Calculo de Programas
T09 (cntd)




kf-in=in-(f+¢d) (sld+kf xEkf)

7 L Tree 1 7 + LTree’
fl kf=dgl)l lz‘dwc 1)’
7 LTree 7 L Free

g

7 + LTree’




kf-in=in-(f4+id) - (id+ k f x k f)

A | Tree L A + LTree?




kf-in=in-(f4+id) - (id+ k f x k f)

P

A | Tree L A + LTree?




kf=(in-(f+1d))

LTree A i A + (LTree A)*
kf—qul lz‘d+<k i
L Tree B A + (LTree B)?

g
\k %

B + (LTree B)




kf=(in-(f+1d))




kf=(in-(f+id))

kid = (in) = id

Absorption:

(g)-kf=(g-(f+id))




(g)-kf=(g-(f+:id))
= { kf=(in-(f+id)) }
(g)-(in-(f +id)) =(g-(f +id))
<~ { cata-fusion }

(g)-in-(f+id) =g-(f +id) - (id + (g)?)

—= { cata-cancellation }
g-(id+(g)*) - (f +id) = g- (f +id) - (id + (g)*)
== { functor-+ twice; natural-id four times }
g el gt (e
= { trivial }

true




k(f-9)

{ kf=(in-(f+id)) }
(in-(f-g+id))

{ +functor etc }
(in-(f +id)- (g +1id))

{ absorption (previous slides) }
(in-(f +id)) - (in- (g +1id))

{ kf=(in-(f+id)) twice }
kf-kg

id

kid = (in)

bl =R g




(ot (o)
Croo) (o) Cron) (o)
: o | [ 3 L] [ e "
data LTree = Leaf Int | Fork (LTree, LTree)

k (Leaf x) = Leaf (x"2)

k (Fork (1,r)) = Fork (k 1, K r)




kf=(in-(f+1d))

LTree A i A + (LTree A)*
kf—qul lz‘d+<k i
L Tree B A + (LTree B)?

g
\k %

B + (LTree B)




LTREE TYPE FUNCTOR

e | Tree A

LTree f = (in-(f+id))




LTREE TYPE FUNCTOR

LTree A

LTree B

'\/&

out

~o

~~~——VD @@

In

out

N

In

A+ (LTree A)

2
_J

~N"

F (LTree A)

B + (LTree B)

2
J

~N"

F (LTree B)




LTREE TYPE FUNCTOR

FX=A+X°
FX=DB+X°

—_— 2
LTree A ~ A+ (LTree 4)
\_/ ~ s .

in F (LTree A)

/ﬁtﬂ. 2
~ B+ (LTree B)

in F (LTree B)

L Tree B

|




LTREE base bifunctor B

out

ﬁ 2
L Tree X = X + (LTree X)

S cadiameads W,
n

B (X,LTree X)

B(X,Y)=X + Y2




BIFUNCTORS




BIFUNCTORS (Laws)

R Gl B (A4, C)
fl gl lB(fag)
BE i o B (D, F)

B (id,id) = id
B(h-f,k-g)=B(h k) -B(f g)




CATAMORPHISMS (generalization)

~

out out

o el s B
kl In le kl AL lB (id,k)
C FC C B (4, C)

{
|




CATAMORPHISMS (in general)

out
T A B(A,T A)
k in lB (id,k)
C B (4, C)

\_/
Y

:

Universal property
F= (gl = k-in=ig-Bied k)

Type functor:

Abbreviation:
Fi =B &d k)




CATAMORPHISMS (Laws)

Universal-cata
Cancelamento-cata
Reflexao-cata
Fusao-cata
Base-cata
Def-map-cata
Absorc¢ao-cata

k=(g) & k-in=g Fk
(g)-in=g-F(g)
(

in) = idy

ol (st = Gy = ialay
B = Bldf)

Tf = (in-B(f,id))

lg)-TF = (g-B(fid))

(43)
(44)
(45)
(46)
(47)
(48)
(49)




Cata-absorption (g) -Tf=(g-B(f,id))

A TA ina B(A, TA)
o TRE B(id, Tf)

C TC———B(C,TC)~5o—B(4,TC)
(g B(id,(g) B(id,(g))

D e B(A, D)




(a) Trees whose data of type A are stored in their nodes:

FX=1+A4x X? al
T = BTree A { Ff:Zd_i_ZdeQ In_[EmptyaNOde]

Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))
(b) Trees with data in their leafs :

] 2
{ faw ey in = [Leaf , Fork]

T =LTree 4 Ee—d
Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)

(c¢) Full trees — data in both leaves and nodes:
e i
— FTree Ff=dd+id x f?

Haskell: data FTree b a = Unit b | Comp (a,(FTree b a,FTree b a))

(d) Expression trees:

= Expr 120

in = [Unit , Comp|

{FX:V+OXX in = [Var , Op]

Ff=1td+1idxmapf
Haskell: data Expr v o = Var v | Op (o, [Expr v o])



(a) Trees whose data of type A are stored in their nodes:
Bl e e
T =BTree A {B<g,f):7/d+g><f2
Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(b) Trees with data in their leafs :

in = [Empty , Node]

Biea = x iy
T =LTree A

5 { B (9,f) =g+
Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)

(c) Full trees — data in both leaves and nodes:
{ B(Z X.Y)=7Z 4 X xY2.

in = [Leaf , Fork]

T=FTree B A Sy in = [Unit , Comp]
Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))

(d) Expression trees:

T=Expr V O B(h’g7f):h+gxmapfln:[Va’r,Op]

Haskell: data Expr v o = Var v | Op (o, [Expr v o))

{ B )7 v



data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

out

ex

Rose A A x (Rose A)”

K’/
In




Rose A

out

¢

A x (Rose A)”

\/

In

P.

B(X,.V)=XxY K

B (f.9)

=fxg

X x Y*

\ &




IR

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

B V=0 <)\
B(f9)=fxyg

2

Ui

f >< map g
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ava (ana)

raTo (cata)




Anamorphisms




ANAMORPHISMS

I A/\?: B (4T A
k—[<g>]T Bl TB (id b)=F &
@ B (A, C)




ANAMORPHISM LAWS

Universal-ana
Cancelamento-ana
Reflexao-ana
Fusao-ana
Base-ana
Def-map-ana

Absor¢ao-ana

k= (Fk)-g
geis (B
out)







Example

kT Tid%—idx/{:
No Wl + No id+{succ,id) 1+ No x No




k = |((¢d + {succ,id)) - outy, )|
= { ana-universal |

k=in-(id +id x k) - (id + {succ, id)) - outy,
= { isomorphism iny, /outy, }

k-iny, = in - (id + id x k) - (id + (succ, id))
— { functor-+; absorption-x }

k-iny, = in - (id + {succ, k)




{ definitions of in and iny,; fusion and absorption-+ }
|k -0, k - succ| = [nil, cons - (succ, k)]
Lo

k-0 = nil
k - succ = cons - {succ, k)

{ going pointwise }

£0 =]
{k(n+1)=(n+1):kn




In

Np”

|

Ny 1 + Ny

OUtNO

1 + Ng x Ny*
Tz’dqtidxk
1+ Ny x N

id+{succ,id)




Hylomorphisms




1+ N() X NO
TidJrz'dxm
Np®
X
I\/I\IO . " NOTZ’CZ—I—idxk
. in NO
X
{ ) 1 + Ny
kT 1+ No id+{succ,id
NO OUtNO




=ik
- { m=([L,mul]) and k = [((id + (succ, id)) - outy, )] §

f=([1,mul]) - [((¢d + {(succ, id)) - outy, )|

= { cancellations (ana and cata) }
f=[1,mul]-Fm-out-in-F k- (id + (succ,id)) - outy,

= { in-out =id;functor F: (Fm)- (Fk) =F (m-k) }
f=11,mul]-F (m-k)- (id + {(succ,id)) - outy,

= { isomorphisminy, /outy,;m-k=f;Ff=id+idx/ }

f-iny, = [1,mul] - (¢d + id x f) - (¢d + {succ, id))




finy, = [1,mul] - (¢d + id x f) - (¢d + {(succ, id))
= { +-absorption ; x-absorption ; etc }

f-iny, = [1, mul - (succ, f]

=
fiislice — muI-<SUCC7f>

== { go pointwise }

e
i Eli=in X fn




Factorial (“rediscovered”)

fac = (|1, mul]) - |((¢d 4+ (succ, id)) - outy, )




HILOMORPHISM

“Hylo + morphism”

¢UNO = matter, thing

If> gl = () - [(9)




HILOMORPHISM

el Lfs gl = 05D - 1Cg))




‘DIVIDE & CONQUER'’

g
el
[(g) e F9)
T\%/F ik
(f) in F(f)
B FB

\7/

y@
S

divide

rule

conquer

rule

conquer

~{S

rule




‘DIVIDE & CONQUER'’

A/NB(X A)

X

b)

B (id.[(9))
B &g

B (id(f))
B )

divide

divide

rule

conquer

conquer

rule




‘DIVIDE & CONQUER'’




ANA, CATA & HYLO

Reflexion laws:

(in) = id
[in,g]l = [(9)] (out) = id
[ [f,out]] = (/) —C D
C F T (9) )







fib n

fib (n

)










QUICKSORT

-

I

4»r

a.hs

laSort

qSort [] -

gSort (h:x)

[al

gSort x1

[al
[h]

gSort x2

wy




a.hs

QU'CKSORT gsort :: ord a — [al - [a]

qSort [] []
qSort (h:x) = gSort x1 [h] qSort x2

x1
X2

a X , a h 1]
a X , a h 1

[ a
[ a

h:x
) A (divide)
h X1 X9
BE:
h qgSort xq qgSort xo
> C' (conquer)
qSort x1 +H | h| + gSort zo -




QUICKSORT

<> a.hs

laSort
qSort []
qSort (h:x)

Ord a

qSort x1 [h]

[a] [a]

gSort x2

h:x
h X1 X9
(h7($17x2)) ]
A* divide 1—|—A > (A* > A*)

B
C' (conquer)




QUICKSORT

<> a.hs

laSort
qSort []

qSort (h:x)

Ord a

qSort x1 [h]

[a] [a]

gSort x2

h 1 T9

B(X,V)=1+Xx(YxY)
A* divide 1—|—AX (A* XA*)

B
C' (conquer)




<) a.hs

QU'CKSORT I fsort :: Ord a — lal — [al

qSort [] []
qSort (h:x) = gSort x1 [h] qSort x2

gSort - nil = nil
qSort - cons = fy - (id x (gSort x gSort)) - g

fo (b, (y1,42)) = y1 ++ [h] +Hyo 92 (h2) = (B, (21, 9))

where
Ty —|a g« 2.0 =h|
Loi—i| 0 50— 75 g = hi]




QUICKSORT B(X,YV)=1+Xx(YxY)

qSort - nil = nil
qSort - cons = fy - (id x (gSort x qSort)) - go
== { fusao-+, absorcao-+, eqg-+ etc }
gSort - in = [nil, fo] - (id + id x gSort?) - (id + go)

= { isomorfismo in / out }

gSort = [nil, fo] -(id + id x gSort* - (id + go) - out

~N"

conquer B (id,qSort) divide




»

data BTree a = Empty | Node (a, (BTree a, BTree a))




QUICKSORT

B (X V)l X< (Y x ¥

Description TX BlE B (id, f) B(f,id)
“Right” Lists ListX S XxY | idtidxf | id+fxid
“Left” Lists LList X Yx X | id+fxid | id+idxf
Non-empty Lists | NList X LaDCE I A D i e e )
Binary Trees BTree X ®T+ X xY? | id+idx f* | id+ f xid
“Leaf” Trees LTree X X+ Y- id+ £ s




x1-[a | a X ,
x2 [a | a X , a h ]

a-hl

<> a.hs x
lasort Ord a [a] [a] 1
2 qSort [] [1
3 qgSort (h:x) = gSort x1 [h] qSort x2

divide
’/"’,,,———""——_———______—___——_“‘~S-
A B (4, 4%

[(divide)] B (id,|(divide)])

out

BTree A s B (A,BTree A)
( conquer) i B (id,( conquer))

e B (4, A*)
\_//

conquer




»

t = anaB divide [13,8,17,1,6,11,25,15,27,22]

data BTree a

Empty | Node (a, (BTree a, BTree a))




*Cp> anaB divide [13,8,17,1,6,11,25,15,27,22]

Node (13, (Node (8, (Node (1, (Empty,Node (6, (Empty,Empty)))),Node
(11, (Empty,Empty)))),Node (17, (Node (15, (Empty,Empty)),Node (25,
(Node (22, (Empty,Empty)),Node (27, (Empty,Empty))))))))




w L 4
MERGESORT %
A _

a.hs

mSort , a [a] [a]

mSort []

mSort [x] [x]

mSort 1 (11,12) sep 1
merge(mSort 11, mSort 12)




MERGESORT

a.hs

mSort
mSort []

mSort [x]
mSort 1

Ord a [a] [a]

[]
[x]
(11,12) ~ sep 1
merge(mSort 11, mSort 12)

L

s

) A (divide)

mSort [y

mSort [,

DE:

) € (conguer)

T merge (mSort ly) (mSort 1)




MERGESORT

a.hs

mSort Ord a

divide : A* — A + (A* x A")

[a]

sep 1
ge(mSort 11, mSort 12)

L

s

mSort [y

mSort [,

T merge (mSort ly) (mSort 1)

) A (divide)
) B
) C (conquer)




a.hs

mSort Ord a [a]

MERGESORT

divide : A* — A+ (A" x A) sep 1

ge(mSort 11, mSort 12)

divide : A* — B (A, A%) ) A (divide)

) B
rt lg
) C' (conquer)

T merge (mSort ly) (mSort 1)

B(X,Y)=X+4 Y*




a.hs

mSort Ord a

MERGESORT

divide : A* — A + (A* x A")

[a]

sep 1
ge(mSort 11, mSort 12)

— divide : A* — B (A, A7)

- B(X,Y)=X+Y?
— “Leaf” Trees | LTree X |

) A (divide)
) B

<
X+Y?  uer)

T merge (mSort ly) (mSort [y)

<




MERGESORT SIE G MEL




MERGESORT 6] [s]1 (=] [ (1 [ [2] [




MERGESORT wSort :: Ord

mSort [] []

mSort [x]
mSort 1

a [a] [a]

[x]
(11,12) - sep 1
merge(mSort 11, mSort 12)

‘t> A (divide)
) B

4;) C' (conquer)

T ‘ [
mSort = ([singl, mergel]) - [(divide)|
con?qruer
T ‘ merge ort /@) (mSort )




MERGESORT

a.hs

mSort Oord a [a] [a]

mSort [] []

mSort [x] [x]

mSort 1 (11,12) - sep 1
merge(mSort




MERGESORT

a.hs

mSort
mSort []

mSort [x]
mSort 1

Ord a [a] [a]

[]
[x]
(11,12) ~ sep 1
merge(mSort 11, mSort 12)

L

s

) A (divide)

mSort [y

mSort [,

DE:

) € (conguer)

T merge (mSort ly) (mSort 1)




MERGESORT

Particular case:

Ord a
([x1,I1)
([1,r)
([xI,y:ys)

merge
merge
merge
merge

)

[a]
[x]
r
X <y X

otherwise -~ y

([al, [al)

merge([],y:ys)
merge(x: [1,ys|

x [
) A (diwvide)
x l
) B
x mSort [y
) C' (conquer)
T merge |z | (mSort l5)




INSERTION insert :: Ord t = t — [t] — [t]

insert x [] [x]

SORT insert x (y'ys) @ x <y X' y'ys

otherwise -~ y:insert x ys

l
> A (divide)
A lg
DE:
X 1Sort o
) C' (conquer)
insert = (iSort ls)




INSERTION
SORT

insert Ord t
insert x []
insert x (y:ys)

=h

insert = (iSort ls)

) € (conguen




SELECT'ON , sSort Ord a El

sSort - anal| divide

} divide [] - i1()
SORT divide (xs)

]

[a]

minimum XS

i2(m, delete m xs)

Selection sort (m = minimum 1):

[
m lo = delete m [
m sSort 1y
m : sSort ls

NANPA,

A (divide)

B
C' (conquer)




SELECT'ON ; sSort Ord a [a] [a]

3 sSort - anal| divide
SORT 4 divide [] i1()
divide (xs) m -~ minimum Xxs

i2(m, delete m xs)

A (divide)

sSort s

B
C' (conquer)

™
o
-l
k||
=
S

m : sSort s




ANA, CATA & HILO




ALGORITHM CLASSIFICATION

Singleton

Easy Split/Hard Join Insertion Sort

Equal-size

Merge Sort

Hard Split/Easy Join Selection Sort

NB:
‘Split’ = divide
‘loin’ = conquer )

Quick Sort
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