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1. The following equality

f · length = L [zero , (2+) · ⇡2] M

holds for f = (2⇤) or f = (2+)? Use the cata-fusion law to justify, by calculation, your answer.

2. Consider the following inventory of four types of trees:

(a) Trees with data in their leaves :

T = LTree A

⇢
F X = A+X2

F f = id+ f
2 in = [Leaf ,Fork ]

Haskell: data LTree a = Leaf a | Fork (LTree a, LTree a)

(b) Trees whose data of type A are stored in their nodes:

T = BTree A

⇢
F X = 1 + A⇥X2

F f = id+ id⇥ f
2 in = [Empty ,Node]

Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(c) Full trees — data in both leaves and nodes:

T = FTree B A

⇢
F X = B + A⇥X2

F f = id+ id⇥ f
2 in = [Unit ,Comp]

Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))

(d) Expression trees:

T = Expr V O

⇢
F X = V +O ⇥X⇤

F f = id+ id⇥map f
in = [Var ,Term]

Haskell: data Expr v o = Var v | Term (o, [Expr v o ])

Define the “gene” g for each of the following catamorphisms by drawing, for each case, the corres-
ponding diagram:

• maximum = L g M — returns the largest leaf of a tree of type (2a).

• inorder = L g M — performs a traversal of a type tree (2b).

• mirror = L g M — mirrors a tree of type (2b), i.e., rotates it 180o.

• rep a = L g M — replaces all leaves of a tree of type (2a) by the same value a 2 A.

• convert = L g M — converts trees of type (2c) into trees of type (2b) eliminating the Bs that can
be found in the first.

• vars = L g M — lists the variables of an expression tree of type (2d).
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where length, sum and map they are list-catamorphisms you know. (Remember that the basic bi-
functor for lists is B (f , g) = id+ f ⇥ g , yielding F f = B (id, f ) = id+ id⇥ f .)

3. The generic diagram of a catamorphism with gene g over the parametric type T X ⇠= B (X,T X)
with base B, as well as its universal property, are represented below:

T X

L g M
✏✏

B (X,T X)

B (id,L g M)=F L g M
✏✏

in
oo

B B (X,B)g
oo

k = L g M ⌘ k · in = g · B (id, k)| {z }
F k

Next, a review of the inventory of inductive types of question 6 of the previous exercise sheet is
given, now using its base-functors:

(a) Trees with data in their leaves :

T = LTree A

⇢
B (X,Y ) = X + Y 2

B (g , f ) = g + f
2 in = [Leaf ,Fork ]

Haskell: data LTree a = Leaf a | Fork (LTree a, LTree a)

(b) Trees whose data of type A are stored in their nodes:

T = BTree A

⇢
B (X,Y ) = 1 +X ⇥ Y 2

B (g , f ) = id+ g ⇥ f
2 in = [Empty ,Node]

Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(c) Full trees — data in both leaves and nodes:

T = FTree B A

⇢
B (Z , X, Y ) = Z +X ⇥ Y 2

B (h, g , f ) = h + g ⇥ f
2 in = [Unit ,Comp]

Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))

(d) Expression trees:

T = Expr V O

⇢
B (Z , X, Y ) = Z +X ⇥ Y ⇤

B (h, g , f ) = h + g ⇥map f
in = [Var ,Term]

Haskell: data Expr v o = Var v | Term (o, [Expr v o ])

Starting from the generic definition of map associated with the type T,

T f = L in · B (f , id) M

derive fmap f = T f for T :=BTree, delivering the result in Haskell without pointfree combinators.
(Note that we always have F k = B (id, k).)

4. Let catamorphism

depth = L [one , succ · umax ] M

be given, which gives the depth of trees of type LTree, where umax (a, b) = max a b. Show,
by cata-absorption, that the depth of a tree t is not changed when you apply a function f to all its
leaves:

depth · LTree f = depth (F5)
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Abreviatura:

F k “ B pid, kq
The following diagram pictures this property of catamorphisms:

A

f

✏✏

TA

Tf

✏✏

BpA,TAqinAoo

Bpid,Tfq
✏✏

C TC

L g M

✏✏

BpC,TCq
inC

oo

Bpid,L g Mq
✏✏

BpA,TCq
Bpf,idq

oo

Bpid,L g Mq
✏✏

D BpC,Dqg
oo BpA,Dq

Bpf,idq
oo

L g M ¨ Tf “ L g ¨ B pf , idq M

Rose A
out --

– A ˆ pRose Aq˚

in

kk

A ˆ Y ˚

X ˆ Y ˚

B pX ,Y q “ X ˆ Y ˚

B pf , gq “ f ˆ g˚

f >< map g

‘Chasing’ the base functor
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A

g
))

rpgqs
✏✏

F A
F rpgqs
✏✏

T
out

))

L f M
✏✏

– F T
in

hh

F L f M
✏✏

B F B
f

hh

L M ¨ rp qs

A

g
,,

rpgqs
✏✏

B pX ,Aq
B pid,rpgqsq
✏✏

T X
out

--

L f M
✏✏

– B pX ,T X q
in

jj

B pid,L f Mq
✏✏

C B pX ,C q
f

jj
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QUICKSORT

h : x

h x1 x2

h qSort x1 qSort x2

qSort x1 `̀ rh s `̀ qSort x2
C (conquer )

B

A (divide)

ph, px1, x2qq
A

˚ divide
// 1 ` A ˆ pA˚ ˆ A

˚q

B pX ,Y q “ 1 ` X ˆ pY ˆ Y q

"
qSort ¨ nil “ nil
qSort ¨ cons “ f2 ¨ pid ˆ pqSort ˆ qSortqq ¨ g2

g2 ph, x q “ ph, px1, x2qq
where
x1 “ ra | a – x , a † h s
x2 “ ra | a – x , a • h s

f2 ph, py1, y2qq “ y1 `̀ rh s `̀ y2

"
qSort ¨ nil “ nil
qSort ¨ cons “ f2 ¨ pid ˆ pqSort ˆ qSortqq ¨ g2

” t fusão-`, absorção-`, eq-` etc u
qSort ¨ in “ rnil, f2s ¨ pid ` id ˆ qSort

2q ¨ pid ` g2q
” t isomorfismo in { out u
qSort “ rnil, f2sloomoon

conquer

¨pid ` id ˆ qSort
2

loooooooomoooooooon
B pid,qSortq

¨ pid ` g2q ¨ outlooooooomooooooon
divide

divide : A˚ Ñ 1 ` A ˆ pA˚ ˆ A
˚q

divide “ pid ` g2q ¨ out
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Prove (3.77) knowing that

length · (a:) = succ · length

follows from the definition of length. (NB: assume zero = 0 and one = 1.)
2

Exercise 3.12. Function concat, extracted from Haskell’s Prelude, can be defined
as list catamorphism,

concat = (|[nil , conc]|) (3.78)

where conc (x, y) = x ++ y, nil = [ ], B (f , g) = id + f ⇥ g, F f = B (id, f ), and
T f = map f . Prove property

length · concat = sum ·map length (3.79)

resorting to cata-fusion and cata-absorption.
2

3.14 A C ATA L O G U E O F S TA N D A R D P O LY N O M I A L I N D U C T I V E

T Y P E S

The following table contains a collection of standard polynomial in-
ductive types and associated base type bi-functors, which are in canon-
ical form (3.63). The table contains two extra columns which may be
used as bookmarks for equations (3.74) and (3.75), respectively 14:

Description T X B (X, Y) B (id, f ) B ( f , id)
“Right” Lists List X 1 + X ⇥ Y id + id ⇥ f id + f ⇥ id
“Left” Lists LList X 1 + Y ⇥ X id + f ⇥ id id + id ⇥ f
Non-empty Lists NList X X + X ⇥ Y id + id ⇥ f f + f ⇥ id
Binary Trees BTree X 1 + X ⇥ Y2 id + id ⇥ f 2 id + f ⇥ id
“Leaf” Trees LTree X X + Y2 id + f 2 f + id

(3.80)

All type functors T in this table are unary. In general, one may think
of inductive datatypes which exhibit more than one type parameter.
Should n parameters be identified in T, then this will be based on an
n + 1-ary base functor B, cf.

T(X1, . . . , Xn) ⇠= B(X1, . . . , Xn,T(X1, . . . , Xn))

So, every n + 1-ary polynomial functor B(X1, . . . , Xn, Xn+1) can be
identified as the basis of an inductive n-ary type functor (the con-
vention is to stick to the canonical form and reserve the last variable
Xn+1 for the “recursive call”). While type bi-functors (n = 2) are often
found in programming, the situation in which n > 2 is relatively rare.

14 Since (idA)
2 = id(A2) one writes id2 for id in this table.
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Prove (3.77) knowing that

length · (a:) = succ · length

follows from the definition of length. (NB: assume zero = 0 and one = 1.)
2

Exercise 3.12. Function concat, extracted from Haskell’s Prelude, can be defined
as list catamorphism,

concat = (|[nil , conc]|) (3.78)

where conc (x, y) = x ++ y, nil = [ ], B (f , g) = id + f ⇥ g, F f = B (id, f ), and
T f = map f . Prove property

length · concat = sum ·map length (3.79)

resorting to cata-fusion and cata-absorption.
2

3.14 A C ATA L O G U E O F S TA N D A R D P O LY N O M I A L I N D U C T I V E

T Y P E S

The following table contains a collection of standard polynomial in-
ductive types and associated base type bi-functors, which are in canon-
ical form (3.63). The table contains two extra columns which may be
used as bookmarks for equations (3.74) and (3.75), respectively 14:

Description T X B (X, Y) B (id, f ) B ( f , id)
“Right” Lists List X 1 + X ⇥ Y id + id ⇥ f id + f ⇥ id
“Left” Lists LList X 1 + Y ⇥ X id + f ⇥ id id + id ⇥ f
Non-empty Lists NList X X + X ⇥ Y id + id ⇥ f f + f ⇥ id
Binary Trees BTree X 1 + X ⇥ Y2 id + id ⇥ f 2 id + f ⇥ id
“Leaf” Trees LTree X X + Y2 id + f 2 f + id

(3.80)

All type functors T in this table are unary. In general, one may think
of inductive datatypes which exhibit more than one type parameter.
Should n parameters be identified in T, then this will be based on an
n + 1-ary base functor B, cf.

T(X1, . . . , Xn) ⇠= B(X1, . . . , Xn,T(X1, . . . , Xn))

So, every n + 1-ary polynomial functor B(X1, . . . , Xn, Xn+1) can be
identified as the basis of an inductive n-ary type functor (the con-
vention is to stick to the canonical form and reserve the last variable
Xn+1 for the “recursive call”). While type bi-functors (n = 2) are often
found in programming, the situation in which n > 2 is relatively rare.

14 Since (idA)
2 = id(A2) one writes id2 for id in this table.
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divide : A˚ ˆ A
˚ Ñ A

˚ ` A ˆ pA˚ ˆ A
˚q

divide : A˚ ˆ A
˚ Ñ B pA˚,A, pA˚ ˆ A

˚qq
B pZ ,X ,Y q “ Z ` X ˆ Y

T pZ ,X q – B pZ ,X ,T pZ ,X qq
T pZ ,X q – Z ` X ˆ T pZ ,X q

data SList x z “ Stl z | Cons x pSList x z q deriving Show

B px , z , yq “ z ` x ˆ y

y
‹ “ B pid, id, yq

inS “ rStl , zConss
outS pStl bq “ i1 b; outS pCons a x q “ i2 pa, x q
cataS f “ f ¨ cataS f

‹ ¨ outS
anaS g “ inS ¨ anaS g

‹ ¨ g
hyloS f g “ cataS f ¨ anaS g

px , yq “ pr1, 3, 5, 6s, r2, 4, 7, 8sq
merge “ hyloS rid, conss mdiv

Insertion sort

x l

x l2
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l

x l2
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B

A (divide)

MERGESORT

Particular case:
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T pZ ,X q – B pZ ,X ,T pZ ,X qq
T pZ ,X q – Z ` X ˆ T pZ ,X q
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y
‹ “ B pid, id, yq

inS “ rStl , zConss
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Lei de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrid, gss “ rpgqs
rrf , idss “ L f M

iSort “ L rnil, zinserts M

Lei de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrid, gss “ rpgqs
rrf , idss “ L f M

iSort “ L rnil, zinserts M

Lei de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrid, gss “ rpgqs
rrf , idss “ L f M



ALGORITHM CLASSIFICATION
iSort “ L rnil, zinserts M

Lei de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrid, gss “ rpgqs
rrf , idss “ L f M

1

v

Singleton Equal-size
Easy Split/Hard Join Insertion Sort Merge Sort

Hard Split/Easy Join Selection Sort Quick Sort

A
˚

divide
,,

rpdivideqs
✏✏

B pA,A˚q
B pid,rpdivideqsq
✏✏

BTree A
out

--

L conquer M
✏✏

– B pA,BTree Aq
in

kk

B pid,L conquer Mq
✏✏

A
˚ B pA,A˚q

conquer

jj

Mergesort

merge pmSort l1 q pmSort l2 q

mSort l1 mSort l2

l1 l2

l

C (“conquer”)

B

A (“divide”)

C T
L M

oo A
rp qs

oo

NB:
‘Split’ = divide
‘Join’ = conquer



More on ‘DIVIDE & CONQUER’
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F L f M
✏✏

B F B
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hh



More on ‘DIVIDE & CONQUER’
 

qSort “ rnil, f sloomoon
inorder

¨ id ` id ˆ qSort
2

loooooooomoooooooon
B pid,qSortq

¨ pid ` g2q ¨ outlooooooomooooooon
qsep

where
f ph, py1, y2qq “ y1 `̀ rh s `̀ y2
g2 ph, x q “ ph, px1, x2qq where
x1 “ ra | a – x , a † h s
x2 “ ra | a – x , a • h s

divide : A˚ Ñ 1 ` A ˆ pA˚ ˆ A
˚q

divide “ pid ` g2q ¨ out

A
˚

divide
,,

rpdivideqs
✏✏

B pA,A˚q
B pid,rpdivideqsq
✏✏

BTree A
out

--

L conquer M
✏✏

– B pA,BTree Aq
in

kk

B pid,L conquer Mq
✏✏

A
˚ B pA,A˚q

conquer

jj

C T
L M

oo A
rp qs

oo

C T
L conquer M

oo A
rpdivideqs

oo



More on ‘DIVIDE & CONQUER’ 

QUESTION:
In algorithm 
analysis, how do 
we find divide and 
conquer?



Example (FIBONACCI)

iSort “ L rnil, zinserts M

Leis de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrin, gss “ rpgqs
rrf , outss “ L f M

Selection sort (m “ minimum l ):

l

m l2 “ delete m l

m sSort l2

m : sSort l2

C (conquer )

B

A (divide)

sSort “ rpdivideqs

fib 0 “ 1
fib 1 “ 1
fib pn ` 2q “ fib pn ` 1q ` fib n

in “ r0, succs

divide 0 “ 1
divide 1 “ 1
divide pn ` 2q “ . . . pn ` 1q . . . n

divide 0 “ i1 1
divide 1 “ i1 1
divide pn ` 2q “ i2 pn ` 1, nq

iSort “ L rnil, zinserts M
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rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrin, gss “ rpgqs
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B

A (divide)

sSort “ rpdivideqs
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fib 1 “ 1
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divide 0 “ 1
divide 1 “ 1
divide pn ` 2q “ . . . pn ` 1q . . . n
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divide 1 “ i1 1
divide pn ` 2q “ i2 pn ` 1, nq
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(practical rule)
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B pX ,Y q “ X ` Y

2

T “ LTree N0

divide : N0 Ñ N0 ` N0
2

conquer : N0 ` N0
2 Ñ N0

conquer “ rid, adds
fib 5 “ 8

rpdivideqs 5 “

B pX ,Y q “ X ` Y
2

T “ LTree N0

divide : N0 Ñ N0 ` N0
2

conquer : N0 ` N0
2 Ñ N0

conquer “ rid, adds
fib 5 “ 8

rpdivideqs 5 “

B pX ,Y q “ X ` Y
2

T “ LTree N0

divide : N0 Ñ N0 ` N0
2

conquer : N0 ` N0
2 Ñ N0

conquer “ rid, adds



FIBONACCI
B pX ,Y q “ X ` Y

2

T “ LTree N0
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conquer : N0 ` N0
2 Ñ N0
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Pesquisa binária

T pA ˆ Bq out
//

look a

✏✏

1 ` pA ˆ Bq ˆ pT pA ˆ Bqq2

ri 1
¨i

1
,t
r
y
a

s

// p1 ` Bq ` T pA ˆ Bq
id`look a

✏✏

1 ` B p1 ` Bq ` p1 ` Bq
rid,ids

mm

try a ppa 1, b 1q, pl , rqq
| a “ a

1 “ i1 pi2 b 1q
| a † a

1 “ i2 l
| a ° a

1 “ i2 r

while : pA Ñ Bq Ñ pA Ñ Aq Ñ A Ñ A

while a b x “
if a x

then while a b pb x q
else x

while :: pA Ñ Bq Ñ pA Ñ Aq Ñ pA Ñ C q Ñ A Ñ C

while a b c x “
if a x

then while a b c pb x q
else c x

A
p aq?

//

while a b c
✏✏

A ` A
c`b

//C ` A

id`while a b c
✏✏

C C ` Crid,ids
oo

A

tailr g
✏✏

g
//C ` A

id`tailr g
✏✏

C C ` Crid,ids
oo

Pesquisa binária

N0 ˆ N0

tailr g

✏✏

g
// B ` N0 ˆ N0

id`tailr g

✏✏

B B ` Brid,ids
oo
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‘While loop’

T pA ˆ Bq out
//

look a
✏✏

1 ` pA ˆ Bq ˆ pT pA ˆ Bqq2

ri 1
¨i

1
,d
ec
id
e
a

s

// p1 ` Bq ` T pA ˆ Bq
id`look a
✏✏

1 ` B p1 ` Bq ` p1 ` Bq
rid,ids

mm

decide a ppa 1, b 1q, pl , rqq
| a “ a

1 “ i1 pi2 b 1q
| a † a

1 “ i2 l
| a ° a

1 “ i2 r

while : pA Ñ Bq Ñ pA Ñ Aq Ñ A Ñ A

while a b x “
if a x

then while a b pb x q
else x

tailr = hyloXNat codiag

while p f = while2 p f id

while2 :: (t -> Bool) -> (t -> t) -> (t -> p) -> t -> p
--while p f g x = if p x then g x else while p f g (f x)
while2 p f g = tailr ((g -|- f) . grd (not . p))

repeat2 f p g = (while2 p f g) . f



‘While loop’

T pA ˆ Bq out
//

look a
✏✏

1 ` pA ˆ Bq ˆ pT pA ˆ Bqq2

ri 1
¨i

1
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ec
id
e
a

s

// p1 ` Bq ` T pA ˆ Bq
id`look a
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1 ` B p1 ` Bq ` p1 ` Bq
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mm

decide a ppa 1, b 1q, pl , rqq
| a “ a

1 “ i1 pi2 b 1q
| a † a

1 “ i2 l
| a ° a

1 “ i2 r

while : pA Ñ Bq Ñ pA Ñ Aq Ñ A Ñ A

while a b x “
if a x

then while a b pb x q
else x

while :: pA Ñ Bq Ñ pA Ñ Aq Ñ pA Ñ C q Ñ A Ñ C

while a b c x “
if a x

then while a b c pb x q
else c x
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“Periodic table”
B pX ,Y q 1 ` Y X ` Y 1 ` X ˆ Y Z ` X ˆ Y X ` Y

2 1 ` X ˆ Y
2

A C T X N0 XNat X X
˚ SList X Z LTree X BTree X

N0 N0 Factorial fac dfac

N0 N0 Misc. em N0 pn˚q,pn`q, n
etc sq dsq , fib

N0 N0
˚

Séries odds, evens

N0 ˆ X
˚

X
˚

Selecção udrop utake

R R Raiz quadrada
?

✏

X
˚

X
˚

Filtragem filter p filter p

X
˚

X
˚

Ordenação bSort iSort , sSort mSort qSort

X
˚

X
˚˚

Grupos chunksOf n

X
˚ ˆ X

˚
X

˚
Junção merge, uconc

X ˆ X
˚

X
˚

Inserção insert

B ˆ N0 pN0 ˆ Bq˚
Puzzles hanoi

BTree pX ,Y q 1 ` Y Look-up lookup x

T pX ,Y q 1 ` Y Look-up lookup x

T X T X Inversão reverse mirror mirror

T X N0 Cardinalidades length count count

T X N0 Profundidades depth depth

T X X
˚

Travessias tips inordt , preordt , posordt

T X X
˚˚

Caminhos prefixes, sufixes traces

T pT X q T X ’Multiplicação’ µ µ
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Prove (3.77) knowing that

length · (a:) = succ · length

follows from the definition of length. (NB: assume zero = 0 and one = 1.)
2

Exercise 3.12. Function concat, extracted from Haskell’s Prelude, can be defined
as list catamorphism,

concat = (|[nil , conc]|) (3.78)

where conc (x, y) = x ++ y, nil = [ ], B (f , g) = id + f ⇥ g, F f = B (id, f ), and
T f = map f . Prove property

length · concat = sum ·map length (3.79)

resorting to cata-fusion and cata-absorption.
2

3.14 A C ATA L O G U E O F S TA N D A R D P O LY N O M I A L I N D U C T I V E

T Y P E S

The following table contains a collection of standard polynomial in-
ductive types and associated base type bi-functors, which are in canon-
ical form (3.63). The table contains two extra columns which may be
used as bookmarks for equations (3.74) and (3.75), respectively 14:

Description T X B (X, Y) B (id, f ) B ( f , id)
“Right” Lists List X 1 + X ⇥ Y id + id ⇥ f id + f ⇥ id
“Left” Lists LList X 1 + Y ⇥ X id + f ⇥ id id + id ⇥ f
Non-empty Lists NList X X + X ⇥ Y id + id ⇥ f f + f ⇥ id
Binary Trees BTree X 1 + X ⇥ Y2 id + id ⇥ f 2 id + f ⇥ id
“Leaf” Trees LTree X X + Y2 id + f 2 f + id

(3.80)

All type functors T in this table are unary. In general, one may think
of inductive datatypes which exhibit more than one type parameter.
Should n parameters be identified in T, then this will be based on an
n + 1-ary base functor B, cf.

T(X1, . . . , Xn) ⇠= B(X1, . . . , Xn,T(X1, . . . , Xn))

So, every n + 1-ary polynomial functor B(X1, . . . , Xn, Xn+1) can be
identified as the basis of an inductive n-ary type functor (the con-
vention is to stick to the canonical form and reserve the last variable
Xn+1 for the “recursive call”). While type bi-functors (n = 2) are often
found in programming, the situation in which n > 2 is relatively rare.

14 Since (idA)
2 = id(A2) one writes id2 for id in this table.
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and then define the “extended” version of head:

exthead :: [a ] ! ExtVal a
exthead [ ] = Error
exthead x = Ok (head x)

Note that ExtVal is a parametric type which extends an arbitrary data
type a with its (polymorphic) exception (or error value). It turns out
that, in HASKELL, ExtVal is redundant because such a parametric type
already exists and is called Maybe:

data Maybe a = Nothing | Just a

Clearly, the isomorphisms hold:

ExtVal A ⇠= Maybe A ⇠= 1 + A

So, we might have written the more standard code

exthead :: [a ] ! Maybe a
exthead [ ] = Nothing
exthead x = Just (head x)

In abstract terms, both alternatives coincide, since one may regard as
partial every function of type

1 + A B
g

oo

for some A and B 1.

4.2 P U T T I N G PA R T I A L F U N C T I O N S T O G E T H E R

Do partial functions compose? Their types won’t match in general:

1 + B A
g
oo

1 + C B
f

oo

Clearly, we have to extend f — which is itself a partial function — to
some f 0 able to accept arguments from 1 + B:

1

...

⇤⇤

i1
✏✏

1 + B

f 0
zz

A
g
oo

1 + C B

i2

OO

f
oo

1 In conventional programming, every function delivering a pointer as result — as in
e.g. the C programming language — can be regarded as one of these functions.
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The most “obvious” instance of the ellipsis (. . .) in the diagram above
is i1 and this corresponds to what is called strict composition: an excep-
tion produced by the producer function g is propagated to the output
of the consumer function f . We define:

f • g def
= [i1 , f ] · g (4.1)

Expressed in terms of Maybe, composite function f • g works as fol-
lows:

( f • g)a = f 0(g a)

where

f 0 Nothing = Nothing
f 0 (Just b) = f b

Altogether, we have the following Haskell pointwise expression for
f • g:

la ! f 0 (g a) where

f 0 Nothing = Nothing
f 0 (Just b) = f b

Note that the adopted extension of f can be decomposed — by re-
verse +-absorption (2.43) — into

f 0 = [i1 , id] · (id + f )

as displayed in diagram

1 + (1 + C)

[i1 ,id]
✏✏

1 + B
id+ f
oo A

g
oo

1 + C B
f

oo

All in all, we have the following version of (4.1):

f • g def
= [i1 , id] · (id + f ) · g

Does this functional composition scheme have a unit, that is, is there
a function u such that

f • u = f = u • f (4.2)

holds? Clearly, if it exists, it must bear type 1 + A Au
oo . 1 + A Ai2

oo

has the same type, so u = i2 is a very likely solution. Let us check it:

f • u = f = u • f

⌘ { substitutions }

[i1 , f ] · i2 = f = [i1 , i2] · f

⌘ { by +-cancellation (2.40) and +-reflection (2.41) }

f = f = id · f

⌘ { trivial }
true
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8cons

oo

A xid,idy
//

repeat

OO

A ˆ A

idˆrepeat

OO

é a função:

repeat a “ a : repeat a

Maybe B

out“in˝
++– 1 ` B

in“rNothing ,Justs
ll

h “ hyloSList pf ¨ gq out where
f “ id ˆ in
g “ rf1 , f2s
f2 pt , pa, tsqq “ pa, i2 pt , tsqq
f1 a “ pa, i1 pqq

A
in¨f

ss

f
✏✏

Maybe B – 1 ` B

in“rNothing ,Justs
ll

B
˚

A
singl¨f

oo

B‹ A
g
oo

C‹ B
f
oo

B‹ A
g
oo

C‹ B
f
oo

h “ hyloSList pf ¨ gq out where
f “ id ˆ in
g “ rf1 , f2s
f2 pt , pa, tsqq “ pa, i2 pt , tsqq
f1 a “ pa, i1 pqq

A
in¨f

ss

f
✏✏

Maybe B – 1 ` B

in“rNothing ,Justs
ll

B
˚

A
singl¨f

oo

B‹ A
g
oo

C‹ B
f
oo

B‹ A
g
oo

C‹ B
f
oo

Triângulo de Bell:

import N0

g 0 “ rr1ss
g pn ` 1q “ h pg nq
h x “ x `̀ rf m p0 : lqs where

l “ last x

m “ last l

f n r s “ r s
f n pa : x q “ pn ` aq : f pn ` aq x

out Nothing “ i1 pq
out pJust aq “ i2 a

g : A Ñ Maybe B



Composing ‘Maybe functions’
g : A Ñ Maybe B

data Maybe a “ Nothing | Just a f : B Ñ Maybe C

Maybe B A
g
oo

Maybe C B
f

oo



Composing ‘Maybe functions’

MONADS

data Maybe a “ Nothing | Just a
out Nothing “ i1 pq
out pJust aq “ i2 a

g : A Ñ Maybe B

data Maybe a “ Nothing | Just a f : B Ñ Maybe C

Maybe B A
g
oo

Maybe C B
f

oo

1 ` p1 ` C q
ri1 ,ids

✏✏

1 ` B
id`out¨f

oo Maybe Boutoo A

f ‚g
nn

g
oo

1 ` C

in
✏✏

Maybe Coutoo B
f

oo

Maybe C

f ‚ g “ in ¨ ri1 , out ¨ f s ¨ out ¨ g
” t fusão-` e in ¨ out “ id u
f ‚ g “ rin ¨ i1 , f s ¨ out ¨ g

” t introdução da variável a u
pf ‚ gq a “ rin ¨ i1 , f s pout pg aqq

” t definição de out u
pf ‚ gq a “ if g a “ Nothing then rin ¨ i1 , f s pi1 pqq else rin ¨ i1 , f s pi2 aq

” t cancelamento-` e simplificação u
pf ‚ gq a “ if g a “ Nothing then Nothing else f a

l



Composing ‘Maybe functions’

data Maybe a “ Nothing | Just a f : B Ñ Maybe C

Maybe B A
g
oo

Maybe C B
f

oo

1 ` p1 ` C q
ri1 ,ids

✏✏

1 ` B
id`out¨f

oo Maybe B
out
oo A

f ‚g
nn

g
oo

1 ` C

in
✏✏

Maybe C
out

oo B
f

oo

Maybe C

f ‚ g “ in ¨ ri1 , out ¨ f s ¨ out ¨ g
” t fusão-` e in ¨ out “ id u
f ‚ g “ rin ¨ i1 , f s ¨ out ¨ g

” t introdução da variável a u
pf ‚ gq a “ rin ¨ i1 , f s pout pg aqq

” t definição de out u
pf ‚ gq a “ if g a “ Nothing then rin ¨ i1 , f s pi1 pqq else rin ¨ i1 , f s pi2 pg aqq

” t cancelamento-` e simplificação u
pf ‚ gq a “ if g a “ Nothing then Nothing else f pg aq

E ` B A
g
oo

E ` B A
i2¨f

oo

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo



Error messages

A

tailr g
✏✏

g
//B pC ,Aq

B pid,tailr gq
✏✏

C B pC ,C qrid,ids
oo

T X – B pX ,T X q “ X ` pT X q

A

tailr g

""

g
++

rpgqs
✏✏

C ` A

id`rpgqs
✏✏

id`tailr g

}}

T C

L rid,ids M
✏✏

out“in˝
,,– C ` T C

in

kk

id`L rid,ids M
✏✏

C C ` C

rid,ids
kk

Função codiagonal: codiag “ rid, ids

Função diagonal: diag “ xid, idy

A
8

A ˆ A
8cons

oo

A xid,idy
//

repeat

OO

A ˆ A

idˆrepeat

OO

é a função:

repeat a “ a : repeat a

Maybe B

out“in˝
++– 1 ` B

in“rNothing ,Justs
ll

1 ` B A
g
oo

B A
f
oo

1 ` B A
i2¨f
oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

E ` B A
g
oo

E ` B A
i2¨f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

E ` B A
g
oo

E ` B A
i2¨f

oo



Handling error messages
Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

E ` B A
g
oo

E ` B A
i2¨f

oo





Square root 
“function”



'Undecided’ (“nondeterministic”) functions

A

tailr g
✏✏

g
//B pC ,Aq

B pid,tailr gq
✏✏

C B pC ,C qrid,ids
oo

T X – B pX ,T X q “ X ` pT X q

A

tailr g

""

g
++

rpgqs
✏✏

C ` A

id`rpgqs
✏✏

id`tailr g

}}

T C

L rid,ids M
✏✏

out“in˝
,,– C ` T C

in

kk

id`L rid,ids M
✏✏

C C ` C

rid,ids
kk

Função codiagonal: codiag “ rid, ids

Função diagonal: diag “ xid, idy

A
8

A ˆ A
8cons

oo

A xid,idy
//

repeat

OO

A ˆ A

idˆrepeat

OO

é a função:

repeat a “ a : repeat a

Maybe B

out“in˝
++– 1 ` B

in“rNothing ,Justs
ll

1 ` B A
g
oo

B A
f
oo

1 ` B A
i2¨f
oo

h “ hyloSList pf ¨ gq out where
f “ id ˆ in
g “ rf1 , f2s
f2 pt , pa, tsqq “ pa, i2 pt , tsqq
f1 a “ pa, i1 pqq

B‹ A
g
oo

C‹ B
f
oo

B‹ A
g
oo

C‹ B
f
oo

h “ hyloSList pf ¨ gq out where
f “ id ˆ in
g “ rf1 , f2s
f2 pt , pa, tsqq “ pa, i2 pt , tsqq
f1 a “ pa, i1 pqq

B
˚

A
singl¨f

oo

B‹ A
g
oo

C‹ B
f
oo

B‹ A
g
oo

C‹ B
f
oo



Composing 'undecided' functions

4.3 L I S T S 112

So f • u = f = u • f for u = i2.

Exercise 4.1. Prove that property

f • (g • h) = ( f • g) • h

holds, for f • g defined by (4.1).
2

4.3 L I S T S

In contrast to partial functions, which may produce no output, let us
now consider functions which may deliver too many outputs, for in-
stance, lists of output values:

B? A
g
oo

C? B
f

oo

Functions f and g do not compose but, once again, one can think of
extending the consumer function ( f ) by mapping it along the output
of the producer function (g):

(C?)? B?f ?
oo

C? B
f

oo

To complete the process, one has to flatten the nested-sequence out-
put in (C?)? via the obvious list-catamorphism C? (C?)?concat

oo ,
recall concat = L [[ ] , conc] M where conc (x, y) = x ++ y. In summary:

f • g def
= concat · f ? · g (4.3)

as captured in the following diagram:

(C?)?

concat
✏✏

B?f ?
oo A

g
oo

C? B
f

oo

Exercise 4.2. Show that singl (recall exercise 3.14) is the unit u of • as defined by
(4.3) above.
2



Composing 'undecided' functions

4.3 L I S T S 112

So f • u = f = u • f for u = i2.

Exercise 4.1. Prove that property

f • (g • h) = ( f • g) • h

holds, for f • g defined by (4.1).
2

4.3 L I S T S

In contrast to partial functions, which may produce no output, let us
now consider functions which may deliver too many outputs, for in-
stance, lists of output values:

B? A
g
oo

C? B
f

oo

Functions f and g do not compose but, once again, one can think of
extending the consumer function ( f ) by mapping it along the output
of the producer function (g):

(C?)? B?f ?
oo

C? B
f

oo

To complete the process, one has to flatten the nested-sequence out-
put in (C?)? via the obvious list-catamorphism C? (C?)?concat

oo ,
recall concat = L [[ ] , conc] M where conc (x, y) = x ++ y. In summary:

f • g def
= concat · f ? · g (4.3)

as captured in the following diagram:

(C?)?

concat
✏✏

B?f ?
oo A

g
oo

C? B
f

oo

Exercise 4.2. Show that singl (recall exercise 3.14) is the unit u of • as defined by
(4.3) above.
2



Composing 'undecided' functions

**** MONADS

Maybe B

out“in˝
++– 1 ` B

in“rNothing ,Justs
ll

1 ` B A
g
oo

B A
f
oo

1 ` B A
i2¨f
oo

h “ hyloSList pf ¨ gq out where
f “ id ˆ in
g “ rf1 , f2s
f2 pt , pa, tsqq “ pa, i2 pt , tsqq
f1 a “ pa, i1 pqq

A
in¨f

ss

f
✏✏

Maybe B – 1 ` B

in“rNothing ,Justs
ll

B
‹

A
singl¨f

oo

B‹ A
g
oo

C‹ B
f
oo

List monad:

pC ‹q‹

concat
✏✏

B‹f ‹
oo A

g
oo

f ‚g
gg

C‹ B
f

oo



Composing 'undecided' functions

**** MONADS

Maybe B

out“in˝
++– 1 ` B

in“rNothing ,Justs
ll

1 ` B A
g
oo

B A
f
oo

1 ` B A
i2¨f
oo

h “ hyloSList pf ¨ gq out where
f “ id ˆ in
g “ rf1 , f2s
f2 pt , pa, tsqq “ pa, i2 pt , tsqq
f1 a “ pa, i1 pqq

A
in¨f

ss

f
✏✏

Maybe B – 1 ` B

in“rNothing ,Justs
ll

B
‹

A
singl¨f

oo

B‹ A
g
oo

C‹ B
f
oo

List monad:

pC ‹q‹

concat
✏✏

B‹f ‹
oo A

g
oo

f ‚g
gg

C‹ B
f

oo

f ‚ g “ con
cat

¨ f‹ ¨ g

dat
a May

be
a “ Not

hing
| Just

a

out
Not

hing
“ i1 pq

out
pJust

aq “ i2 a

g : A
Ñ May

be
B

dat
a May

be
a “ Not

hing
| Just

a f : B
Ñ May

be
C

May
be

B

Ag
oo

May
be

C

Bf
oo

1 ` p1 ` C q

ri1 ,id
s
✏✏

1 ` B

id`out
¨f

oo

May
be

B

out
oo

A

f ‚g

nn

g
oo

1 ` C

in
✏✏

May
be

C

out
oo

Bf
oo

May
be

C

f ‚ g “ in ¨ ri1, o
ut ¨ f s ¨ out

¨ g

”
t fusão-` e in ¨ out

“ id
u

f ‚ g “ rin ¨ i1, f
s ¨ out

¨ g

”
t introdução da variável a u

pf ‚ gq a “ rin ¨ i1, f
s pout pg aqq

”
t definição de out

u

pf ‚ gq a “ if g
a “ Not

hing
the

n rin ¨ i1, f
s pi1 pqq el

se rin ¨ i1, f
s pi2 pg aqq

”
t cancelamento-` e simplificação u

pf ‚ gq a “ if g
a “ Not

hing
the

n Not
hing

else
f pg aq

E
` B

Ag
oo

E
` B

A
i2¨f

oo



Composing functions that yield pairs

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(1)

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(2)



FUNCTORS so far

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

E ` B A
g
oo

E ` B A
i2¨f

oo



Similar structure

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)



MONAD

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo



MONAD

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

Unit Multiplication



MONAD

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

Monad = Functor + unit + multiplication



Cálculo de Programas
T12



Monad = “racing” 
functor

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo



MONAD

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

Monad = Functor + unit + multiplication



MONAD

Naturality

X
u
//

f

✏✏

T X

T f

✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y
u
// T Y T pT Y qµ

oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2

f

X
u
//

f

✏✏

T X

T f

✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y
u
// T Y T pT Y qµ

oo

LEAF TREES
u “ Leaf

X
u
// LTree X LTree2 X

µ
oo

T2
A

µ
✏✏

T A T2
Aµ

oo

T2
A

µ
✏✏

T A
u
oo

T A T2
Aµ

oo

“

$
’’’’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’’’’%

pointers

exceptions

pairs

distributions

I/O operations

...



Monadic composition

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)



Monadic composition

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

µ ¨ µ “ µ ¨ T
µ

T
2 A

µ
✏✏

T
3 A

µ
oo

T µ
✏✏

T A

T
2 A

µ
oo

T X

T
2 X

µ
oo

wh
er
e X

“ T A

T X

Xu
oo

wh
er
e X

“ T A

f
‚ u

“ f
“ u

‚ f

”
t definitio

n of f
‚ g ,

twice
u

µ ¨ T
f

¨ u “ f
“ µ ¨ T

u
¨ f

”
t natural-u

and µ
¨ T u “ id

u

µ ¨ u ¨ f “ f
“ id

¨ f

”
t µ ¨ u “ id

u

f
“ f

f
‚ g

“ µ ¨ T
f

¨ g

LTREE µ

LT
ree

pLT
ree

A
q

ou
t“in

˝
//

µ
✏✏

–
LT
ree

A
` pLT

ree
pLT

ree
A

qq
2

in“
rLea

f ,F
or
k s

mm

id`
µ
2

✏✏

LT
ree

A

LT
ree

A
` pLT

ree
A

q2

rid,
Fo
rk

s

ll

µ “ L rid,
Fo
rk

s M

LTREE monad

X

Le
af

// LT
ree

X

LT
ree

2 X

L rid,
Fo
rk

s M

oo

LTREE proof





Monad – natural properties

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f



Monad – multiplication…

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo



Monad – multiplication versus unit

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo

µ ¨ µ “ µ ¨ T µ

T2
A

µ
✏✏

T3
A

µ
oo

T µ
✏✏

T A T2
Aµ

oo

T X T2
X

µ
oo

where X “ T A

T X X
u
oo

where X “ T A

f ‚ u “ f “ u ‚ f

” t definição de f ‚ g , duas vezes u
µ ¨ T f ¨ u “ f “ µ ¨ T u ¨ f

” t natural-u e µ ¨ T u “ id u
µ ¨ u ¨ f “ f “ id ¨ f

” t µ ¨ u “ id u
f “ f

LTREE µ

LTree pLTree Aq
out“in˝

//

µ
✏✏

– LTree A ` pLTree pLTree Aqq2
in“rLeaf ,Fork s

mm

id`µ2

✏✏

LTree A LTree A ` pLTree Aq2
rid,Fork s

ll

µ “ L rid,Fork s M

LTREE monad

X
Leaf

// LTree X LTree2 X
L rid,Fork s M
oo

LTREE proof



Monad – multiplication versus unit

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo



Monad – multiplication versus unit

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo



Monad – multiplication versus unit

Naturality

X
u
//

f

✏✏

T X

T f

✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y
u
// T Y T pT Y qµ

oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2

f

X
u
//

f

✏✏

T X

T f

✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y
u
// T Y T pT Y qµ

oo

LEAF TREES

u “ Leaf

X
u
// LTree X LTree2 X

µ
oo

T2
A

µ
✏✏

T A T2
Aµ

oo

T2
A

µ
✏✏

T A
u
oo

T A T2
Aµ

oo

T2
A

µ
✏✏

T A
u
oo

T u
✏✏

id

{{

T A T2
Aµ

oo

T2
A

µ
✏✏

T A
u
oo

T u
✏✏id

{{

T A T2
Aµ

oo



Monad – multiplication versus unit

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

T
2 A

µ ✏✏

T A
u
oo T u

✏✏

id
{{

T A

T
2 A

µoo

µ ¨ u “ id
“ µ ¨ T u



Monad – multiplication versus multiplication

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo



Monad – multiplication versus multiplication

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A



Monad – multiplication versus multiplication

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A



Monad – multiplication versus multiplication

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A



Monad – multiplication versus multiplication

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

LEAF TREES

X u // LTree X LTree2 X
µ

oo

T2 A
µ
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏

T A T2 Aµ
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T
2 A

µ ✏✏

T A
u
oo T u

✏✏

id
{{

T A

T
2 A

µoo

T
2 A

µ ✏✏

T
3 A

µ
oo

T A

T
2 A

µoo

µ ¨ µ “ µ ¨ T µ

T
2 A

µ ✏✏

T
3 A

µ
oo T µ

✏✏

T A

T
2 A

µoo

T X

T
2 X

µ
oo

wh
ere

X
“ T A



Monad – laws of unit and multiplication

T
2 A

µ ✏✏

T A
u
oo T u

✏✏

id
{{

T A

T
2 A

µoo

T
2 A

µ ✏✏

T
3 A

µ
oo

T A

T
2 A

µoo

µ ¨ µ “ µ ¨ T µ

T
2 A

µ ✏✏

T
3 A

µ
oo T µ

✏✏

T A

T
2 A

µoo

T X

T
2 X

µ
oo

wh
ere

X
“ T A

T
2 A

µ ✏✏

T A
u
oo T u

✏✏

id
{{

T A

T
2 A

µoo

µ ¨ u “ id
“ µ ¨ T u

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo



Monad – unit of composition

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(3)

Naturality

X u //

f
✏✏

T X

T f
✏✏

T pT X q
T pT f q
✏✏

µ
oo

Y u // T Y T pT Y qµ
oo

T f ¨ u “ u ¨ f
T f ¨ µ “ µ ¨ T2 f

µ ¨ µ “ µ ¨ T µ

T2
A

µ
✏✏

T3
A

µ
oo

T µ
✏✏

T A T2
Aµ

oo

T X T2
X

µ
oo

where X “ T A

T X X
u
oo

where X “ T A

f ‚ u “ f “ u ‚ f

” t definition of f ‚ g , twice u
µ ¨ T f ¨ u “ f “ µ ¨ T u ¨ f

” t natural-u and µ ¨ T u “ id u
µ ¨ u ¨ f “ f “ id ¨ f

” t µ ¨ u “ id u
f “ f
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//

µ
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in“rLeaf ,Fork s
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Monad – unit of composition

RECURSIVIDADE MÚTUA

Fokkinga
⇢

f · in = h · F hf, gi
g · in = k · F hf, gi ⌘ hf, gi = (|hh, ki|) (53)

“Banana-split” h(|i|), (|j|)i = (|(i⇥ j) · hF⇡1,F⇡2i|) (54)

COINDUÇÃO

Universal-ana k = [(g)] , out · k = (F k) · g (55)

Cancelamento-ana out · [(g)] = F [(g)] · g (56)

Reflexão-ana [(out)] = idT (57)

Fusão-ana [(g)] · f = [(h)] ( g · f = (F f) · h (58)

Base-ana F f = B (id, f ) (59)

Def-map-ana T f = [(B(f, id) · out)] (60)

Absorção-ana T f · [(g)] = [(B(f, id) · g)] (61)

MÓNADAS

Multiplicação µ · µ = µ · Tµ (62)

Unidade µ · u = µ · Tu = id (63)

Natural-u u · f = T f · u (64)

Natural-µ µ · T (T f) = T f · µ (65)

Composição monádica f • g = µ · T f · g (66)

Associatividade-• f • (g • h) = (f • g) • h (67)

Identidade-• u • f = f = f • u (68)

Associatividade-•/· (f • g) · h = f • (g · h) (69)

Associatividade-·/• (f · g) • h = f • (T g · h) (70)

µ versus • id • id = µ (71)

DEFINIÇÕES ao ponto (‘POINTWISE’)

Igualdade extensional f = g , h8 x :: f x = g x i (72)

Def-comp (f · g) x = f (g x ) (73)

Def-id id x = x (74)

Def-const k x = k (75)

Notação-� f a = b ⌘ f = �a ! b (76)

Def-split hf, gix = (f x, g x) (77)

Def-⇥ (f ⇥ g) (a, b) = (f a, g b) (78)

Def-proj
⇢

⇡1 (x , y) = x
⇡2 (x , y) = y

(79)

Elim-let let x = a in b = b [x/a] (80)

Elim-pair t = t[(x, y)/z, x/⇡1z, y/⇡2z] (81)

Def-cond (p ! f, g)x = if p x then f x else g x (82)

Def-guard p? a = if p a then i1 a else i2 a (83)

Def-ap ap(f, x) = f x (84)
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DEFINIÇÕES ao ponto (‘POINTWISE’)

Igualdade extensional f = g , h8 x :: f x = g x i (72)

Def-comp (f · g) x = f (g x ) (73)

Def-id id x = x (74)

Def-const k x = k (75)

Notação-� f a = b ⌘ f = �a ! b (76)

Def-split hf, gix = (f x, g x) (77)

Def-⇥ (f ⇥ g) (a, b) = (f a, g b) (78)

Def-proj
⇢

⇡1 (x , y) = x
⇡2 (x , y) = y

(79)

Elim-let let x = a in b = b [x/a] (80)

Elim-pair t = t[(x, y)/z, x/⇡1z, y/⇡2z] (81)

Def-cond (p ! f, g)x = if p x then f x else g x (82)

Def-guard p? a = if p a then i1 a else i2 a (83)

Def-ap ap(f, x) = f x (84)

3

RECURSIVIDADE MÚTUA
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LTree monad

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ µ “ µ ¨ T µ

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

f ‚ u “ f “ u ‚ f

” t definição de f ‚ g , duas vezes u
µ ¨ T f ¨ u “ f “ µ ¨ T u ¨ f

” t natural-u e µ ¨ T u “ id u
µ ¨ u ¨ f “ f “ id ¨ f

” t µ ¨ u “ id u
f “ f

LTree pLTree Aq
out“in˝

//

µ
✏✏

– LTree A ` pLTree pLTree Aqq2
in“rLeaf ,Fork s

mm

id`µ2

✏✏

LTree A LTree A ` pLTree Aq2
rid,Fork s

ll

µ “ L rid,Fork s M



LTree monad

X
Leaf

// LTree X LTree2 X
L rid,Fork s M
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ µ “ µ ¨ T µ

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u



LTree monad

X
Leaf

// LTree X LTree2 X
L rid,Fork s M
oo

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

µ ¨ LTree Leaf “ id

” t definition of µ u
L rid,Fork s M ¨ LTree Leaf “ id

” t cata-absorption u
L rid,Fork s ¨ pLeaf ` idq M “ id

” t `-absorption u
L rLeaf ,Fork s M “ id

” t cata-reflection u
true

l

We have seen above that, given a monad

A
u
// T A T2

A
µ

oo

f ‚ u “ f

f ‚ id “ ?

DIAGRAM

T pT C q
µ
✏✏

T B
T f
oo T B

id
oo

f ‚id
hh

T C B
f

oo

pf ‚ idq x “ µ pT f x q

f ‚ id “ µ ¨ T f

binding

p°°“f q “ f ‚ id (34)

u “ Leaf

XXXXX

T X “ pX ˆ S qS
where S “ X

‹

x ˜ y “
if x † y then 0
else 1 ` px ´ yq ˜ y

mydiv px , yq “
if x † y then 0
else 1 ` mydiv px ´ y , yq

data N “ Z | S N deriving pEq ,Ord ,Showq
mydiv

1 “ anaN g where
in “ rZ ,S s
anaN g “ in ¨ pid ` anaN gq ¨ g
g px , yq “ if x † y then i1 pq else i2 px ´ y , yq
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Monad  “binding”

X
Leaf

// LTree X LTree2 X
L rid,Fork s M
oo

LTREE proof

µ ¨ LTree Leaf “ id

” t definição de µ u
L rid,Fork s M ¨ LTree Leaf “ id

” t absorção-cata u
L rid,Fork s ¨ pLeaf ` idq M “ id

” t absorção-` u
L rLeaf ,Fork s M “ id

” t reflexão-cata u
true

l

We have seen above that, given a monad

A u // T A T2 A
µ

oo

f ‚ u “ f

f ‚ id “ ?

DIAGRAM

T pT C q
µ
✏✏

T B
T f
oo T Bidoo

f ‚id
hhT C B

f
oo

pf ‚ idq x “ µ pT f x q

binding

p°°“f q “ f ‚ id (4)

X
Leaf

// LTree X LTree2 X
L rid,Fork s M
oo
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4.4 M O N A D S 115

the simplest of all monads: the identity one. Put in other words, such
functional discipline can be framed into a wider discipline in which
an arbitrary monad is present. Describing this is the main aim of the
current chapter.

P R O P E R T I E S I N V O LV I N G ( K L E I S L I ) C O M P O S I T I O N The follow-
ing properties arise from the definitions and monadic properties pre-
sented above:

f • (g • h) = ( f • g) • h (4.10)
u • f = f = f • u (4.11)

( f • g) · h = f • (g · h) (4.12)
( f · g) • h = f • (T g · h) (4.13)

id • id = µ (4.14)

Properties (4.10) and (4.11) are the monadic counterparts of, respec-
tively, (2.8) and (2.10), meaning that monadic composition preserves
the properties of normal functional composition. In fact, for the iden-
tity monad, these properties coincide with each other.

Above we have shown that property (4.11) holds for the list monad,
recall (4.2). A general proof can be produced similarly. We select prop-
erty (4.10) as an illustration of the rôle of the monadic properties:

f • (g • h)

= { definition (4.5) twice }

µ · T f · (µ · T g · h)

= { µ is natural (4.8) }

µ · µ · T2 f · T g · h

= { monad property (4.6) }

µ · T µ · T2 f · T g · h

= { functor T (3.55) }

µ · T (µ · T f · g) · h

= { definition (4.5) twice }

(f • g) • h

Clearly, this calculation generalizes that of exercise 4.1 to any monad
T .

Exercise 4.4. Prove the other laws above and also the following one,

(T f ) · (h • k) = (T f · h) • k (4.15)

where Kleilsi composition again trades with normal composition.
2
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p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u





Identity monad

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u

T X “ X
T f “ f

A u //A A
µ
oo

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u

T X “ X
T f “ f

X u //X X
µ
oo

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u

T X “ X
T f “ f

X u //X X
µ
oo

u “ id
µ “ id
f ‚ g “ µ ¨ T f ¨ g “ id ¨ f ¨ g “ f ¨ g



Monads – summary

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ µ “ µ ¨ T µ

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ F f qx (5)

µ ¨ µ “ µ ¨ T µ

T2
A

µ
✏✏

T3
A

µ
oo

T µ
✏✏

T A T2
Aµ

oo

T X T2
X

µ
oo

where X “ T A

T X X
u
oo

where X “ T A

f ‚ u “ f “ u ‚ f

” t definition of f ‚ g , twice u
µ ¨ T f ¨ u “ f “ µ ¨ T u ¨ f

” t natural-u and µ ¨ T u “ id u
µ ¨ u ¨ f “ f “ id ¨ f

” t µ ¨ u “ id u
f “ f

f ‚ g “ µ ¨ T f ¨ g
LTREE µ

LTree pLTree Aq
out“in˝

//

µ
✏✏

– LTree A ` pLTree pLTree Aqq2
in“rLeaf ,Fork s

mm

id`µ2

✏✏

LTree A LTree A ` pLTree Aq2
rid,Fork s

ll

µ “ L rid,Fork s M

LTREE monad

X
Leaf

// LTree X LTree2 X
L rid,Fork s M
oo

LTREE proof



MONADS:  do-notation

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u
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existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Caso particular: do tb – a; f b u g , h :“ u, id:
pu ¨ f q ‚ id “ u ‚ pT f ¨ idq

” t natural-id e unidade u u
pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x

” t passagem para notação-do u
T f x “ do tb – x ; return pf bqu

l
LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ F f qx (5)
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(a chamada “notação-do”):
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Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
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pf ‚ idq a
“ t u
do tb – a; f b u

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Caso particular: do tb – a; f b u g , h :“ u, id:
pu ¨ f q ‚ id “ u ‚ pT f ¨ idq

” t natural-id e unidade u u
pu ¨ f q ‚ id “ T f
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ppu ¨ f q ‚ idq x “ T f x
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T f x “ do tb – x ; return pf bqu

l
LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

p°°“f q “ f ‚ id (4)
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µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ F f qx (5)

F Y
“ 1:

µ ¨ in
“ rid,

in ¨ i2s
¨ pid ` idq

”
t u

µ ¨ in
“ rid,

in ¨ i2s

l

pf ¨ gq a
“ f pg a

q “ let
b “ g a

in
f b

existe uma notação ao mesmo nı́ve
l para definir a composição monádica

(a chamada “notação-do
”):

pf ‚ gq a
“ do

tb – g a
; f

b u

(6)

Nessa notação, que é muito
vulgar em Haskell (ve

r a classe Mo
na
d ), cos-

tuma usar-se ret
urn

para a unidade u do mónade em causa.

x °°“
f

“
t definição de p°°“

f q u

pf ‚ id
q x

“
t notação-do

u

do
tb – x ;

f b
u

x °°“
f “ do

tb – x ;
f b

u

LEI

pg ¨ f q
‚ h

“ g ‚ pT f ¨ hq

(7)

Caso partic
ular: d

o tb – a;
f b

u g ,
h :

“ u,
id:

pu ¨ f q
‚ id

“ u ‚ pT f ¨ idq

”
t natural-id

e unidade u u

pu ¨ f q
‚ id

“ T f

”
t passagem a pointwise u

ppu
¨ f q

‚ id
q x

“ T f x

”
t passagem para notação-do

u

T f x
“ do

tb – x ;
ret
urn

pf b
qu

l
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urn

para a unidade u do mónade em causa.

x °°“
f

“
t definição de p°°“

f q u

pf ‚ id
q x

“
t notação-do

u

do
tb – x ;

f b
u

x °°“
f “ do

tb – x ;
f b

u

LEI

pg ¨ f q
‚ h

“ g ‚ pT f ¨ hq

(7)

Caso partic
ular: d

o tb – a;
f b

u g ,
h :

“ u,
id:

pu ¨ f q
‚ id

“ u ‚ pT f ¨ idq

”
t natural-id

e unidade u u

pu ¨ f q
‚ id

“ T f

”
t passagem a pointwise u

ppu
¨ f q

‚ id
q x

“ T f x

”
t passagem para notação-do

u

T f x
“ do

tb – x ;
ret
urn

pf b
qu

l



MONADS:  do-notation

(Credits: http://shorturl.at/buNPX)

F Y “ 1:
µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq

” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)
Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definição de p°°“f q u
pf ‚ idq x

“ t notação-do u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (7)

Caso particular: do tb – a; f b u g , h :“ u, id:
pu ¨ f q ‚ id “ u ‚ pT f ¨ idq

” t natural-id e unidade u u
pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x

” t passagem para notação-do u
T f x “ do tb – x ; return pf bqu

l
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t definição de p°°“f q u

pf ‚ idq a
“ t notação-do u
do tb – a; f b u

px °°“ f q a “ do tb – a; f b u
LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (7)

CASO g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id e unidade u u

pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x

” t passagem para notação-do u
T f x “ do tb – x ; return pf bqu

l

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Particular case : g , h :“ u, id:

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointfree u
ppu ¨ f q ‚ idq x “ T f x

” t introduce d -notation u
T f x “ do tb – x ; return pf bqu

l

Recall law
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t definição de p°°“f q u

pf ‚ idq a
“ t notação-do u
do tb – a; f b u

px °°“ f q a “ do tb – a; f b u
LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (7)

CASO g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id e unidade u u

pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x

” t passagem para notação-do u
T f x “ do tb – x ; return pf bqu

l

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Particular case : g , h :“ u, id:

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointfree u
ppu ¨ f q ‚ idq x “ T f x

” t introduce d -notation u
T f x “ do tb – x ; return pf bqu

l

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointwise on x u
ppu ¨ f q ‚ idq x “ T f x

” t introduce do-notation u
T f x “ do tb – x ; return pf bqu

l

LEIS-DO

u ‚ f “ f “ f ‚ u

” t go pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t do-notation u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t do-notation u
do tc – pg ‚ hq a; f c u

” t do-notation u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s
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pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t definição de p°°“f q u

pf ‚ idq a
“ t notação-do u
do tb – a; f b u

px °°“ f q a “ do tb – a; f b u
LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (7)

CASO g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id e unidade u u

pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x

” t passagem para notação-do u
T f x “ do tb – x ; return pf bqu

l

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Particular case : g , h :“ u, id:

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointfree u
ppu ¨ f q ‚ idq x “ T f x

” t introduce d -notation u
T f x “ do tb – x ; return pf bqu

l

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointwise on x u
ppu ¨ f q ‚ idq x “ T f x

” t introduce do-notation u
T f x “ do tb – x ; return pf bqu

l

LEIS-DO

u ‚ f “ f “ f ‚ u

” t go pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t do-notation u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t do-notation u
do tc – pg ‚ hq a; f c u

” t do-notation u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

exis
te

uma notação ao mesm
o nı́ve

l para
definir a composiç

ão monádica

(a
chamada “notação-do

”):

pf ‚ gq a
“ do

tb – g
a;
f
b u

(36)

Nessa
notação, que é muito

vulgar em
Haske

ll (v
er a cla

sse
M
on
ad

), cos-

tuma usar-s
e r
etu

rn
para

a unidade u
do mónade em

causa.

x
°°“

f

“
t definitio

n of p°°“
f q u

pf ‚ id
q x

“
t do

-notation
u

do
tb – x ;

f
b u

x
°°“

f
“ do

tb – x ;
f
b u

LEI

pg ¨ f q
‚ h

“ g
‚ pT f

¨ hq

(37)

Partic
ular case

: g ,
h
:“ u,

id:

Partic
ular case

: d
o tb – a;

f
b u g ,

h
:“ u,

id:

pu ¨ f q
‚ id

“ u
‚ pT f

¨ idq

”
t natural-id

; unit u
u

pu ¨ f q
‚ id

“ T f

”
t go pointfre

e
u

ppu
¨ f q

‚ id
q x

“ T f
x

”
t intro

duce
d -notation

u

T f
x

“ do
tb – x ;

ret
urn

pf b
qu

l
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4.3 L I S T S 112

So f • u = f = u • f for u = i2.

Exercise 4.1. Prove that property

f • (g • h) = ( f • g) • h

holds, for f • g defined by (4.1).
2

4.3 L I S T S

In contrast to partial functions, which may produce no output, let us
now consider functions which may deliver too many outputs, for in-
stance, lists of output values:

B? A
g
oo

C? B
f

oo

Functions f and g do not compose but, once again, one can think of
extending the consumer function ( f ) by mapping it along the output
of the producer function (g):

(C?)? B?f ?
oo

C? B
f

oo

To complete the process, one has to flatten the nested-sequence out-
put in (C?)? via the obvious list-catamorphism C? (C?)?concat

oo ,
recall concat = L [[ ] , conc] M where conc (x, y) = x ++ y. In summary:

f • g def
= concat · f ? · g (4.3)

as captured in the following diagram:

(C?)?

concat
✏✏

B?f ?
oo A

g
oo

C? B
f

oo

Exercise 4.2. Show that singl (recall exercise 3.14) is the unit u of • as defined by
(4.3) above.
2

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t notação-do u
do tc – pg ‚ hq a; f c u

” t notação-do u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

ppf ‚ gq ‚ hq a
” t notação-do u
do tb – h a; pf ‚ gq b u

” t notação-do u
do tb – h a;do tc – g b; f c uu

” t simplificação u
do tb – h a; c – g b; f c u

EM SUMA:
do tc – do tb – h a; g b u; f c u = do tb – h a; c – g b; f c u
LIST COMPREENSIONS

r e | a1 – x1, . . . , an – xn s “ do ta1 – x1; . . . ; an – xn; return e u (8)



Monad – more lawsCurry f a b = f (a, b) (85)

Uncurry bf (a, b) = f a b (86)

Composição monádica (f • g) a = do {b  g a; f b} (87)

‘Binding-µ’ x >>= f = (µ · T f)x (88)

Notação-do do {x  a; b} = a >>= (�x ! b) (89)

‘µ-binding’ µ x = x >>= id (90)

Sequenciação x >> y = x >>= y (91)

4
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I/O monad : interfacing with the file system

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

LIST COMPREENSIONS

r e | a1 – x1, . . . , an – xn s “ do ta1 – x1; . . . ; an – xn; return e u (8)

IO MONAD

IO String FilePathreadFileoo

IO 1 StringwriteFile ooo

copy i o “ pwriteFile o ‚ readFileq i
” t notação-do u
copy i o “ do ts – readFile i ;writeFile o s u

l

*Cp> copy i o = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

LEIS-DO

T B A
h

oo

T C B
g

oo

T D C
f

oo

LIST COMPREENSIONS

r e | a1 – x1, . . . , an – xn s “ do ta1 – x1; . . . ; an – xn; return e u (38)

IO MONAD

IO String FilePath
readFile
oo

IO 1 String
writeFile o

oo

copy i o “ pwriteFile o ‚ readFileq i
” t do-notation u
copy i o “ do ts – readFile i ;writeFile o s u



O monad (trivial) da identidade.O monad (trivial) da identidade.



Monadic recursion

which can be written alternatively as

zf ‚ g “ pf ¨ pg

C
B

ˆˆ ˆˆ
A

pf pg

S
S

S

p °° q “ p °°“ q

p°°q : T a Ñ T b Ñ T b

p °° q “ do tp; q u
do tputChar ’a’; putChar ’\n’u

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

FALTA PUSH POP
GET PUT
FALTA
MONADIFICATION

N0

out
++

for b i
✏✏

– 1 ` N0

in“r0 ,succs
ii

id`for b i
✏✏

B 1 ` B
ri ,bs

ii

for b i :N0ÑB
u¨for b i :N0ÑT B

for b i : N0 Ñ B

for b 1 i 1 : N0 Ñ T B

u ¨ for b i “ for b 1 i 1

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

which can be written alternatively as
zf ‚ g “ pf ¨ pg

C
B

ˆˆ ˆˆ
A

pf pg

S
S

S

p °° q “ p °°“ q

p°°q : T a Ñ T b Ñ T b

p °° q “ do tp; q u
do tputChar ’a’; putChar ’\n’u

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

FALTA PUSH POP
GET PUT
FALTA
MONADIFICATION

N0

out
++

for b i
✏✏

– 1 ` N0

in“r0 ,succs
ii

id`for b i
✏✏

B 1 ` B
ri ,bs

ii

for b i “ L ri , bs M

for b i :N0ÑB
u¨for b i :N0ÑT B

for b i : N0 Ñ B

for b 1 i 1 : N0 Ñ T B

u ¨ for b i “ for b 1 i 1
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Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
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f ‚g
iiE ` C B

f
oo
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⇡1ˆ⇡2
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B ˆ B
f ˆf
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g
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ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

which can be written alternatively as
zf ‚ g “ pf ¨ pg

C
B

ˆˆ ˆˆ
A

pf pg

S
S

S

p °° q “ p °°“ q

p°°q : T a Ñ T b Ñ T b

p °° q “ do tp; q u
do tputChar ’a’; putChar ’\n’u

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

FALTA PUSH POP
GET PUT
FALTA
MONADIFICATION

N0

out
++

for b i
✏✏

– 1 ` N0

in“r0 ,succs
ii

id`for b i
✏✏

B 1 ` B
ri ,bs

ii

for b i “ L ri , bs M

for b i :N0ÑB
u¨for b i :N0ÑT B

for b i : N0 Ñ B

for b 1 i 1 : N0 Ñ T B

u ¨ for b i “ for b 1 i 1

which can be written alternatively as
zf ‚ g “ pf ¨ pg

C
B

ˆˆ ˆˆ
A

pf pg

S
S

S

p °° q “ p °°“ q

p°°q : T a Ñ T b Ñ T b

p °° q “ do tp; q u
do tputChar ’a’; putChar ’\n’u

T2 C

µ

✏✏

T B
T f
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p°°“f q

||

T C B
f

oo

FALTA PUSH POP
GET PUT
FALTA
MONADIFICATION

N0

out
++

for b i
✏✏

– 1 ` N0

in“r0 ,succs
ii

id`for b i
✏✏

B
u
✏✏

1 ` B
ri ,bs

ii

id`u
✏✏

T B 1 ` T B
ri 1 ,b1s

jj

for b i “ L ri , bs M
for b i :N0ÑB

u¨for b i :N0ÑT B

for b i : N0 Ñ B
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Mensagens de erro (E ):
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ggC ˆ C B
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T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids
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C

µ
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T B
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||

T C B
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oo

pB ˆ S qS A

f ‚g“?

jj

g
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pC ˆ S qS B
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return (if b then h : t0 else [ ])
}

Which function of the Haskell Prelude do you get by such reverse monadification?
2

4.11 M O N A D I C R E C U R S I O N

There is much more one could say about monadic recursive program-
ming. In particular, one can express the code “monadification” strate-
gies of the previous section in terms of catamorphisms. As an example,
recall (4.53):

A

f
✏✏

A?

mmap f
✏✏

1 + A⇥A⇤
inA?

oo

id+id⇥mmap f
✏✏

T B T B⇤ 1 + A⇥ T B⇤
g

oo

How do we build g? Clearly, the recipe given by (3.75) needs to be
adapted:

A

f
✏✏

A?

mmap f
✏✏

1 + A⇥A⇤
inA?

oo

id+id⇥mmap f
✏✏

T B T B⇤ 1 + A⇥ T B⇤
g

oo

id+f⇥id
✏✏

1 + T B⇥ T B⇤
[return·nil ,bconsc]

ii

where

bf c (x, y) = do {a x; b y; return (f (a, b))}

By defining

L g M[ = L [return · f , bhc] M where

f = (g · i1)
h = (g · i2)

we can write

mmap f = L (in · (id + f ⇥ id)) M[ (4.54)

where (recall) in = [nil , cons].
Handling monadic recursion in full generality calls for technical in-

gredients called commutative laws which fall outside the current scope
of this chapter.
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where
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mmap :: pMonad mq ñ pa Ñ m bq Ñ ra s Ñ m rb s
mmap f r s “ return r s
mmap f ph : tq “ do tb – f h; x – mmap f t ; return pb : x qu

thus building a function of the expected type:

Let us see this at work:

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing
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**** MONADS

mmap f “ L rreturn ¨ nil, tconsu ¨ pf ˆ idqs M

1

...

⇥⇥

i1
✏✏

1 ` B

f 1
yy

A
g
oo

1 ` C B

i2

OO

f
oo

1

i1

⇥⇥

i1
✏✏

1 ` B

f 1
yy

A
g
oo

1 ` C B

i2

OO

f
oo

1 ` B
ri1 ,f s
yy

A
g
oo

1 ` C

1 ` B
ri1 ,ids¨pid`f q

yy

A
g
oo

1 ` C

Maybe B

out“in˝
++– 1 ` B

in“rNothing ,Justs
ll
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Getting the mimimum of a list (if possible):

mgetmin ::Ord a ñ ra s Ñ Maybe a

Getting list of mimima of a list of lists (where possible):

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

mgetmin r s “ Nothing
mgetmin ra s “ return a

mgetmin ph : tq “ do tx – mgetmin t ; return pmin h x qu

mmap :: pMonad mq ñ pa Ñ m bq Ñ ra s Ñ m rb s
mmap f r s “ return r s
mmap f ph : tq “ do tb – f h; x – mmap f t ; return pb : x qu

thus building a function of the expected type:

Let us see this at work:

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

Getting the mimimum of a list (if possible):

mgetmin ::Ord a ñ ra s Ñ Maybe a

Getting list of mimima of a list of lists (where possible):

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

mgetmin r s “ Nothing
mgetmin ra s “ return a

mgetmin ph : tq “ do tx – mgetmin t ; return pmin h x qu

mmap :: pMonad mq ñ pa Ñ m bq Ñ ra s Ñ m rb s
mmap f r s “ return r s
mmap f ph : tq “ do tb – f h; x – mmap f t ; return pb : x qu
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MONADS  (recall)

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo
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Example – football league

outB :: B ! 1 + A
outB NB = i1 ()
outB (B a) = i2 a

O functor é, em ambos os casos, F X = 1 + X . Contudo, os catamorfismos de A têm de ser estendidos
com mais um gene, de forma a processar também os B ,

(|· ·|)A :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! A ! c
(|ga gb|)A = ga · (id + (|ga gb|)A ⇥ (|ga gb|)B) · outA

e a mesma coisa para os Bs:

(|· ·|)B :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! B ! d
(|ga gb|)B = gb · (id + (|ga gb|)A) · outB

Pretende-se, neste problema:

1. A definição dos anamorfimos dos tipos A e B .

2. A definição da função

generateAlgae :: Int ! Algae

como anamorfismo de Algae e da função

showAlgae :: Algae ! String

como catamorfismo de Algae .

3. Use QuickCheck para verificar a seguinte propriedade:

length · showAlgae · generateAlgae = fib · succ

Problema 5
O ponto de partida deste problema é um conjunto de equipas de futebol, por exemplo:

equipas :: [Equipa ]
equipas = [
"Arouca","Belenenses","Benfica","Braga","Chaves","Feirense",
"Guimaraes","Maritimo","Moreirense","Nacional","P.Ferreira",
"Porto","Rio Ave","Setubal","Sporting","Estoril"
]

Assume-se que há uma função f (e1, e2) que dá — baseando-se em informação acumulada historica-
mente, e.g. estatı́stica — qual a probabilidade de e1 ou e2 ganharem um jogo entre si.5 Por exemplo,
f ("Arouca","Braga") poderá dar como resultado a distribuição

Arouca 28.6%
Braga 71.4%

indicando que há 71.4% de probabilidades de "Braga" ganhar a "Arouca".
Para lidarmos com probabilidades vamos usar o mónade Dist a que vem descrito no apêndice A

e que está implementado na biblioteca Probability [1] — ver definição (1) mais adiante. A primeira
parte do problema consiste em sortear aleatoriamente os jogos das equipas. O resultado deverá ser uma
LTree contendo, nas folhas, os jogos da primeira eliminatória e cujos nós indicam quem joga com quem
(vencendo), à medida que a eliminatória prossegue:

5Tratando-se de eliminatórias, não há lugar a empates.
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LTree … catas with monads

2

LTREE monadified

LTree A

out
,,

L g M
✏✏

– A ` LTree A2

in“rLeaf ,Forks

jj

id`L g M2
✏✏

B

u

✏✏

A ` B2

g“rg1,g2s

ii

id`u2

✏✏

T B A ` pT Bq2

rh1,h2s

jj

"
h1 “ u ¨ g1
u ¨ g2 “ h2 ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2 ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2 1 ¨ � ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2 1 ¨ u

"
h1 “ u ¨ g1
T g2 “ h2 1

"
h1 “ u ¨ g1
h2 “ T g2 ¨ �

� px , yq “ do t
a – x ;
b – y ;
return pa, bq
u

pT g2 ¨ �q px , yq “ do ta – x ; b – y ; return pg2 pa, bqqu

mcataLTtree g “ k where
k pLeaf aq “ return pg1 aq
k pFork px , yqq “ do ta – k x ; b – k y ; return pg2 pa, bqqu
g1 “ g ¨ i1
g2 “ g ¨ i2

LTREE monadified

LTree A
out

--

L g M
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– A ` LTree A2

in“rLeaf ,Fork s
kk

id`L g M2
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2
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LTREE monadified

LTree A
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L g M
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– A ` LTree A2
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id`L g M2
✏✏

B

u
✏✏

A ` B
2

g“rg1,g2s
jj

id`u2

✏✏

T B A ` pT Bq2
rh1,h2s

kk

"
h1 “ u ¨ g1
u ¨ g2 “ h2 ¨ u2

"
h1 “ u ¨ g1
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"
h1 “ u ¨ g1
T g2 ¨ u “ h2

1 ¨ � ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2

1 ¨ u

"
h1 “ u ¨ g1
T g2 “ h2

1
"
h1 “ u ¨ g1
h2 “ T g2 ¨ �

� px , yq “ do t
a – x ;
b – y ;
return pa, bq
u

pT g2 ¨ �q px , yq “ do ta – x ; b – y ; return pg2 pa, bqqu

mcataLTtree g “ k where
k pLeaf aq “ return pg1 aq
k pFork px , yqq “ do ta – k x ; b – k y ; return pg2 pa, bqqu
g1 “ g ¨ i1
g2 “ g ¨ i2

LTree A
out

--

L g M
✏✏

– A ` LTree A2

in“rLeaf ,Fork s
kk

id`L g M2
✏✏

T B A ` pT Bq2
rh1,h2s

kk

h2 px , yq “ do ta – x ; b – y ; f pa, bqu
f : B2 Ñ T B

outB :: B ! 1 + A
outB NB = i1 ()
outB (B a) = i2 a

O functor é, em ambos os casos, F X = 1 + X . Contudo, os catamorfismos de A têm de ser estendidos
com mais um gene, de forma a processar também os B ,

(|· ·|)A :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! A ! c
(|ga gb|)A = ga · (id + (|ga gb|)A ⇥ (|ga gb|)B) · outA

e a mesma coisa para os Bs:

(|· ·|)B :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! B ! d
(|ga gb|)B = gb · (id + (|ga gb|)A) · outB

Pretende-se, neste problema:

1. A definição dos anamorfimos dos tipos A e B .

2. A definição da função

generateAlgae :: Int ! Algae

como anamorfismo de Algae e da função

showAlgae :: Algae ! String

como catamorfismo de Algae .

3. Use QuickCheck para verificar a seguinte propriedade:

length · showAlgae · generateAlgae = fib · succ

Problema 5
O ponto de partida deste problema é um conjunto de equipas de futebol, por exemplo:

equipas :: [Equipa ]
equipas = [
"Arouca","Belenenses","Benfica","Braga","Chaves","Feirense",
"Guimaraes","Maritimo","Moreirense","Nacional","P.Ferreira",
"Porto","Rio Ave","Setubal","Sporting","Estoril"
]

Assume-se que há uma função f (e1, e2) que dá — baseando-se em informação acumulada historica-
mente, e.g. estatı́stica — qual a probabilidade de e1 ou e2 ganharem um jogo entre si.5 Por exemplo,
f ("Arouca","Braga") poderá dar como resultado a distribuição

Arouca 28.6%
Braga 71.4%

indicando que há 71.4% de probabilidades de "Braga" ganhar a "Arouca".
Para lidarmos com probabilidades vamos usar o mónade Dist a que vem descrito no apêndice A

e que está implementado na biblioteca Probability [1] — ver definição (1) mais adiante. A primeira
parte do problema consiste em sortear aleatoriamente os jogos das equipas. O resultado deverá ser uma
LTree contendo, nas folhas, os jogos da primeira eliminatória e cujos nós indicam quem joga com quem
(vencendo), à medida que a eliminatória prossegue:

5Tratando-se de eliminatórias, não há lugar a empates.
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Monad = 
“racing” 
functor

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo
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where F is an arbitrary functor, forms a monad for

µ = L [id , in · i2] M
u = in · i1.

Identify F for known monads such as eg. Maybe, LTree and (non-empty) lists.
2

4.9 T H E S TAT E M O N A D

The so-called state monad is a monad whose inhabitants are state tran-
sitions encoding a particular brand of state-based automata known as
Mealy machines. Given a set A (input alphabet), a set B (output alpha-
bet) and a set of states S, a deterministic Mealy machine (DMM) is
specified by a transition function of type

A ⇥ S d
// B ⇥ S (4.31)

Wherever (b, s0) = d(a, s), we say that the machine has transition

s
a|b
// s0

and refer to s as the before state, and to s0 as the after state. Many pro-
grams that one writes in conventional programming languages such
as C or Java can be regarded as DMMs.

It is clear from (4.31) that d can be expressed as the split of two func-
tions f and g — d = h f , gi — as depicted in the following drawing:

a f b = f (a, s)

g s0 = g(a, s)s

Note, however, that the information recorded in the state of a DMM
is either meaningless to the user of the machine (as in eg. the case
of states represented by numbers) or too complex to be perceived and
handled explicitly (as is the case of eg. the data kept in a large database).
So, it is convenient to abstract from it, via the “encapsulation” sug-

STATE MONAD

A ˆ S
f
// B

A ˆ S
g
// S

A ˆ S
xf ,gy

// B ˆ S

e20!e20?

a
b “ fpa, sq

s1 “ gpa, sq
s
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