If

Thiswill leadto thefollowing VDM-SL:
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fac : nat -> nat
fac(n)==facaux(n).#1;

facaux: nat -> nat*nat

facaux(n) == if n=0 then mk_(1,0)
else let p = facaux(n-1),
a = p.#l,
b = p#2

in mk (@ * (b + 1), b+ 1)

A.5 2001.11.29— Elementsof the Fixpoint Calculus

A.5.1 Basicdefinitions

Definition 1 (Poset) A poset(A, <4) is asetA equippedwith a partial ordering < 4,
thatis, arelation<,C A x A whidchis reflexive transitiveandantisymmetric.
O

Definition 2 (Pre/post-fixpoints) Let A DR A bea(endo)functiononposet A, < 4).
Then
e everya € A sud that
a <afa (A.12)
is saidto bea post-fixpointof f.
e everya € A sud that
a >4 fa (A.13)
is saidto bea pre-fixpointof f.

e everya € A whichis botha pre-fixpointanda post-fixpointof f is saidto bea
fixpoint of f andis sud that

a = fa (A.14)
holds.

O

Examples:

e Givenendofunction
f:10,10] — ]0,10]

r ~ 10—z

onevery easilycheckshat5 is afixpoint of f, sincef5 =10 -5 = 5.
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e Let R C P x P bearelationonnonemptyP in
r=RURozx (A.15)
Define
fr=RURox (A.16)
onposet(P(P x P),C). Then

— P x P isanexampleof apre-fixpointof f (P x P isthelargestrelationin
theposet).

— @ and R are examplesof post-fixpointsof f. In fact,) € R andR C
RU R

Clearly, everyfixpoint a = f a canberegardedasa“solution” to equation
r=fzx (A.17)

But onecanalsoregardthis equationasa “recursive” definition of its fixpoints. For
instancerecallequation(2.3)

T
:1 —
T +2

Thefactthat?2 is a fixpoint of this equationcanberephrasedo: “2 = 1 + £” isa
recuisivedefinitionof number2.

However, thefollowing equation

z
2

_x?+3
4

admitstwo solutions(fixpoints) 1 e 3. Whatarewe “recursively defining” here?The1
or the 3? Furthermoreequation
r=2x

definesary object! By contrastsomeequationglon't have ary solutionatall. Think
e.g. of
r=x+1

in N. So,in this casepur recursve equationdefines. . nothing!

A.5.2 Computing fixpoints

Definition 3 (Monotone functions) A function B 74 from poset(A4,<4) to
poset(B, <p) is saidto be monotoneff

Va,a' € A:a<asd = (fa)<p (fd)

holds.
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Definition 4 (Ordering on functions) Giventwofunctions B DR Aand B<2— 4
fromposet(A, <) to poset(B, <p) define

f<g def Vae A:(fa)<p(ga) (A.18)

O

Theorem 1 (Lattice Fixpoints) [Tarski1955]
Let

e A L A beamonotondunctionon a completeattice (A; <);
e P bethesetof all fixpointsof f, i.e.

P={acA| a=fa}

Then
e P isnon-emptand(P; <) is a completgsub)lattice

o In particular, theleastof all fixpoints(/\ P) andthegreatestone(\/ P) are as

follows:
AP = Nzlz>fa} (A.19)
VP = \{z|z<fa} (A.20)
We define:
nf € OAP (A.21)
vf € \/P (A.22)

In the sequele shallbefocussingon leastfixpoints.

A.6 2001.12.06— Laws of the Fixpoint Calculus
Computation rule:
wf = fuf (A.23)

Rolling rule:

wg-f) = glulf-9) (A.24)
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Squarerule:
uf = u(f?) (A25)
Monotonicity:
pf<pg <= f<g (A.26)
Induction rule:
pf<z < fr<uz (A.27)

A.6.1 lllustration

Let fz = 1 + . Successie applicationof thecomputatiorrule (A.23) leadsto:

nf = 1+
2
(1+4h) L uf
+ 2 +2+4
RS N
- on 2n+1

i=1

In thelimit (n — oco), we getgiﬁﬁ1 = 0 andthereforef = >"°°, 2% =2.
Therolling rule (A.24) canbe applieddecomposingf = g - h for hz = 3 and
gr =1+ x. Then

wf w(g-h)=g(u(h-g))

1+z

= 1+ puz.

wherebyzr = 12 hassolutionl.

Theaotherulesenableusto reasorinequationally Forinstantefact1+§ < 247,
for all 2, andmonotonicity(A.26) enablesusto saythat yuz.(1 + §) = 2 is smaller
thanpz.(2 + §) = 4.

Similar intuition canbe gatheredrom (A.16), providing evidencethatpf = R
(transitive closureof R).

For instance(rolling rule), we candecompose into g - h wherehz = R - z and
gz =RUz. Then

pf = plg-h)
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= { ............ }
RU (pz.(R- (RUx))
= { ............ }

RUpz.(R*UR-x)
Furtherapplicationof this rule will “factorout” k2, R?, etc, leaving a “smaller and

smaller"fixpoint to be calculatedIn thelimit, onegetsu f = U;’il RI = R*.

A.6.2 Inductive datatypes“ar e” fixpoints

Recall

X = 14A4AxX (A.28)
—_——
FX

e The“=" symbolin equation(A.28) shouldbeunderstoods” ="
e F shouldbeunderstoodisa functor

e So ary solution X, to the equationshould carry along an algebrain andits
inverseout thusproviding evidenceof therequiredisomorphism

out

Xo

[l

1+A><X0

in
For instance,

out
/\
A* &~ 14+ Ax A*
\_/

in=[ [],cons |

whereout is the obviousinverseof in.

e The <-orderingcorrespondso right-invertibility:

A < B thatis { f-r=idy (A.29)
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In general: For F apolynomialfunctor, equationX = F X

e admitsa standardsolution— its leastfixpoint solution

out
T T
uF = FuF (A.30)
\_/
in
Example:
puXI1+AxX = A*

— whereu X .F X abbreviatesu(AX.F X).

e uFisinitial amongall otherF-structures— thatis to say for agiven(A4, A <“—F A ),
arrov k in

pF <" F uF

kl le

A ~a FA
is unigue,recalluniversal property:

k=(a) < k-in=a-Fk

A.6.3 Application of the Fixpoint Calculusto datatypes
Computation rule:

out

m= (A.31)

(?>
M
T
J

m

cf. (A.30).

Rolling rule:

G F)_ = G(uFG) (A32)
~—

ing.r-G(F ing.g|)

cf.
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(G- F) =" (G- F)(u(G-F))
(g)t l(G-F)(g)
9=Gin,r.c)
G(u(F - G)) =———— (G- F)(G(u(F - G)))
Example:Let
FX = 1+X
GX = AxX
Then
(F-GOX = 1+AxX
(GFHX = Ax(1+X)=A+AxX
andso
u(F - G) A
uwG-F) = AF

Therolling rulewill statethe obviousfactthat

AT = Ax A*

holds,thatis
in,+
A= Ax (A Ay ax At (A.33)
fl lidx(idJrf) lidﬂ'dxf

idXinA*

Ax A A 1+ Ax A*) <2 A+ A x (A x A¥)
fork = ([id,m |, (! + m2))
Exercise 1.4 Concerning(A.33), shav that f = (f1, f2) where f; is the “head” functionand f» is the

“tail” functionon A+,
O

Monotonicity:

/T\

uF < uG < FX < GX

\_//
(ine-fhg f
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cf. diagram
ingG

F(uG) =— G (uG)
(IinF-f)GL lF(inF-fl)G lG (ine-fhg

wF ~ e F (uF) =~ G (uF)

uG

Let us seean exampleof application,wherebypossiblyemptysequencearerep-

resentedy non-emptyones— puF = A* anduG = AT, for 1 < A:

A* = 1+ A x A*
[ [1,cons ]
AT = A+ Ax AT
[ sing,cons |
wheresing a = [al.
Of course
ag+id
14+ Ax X/S\T‘l +Ax X
\!Ed/

holdsfor someqq € A since

by hypothesis.Accordingto (2.78)we infer not only that non-emptylists implement

emptylists
embed
A* < AT
\_/
blast
(obvious!) but how they doiit:
blast = (|[[],cons |- (! +id))

embed = ([ sing, cons | - (ag + id)))



18 APPENDIXA. MFP-I/0102:ADDENDA TO THE LECTURESNOTES

(lessobvious). Let uscalculatefurther:

blast - [ sing, cons |
= { cata-cancellatioh

[[],cons |- (! +id) - (id + id x blast)

{ +-bifunctorandtrivia}

[[], cons]- (! +id x blast)

{ +-absorptiorandtrivia}
[[], cons - (id x blast) ]

thatis
blast[a] = []
blast (cons(a,l)) = cons(a,blastl)
(blast="all but last™)
Similarly:
embed[] = lag]
embed (cons(a,l)) = cons(a,embedl)

Constructive proof
We wantto find a right-inversefor (in,g - g|) in (2.78)which, of course will be ex-
pressibleasa catamorphisnf«|), cf. diagram

uF e F uF
(a)F\L lF (e
pnG <——F uG
(zm-gkl lF (inuc-9)e
uF <—inuc-g F uF

Soa« is theunknawvn. Calculationof a:
(inue - gl - la) = id
& { by F-cata-refleion}

(e - 96 - lade = (inur)e

<= { by F-cata-fusion
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(inur - gl - @ = ingr - F (inyr - gl)g
& { decomposer = in,g - o'}

(irur - g)g - inu - o = inur - F (inge - g)g
& { by G-cata-cancellatiop

inur - g+ G(inue - g)g - of = inuF - F(inge - 9)g

& { g is natural(A.34)}
inur - Finge - glg-g-a" =inue - F(inge - g)g
= {g-s=id}
a/ =S
So
a = ng-S

NB: bothg ands arenatural,e.g.

(Ff)-g=9-(GJ) A GA—>FA (A.34)
fl Gfl lFf
B GB?FB
holds.
Squarerule:

g
=P (A35)

(in-(Fin)|)
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