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Our contributions

@ Relational formalization of 3 kinds of compositions by
introducing the liftings of multirelations.

Kleisli's composition:

aof=ab
Peleg's composition:

o x 8= ab,
Parikh’s composition:

aof=afs

Bo : Kleisli lifting, 3, : Peleg lifting, 3, : Parikh lifting
ﬂoaﬁ*’ /60 : p(Y) -7 p(Z)
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Our contributions

@ We give subclasses of multirelations that form categories
with each composition, respectively.

subclass composition the unit
mappings a o B (Kleisli) | the singleton map
f: X —pY) {(a,{a}) | a € X}
union-closed | a* (3 (Peleg) | the singleton map
multirelations {(a,{a}) |a € X}
up-closed a o B (Parikh) | the membership rel.
multirelations {(a,A) | a € A}
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@ Kleisli lifting and Kleisli's composition
@ Peleg lifting and Peleg's composition
@ Parikh lifting and Parikh’'s composition

Q@ Associativity and the unit of each composition
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Kleisli’'s composition

Fora: X — (YY), B8:Y — p(Z)

ao 3= af,

where 3, is the Kleisli lifting of (3.

We introduce the Kleisli lifting 3, so that
(B,A) €Bo & A= U:@(B)

B(B) ={C|3b e B.(b,C) € B}
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Kleisli lifting

Definition
For B: Y — p(Z), define Bo: p(Y) — o(Z) by

Bo = p(68>2)

Sz: the converse of the membership relation

(B,A) € p(83z) & a € A+ 3Jbe€ B.(bya) € B>z
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Peleg’s composition

Fora: X — (YY), B8:Y — p(Z)

a*x (3 = af,

where 3, is the Peleg lifting of 3.

We introduce the Peleg lifting 3. so that
(B, A) € B. < 3f. (Vb e B. (b, f(b)) € B) A A= F(B)

f(B) ={C|3be B.(b,C) € f}
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Peleg lifting

For B: Y — p(Z), define B.: p(Y) — o(Z) by

B = |_| ’&Lm fo
FEcB
fo: the Kleisli lifting of f
| B]: the relational domain of 8
FEeB&S FEBAS:pfn ALF] = (8]

1|8 the power subidentity of | 3]

The power subidentity i, L idg(yy of v L idy is defined by
(A,A) ed, & Vae A. (a,a) €v
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Parikh’s composition

Fora: X — oY), B8:Y — o(Z)
aof=ab

where B, is the Parikh lifting of 3.

We introduce the Parikh lifting 3, so that

(B,A)ep, & Vbe B. (b,A) e
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Parikh lifting

For B: Y — p(Z), we define B,: p(Y) — o(Z) by

/6<> =2y D> /6
D> : the right residuation

(B,A)€Edy >0 & VyeY. ((B,b) €3y = (b,A) € 3)
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Kleisli's composition:

aof=ab

Peleg’'s composition:

a*x 3 = af,

Parikh's composition:
aof=af,

Bo : Kleisli lifting, 3. : Peleg lifting, 3, : Parikh lifting
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e Kleisli lifting and Kleisli's composition
e Peleg lifting and Peleg's composition
e Parikh lifting and Parikh’s composition

e Associativity and the unit of each composition
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Why do we have to consider the associativity?

Peleg's composition need not be associative.

Example (Furusawa and Struth, CoRR, 2014)

Let X = {a,b}, a,8: X — p(X)

o = {(a'7 {aa b})a (aa {a'})a (ba {a})}
B = {(a7 {a})’ (a'a {b})}

Then

(a*xax) 3

{(a,{a}), (a,{b}), (b,{a}), (b, {b})}

{(a,{a}), (a,{b}), (b,{a}), (b,{b}), (a,{a,b})}
ax*x (a*3)

I
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Why do we have to consider the associativity?

Parikh's composition need not be associative.

Example (Tsumagari, PhD thesis)
Let X = {a,b,c}, a,3: X — p(X)

a = {(a,{a,b,c}), (b,{a,b,c}),(c,{a,b,c})}
B = {(a,{b,c}), (b,{a,c}), (¢, {a,b})}

Then

(xoB)oa=0x,x) Ca=ac¢(Boa)
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To prove the associativity

Let O € {o,x*,0}.

(eOp)0y = aO(E0OY)
< (aBg) Oy = al(Byo)
A afBoyo = a(Byo)o

— Bovo = (Bro)o
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To prove the associativity

Lemma
For O € {o,x*,0},

Bovo E (Byo)o

We have
(aOp)OyEal(@B0Oy).

How about the converse implication?
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Associativity of Kleisli’'s composition

For Kleisli's composition

Lemma

,60'70 — (,670)0

Proposition

(aoB)oy=ao(Bor)
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Associativity of Peleg’s composition

For Peleg's composition

Lemma
Ifv: Z — ©(W) is union-closed,

(:8'7*)* L Buv«

Proposition

Ifv: Z — ©(W) is union-closed,

(s B) xy = ax*(B*7)
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Associativity of Peleg’s composition

Definition
v : Z — @(W) is called union-closed if

Lp) (pow)® C ~

for all relations p : Z — (W) such that p C ~.

(a,B) € a® & B={b] (a,b) € a}

Note: v : Z — (W) is union-closed iff
B#0 ANBC{B| (a,B) €7} = (a,UB) €

for each a € Z.
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Associativity of Parikh’s composition

For Parikh’s composition

Lemma
If3:Y — ©(Z) is up-closed,

(B70)o E Boo

Proposition
If3:Y — ©(Z) is up-closed,

(aoB)oy=ao(Bo)
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Associativity of Parikh’s composition

Definition
B:Y — p(Z) is called up-closed if

BEz =0
(C,C")€Ey & CCC

Note: B:Y — (Z) is up-closed iff

(b,C)eB A CCC' — (b,C') €
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Unit of each composition

What is the unit of each composition?
all=10aoa=«

1: the unit of O
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Example: multirelations on a singleton

Let X = {a} and

0 = Oxp(x)
a={(a,0)}

B ={(a,{a})}

Y= {(a9 0)7 (a’ {a})}

These are all relations from X to g(X).

Norihiro Tsumagari Relational Formalisations of Compositions and Liftings of Multire



0=0xux) = {(a,0)},8 = {(a,{a})},v = {(a,0), (a,{a})}

Kleisli liftings of these relations:

0, = a. = {(0,0), ({a},0)}
Bo = Yo = {(0,0), ({a},{a})}

Kleisli's composition table:

RQ R R oo
QR Qo
2L WVWR o®
2 L o8

2 WL oo

B3 and « are right units and there is no left unit.
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If we consider mappings (i.e. total and univalent multirelations)
0= OXgJ(X)aa = {(a’ m)}aﬁ = {(a’ {a’})}77 = {(a7 0) (av {a})}

Kleisli's composition table:

R QIR
WR|®

R0

The singleton map 3 is the unit w.r.t. Kleisli's composition.
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0=0xux),@x= {(a,0)},8 = {(a,{a})},y = {(a,0), (a,{a})}

Peleg liftings of these relations:

0. ={(0,0)}

Qe = {((b’ @)’ ({a}a (Z))}

Bs = {((Z)a m)a ({CL}, {a})}

Y = {((ba 0)7 ({a}v (0)7 ({a}7 {a})}

Peleg’'s composition table:

* |0 a B 7«
0|0 O O O
ala a a o
B0 a B ~
Yyl o vy

The singleton map 3 is the unit w.r.t. Peleg's composition.‘
[Furusawa, Struth, CoRR, 2014]
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0=0xux),@x= {(a,0)},8 = {(a,{a})},y = {(a,0), (a,{a})}

Parikh lifting of these relations:
0, = {(0,0),(0,{a})}
a, = {(0,0),(0,{a}), ({a},0)}
Bo = {(wa 0)9 (07 {a})9 ({a’}a {a})}

Yo = Vp(X)p(x)

Parikh's composition table:

010 a B ~
0|0 0 0 O
oy 9 79
B0 o B v
Y7 Y

So, 3 is the left unit and there is no right unit.
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If we consider up-closed multirelations

0 =0xpx); @ = {(a,0)}.8 = {(a,{a})},7 = {(a,0), (a, {a})}

Parikh's composition table:

2 ®o¢
2 O oo
2 o
22 O

The membership relation 3 is the unit w.r.t. Parikh's compositon.
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Conclusion

@ We formalized 3 kinds of compositions of multirelations in
relational calculi.

@ We showed that each of the following subclasses of
multirelations forms a category with each composition.

subclass composition the unit
mappings a o (Kleisli) | the singleton map
J: X = p(Y) {(a;{a}) | a € X}
union-closed a x 3 (Peleg) | the singleton map
multirelations {(a,{a}) | a € X}
up-closed a o 3 (Parikh) | the membership rel.
multirelations {(a,A) | a € A}

Norihiro Tsumagari Relational Formalisations of Compositions and Liftings of Multire



Conclusion

@ We formalized 3 kinds of compositions of multirelations in
relational calculi.

@ We showed that each of the following subclasses of
multirelations forms a category with each composition.

subclass composition the unit
mappings a o (Kleisli) | the singleton map
J: X = p(Y) {(a;{a}) | a € X}
union-closed a x 3 (Peleg) | the singleton map
multirelations {(a,{a}) | a € X}
up-closed a o 3 (Parikh) | the membership rel.
multirelations {(a,A) | a € A}

Thank you for your attention!
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