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Monad – laws of unit and multiplication
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oo
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µ ¨ LTree Leaf “ id
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L rid,Fork s M ¨ LTree Leaf “ id

” t absorção-cata u
L rid,Fork s ¨ pLeaf ` idq M “ id

” t absorção-` u
L rLeaf ,Fork s M “ id

” t reflexão-cata u
true

l

We have seen above that, given a monad

A
u
// T A T2

A
µ

oo

f ‚ u “ f

f ‚ id “ ?

DIAGRAM

T pT C q
µ
✏✏

T B
T f
oo T B

id
oo

f ‚id
hh

T C B
f

oo

pf ‚ idq x “ µ pT f x q

f ‚ id “ µ ¨ T f

binding

p°°“f q “ f ‚ id (34)
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||
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✏✏
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return “ u

4.4 M O N A D S 115

the simplest of all monads: the identity one. Put in other words, such
functional discipline can be framed into a wider discipline in which
an arbitrary monad is present. Describing this is the main aim of the
current chapter.

P R O P E R T I E S I N V O LV I N G ( K L E I S L I ) C O M P O S I T I O N The follow-
ing properties arise from the definitions and monadic properties pre-
sented above:

f • (g • h) = ( f • g) • h (4.10)
u • f = f = f • u (4.11)

( f • g) · h = f • (g · h) (4.12)
( f · g) • h = f • (T g · h) (4.13)

id • id = µ (4.14)

Properties (4.10) and (4.11) are the monadic counterparts of, respec-
tively, (2.8) and (2.10), meaning that monadic composition preserves
the properties of normal functional composition. In fact, for the iden-
tity monad, these properties coincide with each other.

Above we have shown that property (4.11) holds for the list monad,
recall (4.2). A general proof can be produced similarly. We select prop-
erty (4.10) as an illustration of the rôle of the monadic properties:

f • (g • h)

= { definition (4.5) twice }

µ · T f · (µ · T g · h)

= { µ is natural (4.8) }

µ · µ · T2 f · T g · h

= { monad property (4.6) }

µ · T µ · T2 f · T g · h

= { functor T (3.55) }

µ · T (µ · T f · g) · h

= { definition (4.5) twice }

(f • g) • h

Clearly, this calculation generalizes that of exercise 4.1 to any monad
T .

Exercise 4.4. Prove the other laws above and also the following one,

(T f ) · (h • k) = (T f · h) • k (4.15)

where Kleilsi composition again trades with normal composition.
2
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p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u



Identity monad

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u

T X “ X
T f “ f

A u //A A
µ
oo

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u

T X “ X
T f “ f

X u //X X
µ
oo

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ T f qx (5)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

A
g

oo

f ‚g
iiT C B

f
oo

pf ‚ gq x “ pg x q °°“ f

return “ u

T X “ X
T f “ f

X u //X X
µ
oo

u “ id
µ “ id
f ‚ g “ µ ¨ T f ¨ g “ id ¨ f ¨ g “ f ¨ g



Monads – summary

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

T2 A
µ
✏✏

T3 A
µ
oo

T A T2 Aµ
oo

µ ¨ µ “ µ ¨ T µ

T2 A
µ
✏✏

T3 A
µ
oo

T µ
✏✏

T A T2 Aµ
oo

T X T2 X
µ
oo

where X “ T A

T2 A
µ
✏✏

T Auoo

T u
✏✏id{{

T A T2 Aµ
oo

µ ¨ u “ id “ µ ¨ T u

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ F f qx (5)



Formulae sheet

RECURSIVIDADE MÚTUA

Fokkinga
⇢

f · in = h · F hf, gi
g · in = k · F hf, gi ⌘ hf, gi = (|hh, ki|) (53)

“Banana-split” h(|i|), (|j|)i = (|(i⇥ j) · hF⇡1,F⇡2i|) (54)

COINDUÇÃO

Universal-ana k = [(g)] , out · k = (F k) · g (55)

Cancelamento-ana out · [(g)] = F [(g)] · g (56)

Reflexão-ana [(out)] = idT (57)

Fusão-ana [(g)] · f = [(h)] ( g · f = (F f) · h (58)

Base-ana F f = B (id, f ) (59)

Def-map-ana T f = [(B(f, id) · out)] (60)

Absorção-ana T f · [(g)] = [(B(f, id) · g)] (61)

MÓNADAS

Multiplicação µ · µ = µ · Tµ (62)

Unidade µ · u = µ · Tu = id (63)

Natural-u u · f = T f · u (64)

Natural-µ µ · T (T f) = T f · µ (65)

Composição monádica f • g = µ · T f · g (66)

Associatividade-• f • (g • h) = (f • g) • h (67)

Identidade-• u • f = f = f • u (68)

Associatividade-•/· (f • g) · h = f • (g · h) (69)

Associatividade-·/• (f · g) • h = f • (T g · h) (70)

µ versus • id • id = µ (71)

DEFINIÇÕES ao ponto (‘POINTWISE’)

Igualdade extensional f = g , h8 x :: f x = g x i (72)

Def-comp (f · g) x = f (g x ) (73)

Def-id id x = x (74)

Def-const k x = k (75)

Notação-� f a = b ⌘ f = �a ! b (76)

Def-split hf, gix = (f x, g x) (77)

Def-⇥ (f ⇥ g) (a, b) = (f a, g b) (78)

Def-cond (p ! f, g)x = if p x then f x else g x (79)

Def-proj ⇡1 (x, y) = x ^ ⇡2 (x, y) = y (80)

Elim-let let x = a in b = b [x/a] (81)

Elim-pair t = t[(x, y)/z, x/⇡1z, y/⇡2z] (82)

Def-ap ap(f, x) = f x (83)

Curry f a b = f (a, b) (84)

Uncurry bf (a, b) = f a b (85)

3



Formulae sheet

Composição monádica (f • g) a = do {b  g a; f b} (86)

‘Binding as µ’ x >>= f = (µ · T f)x (87)

Notação-do do {x  a; b} = a >>= (�x ! b) (88)

‘µ as binding’ µ x = x >>= id (89)

Sequenciação x >> y = x >>= y (90)

4



Monad = 
“racing” 
functor

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
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pf ‚ idq a
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
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px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Caso particular: do tb – a; f b u g , h :“ u, id:
pu ¨ f q ‚ id “ u ‚ pT f ¨ idq

” t natural-id e unidade u u
pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x
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T f x “ do tb – x ; return pf bqu
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LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a
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do tb – f a; return b u “ f a “ do tb – return a; f b u

l

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ F f qx (5)



MONADS:  do-notation

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)
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Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Caso particular: do tb – a; f b u g , h :“ u, id:
pu ¨ f q ‚ id “ u ‚ pT f ¨ idq

” t natural-id e unidade u u
pu ¨ f q ‚ id “ T f

” t passagem a pointwise u
ppu ¨ f q ‚ idq x “ T f x

” t passagem para notação-do u
T f x “ do tb – x ; return pf bqu

l
LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

p°°“f q “ f ‚ id (4)

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

x °°“ f
def“ pµ ¨ F f qx (5)

F Y
“ 1:

µ ¨ in
“ rid,

in ¨ i2s
¨ pid ` idq
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t u
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“ rid,

in ¨ i2s
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pf ¨ gq a
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q “ let
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in
f b
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(a chamada “notação-do
”):

pf ‚ gq a
“ do

tb – g a
; f

b u

(6)

Nessa notação, que é muito
vulgar em Haskell (ve

r a classe Mo
na
d ), cos-

tuma usar-se ret
urn

para a unidade u do mónade em causa.

x °°“
f

“
t definição de p°°“

f q u

pf ‚ id
q x

“
t notação-do

u

do
tb – x ;

f b
u

x °°“
f “ do

tb – x ;
f b
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“ g ‚ pT f ¨ hq
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Caso partic
ular: d

o tb – a;
f b

u g ,
h :

“ u,
id:

pu ¨ f q
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“ u ‚ pT f ¨ idq
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t natural-id
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T f x
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qu
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vulgar em Haskell (ve

r a classe Mo
na
d ), cos-

tuma usar-se ret
urn

para a unidade u do mónade em causa.

x °°“
f

“
t definição de p°°“

f q u

pf ‚ id
q x

“
t notação-do

u

do
tb – x ;

f b
u

x °°“
f “ do

tb – x ;
f b

u

LEI

pg ¨ f q
‚ h

“ g ‚ pT f ¨ hq

(7)

Caso partic
ular: d

o tb – a;
f b

u g ,
h :

“ u,
id:

pu ¨ f q
‚ id

“ u ‚ pT f ¨ idq

”
t natural-id

e unidade u u

pu ¨ f q
‚ id

“ T f

”
t passagem a pointwise u

ppu
¨ f q

‚ id
q x

“ T f x

”
t passagem para notação-do

u

T f x
“ do

tb – x ;
ret
urn

pf b
qu

l



MONADS:  do-notation
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Recall law
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(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Particular case : g , h :“ u, id:

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointfree u
ppu ¨ f q ‚ idq x “ T f x

” t introduce d -notation u
T f x “ do tb – x ; return pf bqu

l

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (36)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

x °°“ f

“ t definition of p°°“f q u
pf ‚ idq x

“ t do-notation u
do tb – x ; f b u

x °°“ f “ do tb – x ; f b u

LEI

pg ¨ f q ‚ h “ g ‚ pT f ¨ hq (37)

Particular case : g , h :“ u, id:

Particular case : do tb – a; f b u g , h :“ u, id:

pu ¨ f q ‚ id “ u ‚ pT f ¨ idq
” t natural-id; unit u u

pu ¨ f q ‚ id “ T f

” t go pointfree u
ppu ¨ f q ‚ idq x “ T f x

” t introduce d -notation u
T f x “ do tb – x ; return pf bqu

l

exis
te

uma notação ao mesm
o nı́ve

l para
definir a composiç

ão monádica

(a
chamada “notação-do

”):

pf ‚ gq a
“ do

tb – g
a;
f
b u

(36)

Nessa
notação, que é muito

vulgar em
Haske

ll (v
er a cla

sse
M
on
ad

), cos-

tuma usar-s
e r
etu
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para
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do mónade em
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x
°°“

f

“
t definitio

n of p°°“
f q u

pf ‚ id
q x

“
t do

-notation
u

do
tb – x ;

f
b u

x
°°“

f
“ do

tb – x ;
f
b u

LEI

pg ¨ f q
‚ h

“ g
‚ pT f

¨ hq

(37)

Partic
ular case

: g ,
h
:“ u,

id:

Partic
ular case

: d
o tb – a;

f
b u g ,

h
:“ u,

id:

pu ¨ f q
‚ id

“ u
‚ pT f

¨ idq

”
t natural-id

; unit u
u

pu ¨ f q
‚ id

“ T f

”
t go pointfre

e
u

ppu
¨ f q

‚ id
q x

“ T f
x

”
t intro

duce
d -notation

u

T f
x

“ do
tb – x ;

ret
urn

pf b
qu

l
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I/O monad : interfacing with the file system

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

LIST COMPREENSIONS

r e | a1 – x1, . . . , an – xn s “ do ta1 – x1; . . . ; an – xn; return e u (8)

IO MONAD

IO String FilePathreadFileoo

IO 1 StringwriteFile ooo

copy i o “ pwriteFile o ‚ readFileq i
” t notação-do u
copy i o “ do ts – readFile i ;writeFile o s u

l

*Cp> copy i o = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

LEIS-DO

T B A
h

oo

T C B
g

oo

T D C
f

oo

LIST COMPREENSIONS

r e | a1 – x1, . . . , an – xn s “ do ta1 – x1; . . . ; an – xn; return e u (38)

IO MONAD

IO String FilePath
readFile
oo

IO 1 String
writeFile o

oo

copy i o “ pwriteFile o ‚ readFileq i
” t do-notation u
copy i o “ do ts – readFile i ;writeFile o s u



O monad (trivial) da identidade.O monad (trivial) da identidade.



MONADS: laws written using do-notationDo-notation calculus

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

T B Ahoo

T C B
g

oo

T D C
f

oo

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t go pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t do-notation u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t notação-do u
do tc – pg ‚ hq a; f c u

” t notação-do u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

ppf ‚ gq ‚ hq a
” t notação-do u
do tb – h a; pf ‚ gq b u

” t notação-do u
do tb – h a;do tc – g b; f c uu

” t simplificação u
do tb – h a; c – g b; f c u

EM SUMA:
do tc – do tb – h a; g b u; f c u = do tb – h a; c – g b; f c u



MONADS: laws written using do-notation
F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>



MONADS: laws written using do-notationF Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t go pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t do-notation u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t do-notation u
do tc – pg ‚ hq a; f c u

” t do-notation u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

ppf ‚ gq ‚ hq a
” t notação-do u
do tb – h a; pf ‚ gq b u

” t notação-do u
do tb – h a;do tc – g b; f c uu

” t simplificação u
do tb – h a; c – g b; f c u

EM SUMA:
do tc – do tb – h a; g b u; f c u = do tb – h a; c – g b; f c u



MONADS: laws written using do-notation
F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t go pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t do-notation u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t do-notation u
do tc – pg ‚ hq a; f c u

” t do-notation u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

ppf ‚ gq ‚ hq a
” t do-notation u
do tb – h a; pf ‚ gq b u

” t do-notation u
do tb – h a;do tc – g b; f c uu

” t simplify u
do tb – h a; c – g b; f c u

EM SUMA:
do tc – do tb – h a; g b u; f c u = do tb – h a; c – g b; f c u



MONADS: laws written using do-notation

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

do tx – return a; f x u “
do tx – f a; return x u “ f a

(8)

do tx – f a;do ty – g x ; h y uu “
do tx – f a; y – g x ; h y u (9)

do ty – do tx – f a; g x u; h y u “
do tx – f a; y – g x ; h y u (10)

LEIS-DO

T B Ahoo

T C B
g

oo

T D C
f

oo

*Cp> copy o i = (writeFile o .! readFile) i

*Cp> :t copy

copy :: FilePath -> FilePath -> IO ()

*Cp>

F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t notação-do u
do tc – pg ‚ hq a; f c u

” t notação-do u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

ppf ‚ gq ‚ hq a
” t notação-do u
do tb – h a; pf ‚ gq b u

” t notação-do u
do tb – h a;do tc – g b; f c u

” t simplificação u
do tb – h a; c – g b; f c u

EM SUMA:
do tc – do tb – h a; g b u; f c u = do tb – h a; c – g b; f c u



MONADIC RECURSION: the pointwise way



MONADS: list compreensions

4.3 L I S T S 112

So f • u = f = u • f for u = i2.

Exercise 4.1. Prove that property

f • (g • h) = ( f • g) • h

holds, for f • g defined by (4.1).
2

4.3 L I S T S

In contrast to partial functions, which may produce no output, let us
now consider functions which may deliver too many outputs, for in-
stance, lists of output values:

B? A
g
oo

C? B
f

oo

Functions f and g do not compose but, once again, one can think of
extending the consumer function ( f ) by mapping it along the output
of the producer function (g):

(C?)? B?f ?
oo

C? B
f

oo

To complete the process, one has to flatten the nested-sequence out-
put in (C?)? via the obvious list-catamorphism C? (C?)?concat

oo ,
recall concat = L [[ ] , conc] M where conc (x, y) = x ++ y. In summary:

f • g def
= concat · f ? · g (4.3)

as captured in the following diagram:

(C?)?

concat
✏✏

B?f ?
oo A

g
oo

C? B
f

oo

Exercise 4.2. Show that singl (recall exercise 3.14) is the unit u of • as defined by
(4.3) above.
2

LEIS-DO

u ‚ f “ f “ f ‚ u

” t passagem a pointwise u
pu ‚ f q a “ f a “ pf ‚ uq a

” t notação-do u
do tb – f a; return b u “ f a “ do tb – return a; f b u

l

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

pf ‚ pg ‚ hqq a
” t notação-do u
do tc – pg ‚ hq a; f c u

” t notação-do u
do tc – do tb – h a; g b u; f c u

LEIS-DO
f ‚ pg ‚ hq “ pf ‚ gq ‚ h

ppf ‚ gq ‚ hq a
” t notação-do u
do tb – h a; pf ‚ gq b u

” t notação-do u
do tb – h a;do tc – g b; f c uu

” t simplificação u
do tb – h a; c – g b; f c u

EM SUMA:
do tc – do tb – h a; g b u; f c u = do tb – h a; c – g b; f c u
LIST COMPREENSIONS

r e | a1 – x1, . . . , an – xn s “ do ta1 – x1; . . . ; an – xn; return e u (8)
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Monadic recursion

which can be written alternatively as

zf ‚ g “ pf ¨ pg

C
B

ˆˆ ˆˆ
A

pf pg

S
S

S

p °° q “ p °°“ q

p°°q : T a Ñ T b Ñ T b

p °° q “ do tp; q u
do tputChar ’a’; putChar ’\n’u

T2 C

µ

✏✏

T B
T f

oo

p°°“f q

||

T C B
f

oo

FALTA PUSH POP
GET PUT
FALTA
MONADIFICATION
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X u // T X T pT X qµ
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for b 1 i 1 : N0 Ñ T B

u ¨ for b i “ for b 1 i 1

u ¨ for b i “ for b 1 i 1

” t for b i “ L ri , bs M u
u ¨ L ri , bs M “ L ri 1 , b 1s M

 t fusão-cata u
u ¨ ri , bs “ ri 1 , b 1s ¨ pid ` uq

” t coprodutos (fusão, absorção, eq) u
"
u ¨ i “ i 1

u ¨ b “ b 1 ¨ u
” t f ¨ x “ f x ; T f ¨ u “ u ¨ f u

"
u i “ i 1

T b ¨ u “ b 1 ¨ u
 t trivial u

"
i 1 “ u i
b 1 “ T b

k “ L ru i ,T bs M
” t universal cata u
k ¨ r0, succs “ ru i ,T bs ¨ pid ` kq

” t coprodutos (fusão, absorção, eq) ; variáveis u
"
k 0 “ u i
k pn ` 1q “ T b pk nq

” t u “ return ; T f x “ do ta – x ; return pf aqu u
"
k 0 “ return i
k pn ` 1q “ do tx – k n; return pb x qu
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F Y “ 1:

µ ¨ in “ rid, in ¨ i2s ¨ pid ` idq
” t u
µ ¨ in “ rid, in ¨ i2s

l

pf ¨ gq a “ f pg aq “ let b “ g a in f b

existe uma notação ao mesmo nı́vel para definir a composição monádica
(a chamada “notação-do”):

pf ‚ gq a “ do tb – g a; f b u (6)

Nessa notação, que é muito vulgar em Haskell (ver a classe Monad ), cos-
tuma usar-se return para a unidade u do mónade em causa.

px °°“ f q a
“ t u

pf ‚ idq a
“ t u
do tb – a; f b u

pb ‚ pmfor b iqq n
“ t composição e cxomposição monádica u

pb ‚ idq pmfor b i nq

FREE MONAD (µ) for F X “ X 2

LTree pLTree Aq
out“in˝

..

µ
✏✏

– LTree A ` F pLTree pLTree Aqq
in“rLeaf ,Fork s

mm

id`F µ
✏✏

LTree A LTree A ` F pLTree Aq
rid,Fork s

ll

µ “ L rid,Fork s M

Generalizing

LTree2 A
out“in˝

..

µ
✏✏

– LTree A ` F pLTree2 Aq
in“rLeaf ,Fork s

ll

id`F µ
✏✏

LTree A LTree A ` F pLTree Aq
rid,in¨i2s

ll

µ “ L rid, in ¨ i2s M

Generalizing

T2 A
out“in˝

--

µ
✏✏

– T A ` F pT2 Aq
in

kk

id`F µ
✏✏

T A T A ` F pT Aq
rid,in¨i2s

kk

µ “ L rid, in ¨ i2s M

Generalizing

T X
out“in˝

--

– X ` F pT X q
in

jj

B pX ,Y q “ X ` F Y
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COINDUÇÃO

Universal-ana k = [(g)] , out · k = (F k) · g (52)

Cancelamento-ana out · [(g)] = F [(g)] · g (53)

Reflexão-ana [(out)] = idT (54)

Fusão-ana [(g)] · f = [(h)] ( g · f = (F f) · h (55)

Base-ana F f = B (id, f ) (56)

Def-map-ana T f = [(B(f, id) · out)] (57)

Absorção-ana T f · [(g)] = [(B(f, id) · g)] (58)

MÓNADAS

Multiplicação µ · µ = µ · Tµ (59)

Unidade µ · u = µ · Tu = id (60)

Natural-u u · f = T f · u (61)

Natural-µ µ · T (T f) = T f · µ (62)

Composição monádica f • g = µ · T f · g (63)

Associatividade-• f • (g • h) = (f • g) • h (64)

Identidade-• u • f = f = f • u (65)

Associatividade-•/· (f • g) · h = f • (g · h) (66)

Associatividade-·/• (f · g) • h = f • (T g · h) (67)

µ versus • id • id = µ (68)

DEFINIÇÕES ao ponto (‘POINTWISE’)

Igualdade extensional f = g , h8 x :: f x = g x i (69)

Def-comp (f · g) x = f (g x ) (70)

Def-id id x = x (71)

Def-const k x = k (72)

Notação-� f a = b ⌘ f = �a! b (73)

Def-split hf, gix = (f x, g x) (74)

Def-⇥ (f ⇥ g) (a, b) = (f a, g b) (75)

Def-cond (p! f, g)x = if p x then f x else g x (76)

Def-proj ⇡1 (x, y) = x ^ ⇡2 (x, y) = y (77)

Elim-let let x = a in b = b [x/a] (78)

Elim-pair t = t[(x, y)/z, x/⇡1z, y/⇡2z] (79)

Def-ap ap(f, x) = f x (80)

Curry f a b = f (a, b) (81)

Uncurry bf (a, b) = f a b (82)

Composição monádica (f • g) a = do {b  g a; f b} (83)

‘Binding as µ’ x >>= f = (µ · T f)x (84)

Notação-do do {x  a; b} = a >>= (�x ! b) (85)

‘µ as binding’ µ x = x >>= id (86)

Sequenciação x >> y = x >>= y (87)
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N0
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**
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hh
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T B 1 ` T B
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1
i // T B B
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Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
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Mensagens de erro:

E ` pE ` C q
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E ` B
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return (if b then h : t0 else [ ])
}

Which function of the Haskell Prelude do you get by such reverse monadification?
2

4.11 M O N A D I C R E C U R S I O N

There is much more one could say about monadic recursive program-
ming. In particular, one can express the code “monadification” strate-
gies of the previous section in terms of catamorphisms. As an example,
recall (4.53):

A

f
✏✏

A?

mmap f
✏✏

1 + A⇥A⇤
inA?

oo

id+id⇥mmap f
✏✏

T B T B⇤ 1 + A⇥ T B⇤
g

oo

How do we build g? Clearly, the recipe given by (3.75) needs to be
adapted:

A

f
✏✏

A?

mmap f
✏✏

1 + A⇥A⇤
inA?

oo

id+id⇥mmap f
✏✏

T B T B⇤ 1 + A⇥ T B⇤
g

oo

id+f⇥id
✏✏

1 + T B⇥ T B⇤
[return·nil ,bconsc]

ii

where

bf c (x, y) = do {a x; b y; return (f (a, b))}

By defining

L g M[ = L [return · f , bhc] M where

f = (g · i1)
h = (g · i2)

we can write

mmap f = L (in · (id + f ⇥ id)) M[ (4.54)

where (recall) in = [nil , cons].
Handling monadic recursion in full generality calls for technical in-

gredients called commutative laws which fall outside the current scope
of this chapter.
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Monadic map (mmap)

mmap :: pMonad mq ñ pa Ñ m bq Ñ ra s Ñ m rb s
mmap f r s “ return r s
mmap f ph : tq “ do tb – f h; x – mmap f t ; return pb : x qu

thus building a function of the expected type:

Let us see this at work:

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing
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Monadic map (mmap)

Getting the mimimum of a list (if possible):

mgetmin ::Ord a ñ ra s Ñ Maybe a

Getting list of mimima of a list of lists (where possible):

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

mgetmin r s “ Nothing
mgetmin ra s “ return a

mgetmin ph : tq “ do tx – mgetmin t ; return pmin h x qu

mmap :: pMonad mq ñ pa Ñ m bq Ñ ra s Ñ m rb s
mmap f r s “ return r s
mmap f ph : tq “ do tb – f h; x – mmap f t ; return pb : x qu

thus building a function of the expected type:

Let us see this at work:

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

Getting the mimimum of a list (if possible):

mgetmin ::Ord a ñ ra s Ñ Maybe a

Getting list of mimima of a list of lists (where possible):

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

mgetmin r s “ Nothing
mgetmin ra s “ return a

mgetmin ph : tq “ do tx – mgetmin t ; return pmin h x qu

mmap :: pMonad mq ñ pa Ñ m bq Ñ ra s Ñ m rb s
mmap f r s “ return r s
mmap f ph : tq “ do tb – f h; x – mmap f t ; return pb : x qu

thus building a function of the expected type:

Let us see this at work:

mmap mgetmin [[1,2],[3]] = Just [1,3]
mmap mgetmin [[1,2],[]] = Nothing

Getting the minimum of a list (if possible…)

Get the list of all minima (where possible…)
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MONADS  (recall)

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo
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Example – football league

outB :: B ! 1 + A
outB NB = i1 ()
outB (B a) = i2 a

O functor é, em ambos os casos, F X = 1 + X . Contudo, os catamorfismos de A têm de ser estendidos
com mais um gene, de forma a processar também os B ,

(|· ·|)A :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! A ! c
(|ga gb|)A = ga · (id + (|ga gb|)A ⇥ (|ga gb|)B) · outA

e a mesma coisa para os Bs:

(|· ·|)B :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! B ! d
(|ga gb|)B = gb · (id + (|ga gb|)A) · outB

Pretende-se, neste problema:

1. A definição dos anamorfimos dos tipos A e B .

2. A definição da função

generateAlgae :: Int ! Algae

como anamorfismo de Algae e da função

showAlgae :: Algae ! String

como catamorfismo de Algae .

3. Use QuickCheck para verificar a seguinte propriedade:

length · showAlgae · generateAlgae = fib · succ

Problema 5
O ponto de partida deste problema é um conjunto de equipas de futebol, por exemplo:

equipas :: [Equipa ]
equipas = [
"Arouca","Belenenses","Benfica","Braga","Chaves","Feirense",
"Guimaraes","Maritimo","Moreirense","Nacional","P.Ferreira",
"Porto","Rio Ave","Setubal","Sporting","Estoril"
]

Assume-se que há uma função f (e1, e2) que dá — baseando-se em informação acumulada historica-
mente, e.g. estatı́stica — qual a probabilidade de e1 ou e2 ganharem um jogo entre si.5 Por exemplo,
f ("Arouca","Braga") poderá dar como resultado a distribuição

Arouca 28.6%
Braga 71.4%

indicando que há 71.4% de probabilidades de "Braga" ganhar a "Arouca".
Para lidarmos com probabilidades vamos usar o mónade Dist a que vem descrito no apêndice A

e que está implementado na biblioteca Probability [1] — ver definição (1) mais adiante. A primeira
parte do problema consiste em sortear aleatoriamente os jogos das equipas. O resultado deverá ser uma
LTree contendo, nas folhas, os jogos da primeira eliminatória e cujos nós indicam quem joga com quem
(vencendo), à medida que a eliminatória prossegue:

5Tratando-se de eliminatórias, não há lugar a empates.

7

etc



LTree … catas with monads

2

LTREE monadified

LTree A

out
,,

L g M
✏✏

– A ` LTree A2

in“rLeaf ,Forks

jj

id`L g M2
✏✏

B

u

✏✏

A ` B2

g“rg1,g2s

ii

id`u2

✏✏

T B A ` pT Bq2

rh1,h2s

jj

"
h1 “ u ¨ g1
u ¨ g2 “ h2 ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2 ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2 1 ¨ � ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2 1 ¨ u

"
h1 “ u ¨ g1
T g2 “ h2 1

"
h1 “ u ¨ g1
h2 “ T g2 ¨ �

� px , yq “ do t
a – x ;
b – y ;
return pa, bq
u

pT g2 ¨ �q px , yq “ do ta – x ; b – y ; return pg2 pa, bqqu

mcataLTtree g “ k where
k pLeaf aq “ return pg1 aq
k pFork px , yqq “ do ta – k x ; b – k y ; return pg2 pa, bqqu
g1 “ g ¨ i1
g2 “ g ¨ i2

LTREE monadified

LTree A
out

--

L g M
✏✏

– A ` LTree A2

in“rLeaf ,Fork s
kk

id`L g M2
✏✏

B

u
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A ` B
2
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jj
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✏✏
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1 ¨ � ¨ u2

"
h1 “ u ¨ g1
T g2 ¨ u “ h2

1 ¨ u

"
h1 “ u ¨ g1
T g2 “ h2

1
"
h1 “ u ¨ g1
h2 “ T g2 ¨ �
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outB :: B ! 1 + A
outB NB = i1 ()
outB (B a) = i2 a

O functor é, em ambos os casos, F X = 1 + X . Contudo, os catamorfismos de A têm de ser estendidos
com mais um gene, de forma a processar também os B ,

(|· ·|)A :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! A ! c
(|ga gb|)A = ga · (id + (|ga gb|)A ⇥ (|ga gb|)B) · outA

e a mesma coisa para os Bs:

(|· ·|)B :: (1 + c ⇥ d ! c) ! (1 + c ! d) ! B ! d
(|ga gb|)B = gb · (id + (|ga gb|)A) · outB

Pretende-se, neste problema:

1. A definição dos anamorfimos dos tipos A e B .

2. A definição da função

generateAlgae :: Int ! Algae

como anamorfismo de Algae e da função

showAlgae :: Algae ! String

como catamorfismo de Algae .

3. Use QuickCheck para verificar a seguinte propriedade:

length · showAlgae · generateAlgae = fib · succ

Problema 5
O ponto de partida deste problema é um conjunto de equipas de futebol, por exemplo:

equipas :: [Equipa ]
equipas = [
"Arouca","Belenenses","Benfica","Braga","Chaves","Feirense",
"Guimaraes","Maritimo","Moreirense","Nacional","P.Ferreira",
"Porto","Rio Ave","Setubal","Sporting","Estoril"
]

Assume-se que há uma função f (e1, e2) que dá — baseando-se em informação acumulada historica-
mente, e.g. estatı́stica — qual a probabilidade de e1 ou e2 ganharem um jogo entre si.5 Por exemplo,
f ("Arouca","Braga") poderá dar como resultado a distribuição

Arouca 28.6%
Braga 71.4%

indicando que há 71.4% de probabilidades de "Braga" ganhar a "Arouca".
Para lidarmos com probabilidades vamos usar o mónade Dist a que vem descrito no apêndice A

e que está implementado na biblioteca Probability [1] — ver definição (1) mais adiante. A primeira
parte do problema consiste em sortear aleatoriamente os jogos das equipas. O resultado deverá ser uma
LTree contendo, nas folhas, os jogos da primeira eliminatória e cujos nós indicam quem joga com quem
(vencendo), à medida que a eliminatória prossegue:

5Tratando-se de eliminatórias, não há lugar a empates.
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indicando que há 71.4% de probabilidades de "Braga" ganhar a "Arouca".
Para lidarmos com probabilidades vamos usar o mónade Dist a que vem descrito no apêndice A
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where F is an arbitrary functor, forms a monad for

µ = L [id , in · i2] M
u = in · i1.

Identify F for known monads such as eg. Maybe, LTree and (non-empty) lists.
2

4.9 T H E S TAT E M O N A D

The so-called state monad is a monad whose inhabitants are state tran-
sitions encoding a particular brand of state-based automata known as
Mealy machines. Given a set A (input alphabet), a set B (output alpha-
bet) and a set of states S, a deterministic Mealy machine (DMM) is
specified by a transition function of type

A ⇥ S d
// B ⇥ S (4.31)

Wherever (b, s0) = d(a, s), we say that the machine has transition

s
a|b
// s0

and refer to s as the before state, and to s0 as the after state. Many pro-
grams that one writes in conventional programming languages such
as C or Java can be regarded as DMMs.

It is clear from (4.31) that d can be expressed as the split of two func-
tions f and g — d = h f , gi — as depicted in the following drawing:

a f b = f (a, s)

g s0 = g(a, s)s

Note, however, that the information recorded in the state of a DMM
is either meaningless to the user of the machine (as in eg. the case
of states represented by numbers) or too complex to be perceived and
handled explicitly (as is the case of eg. the data kept in a large database).
So, it is convenient to abstract from it, via the “encapsulation” sug-

STATE MONAD

A ˆ S
f
// B

A ˆ S
g
// S

A ˆ S
xf ,gy

// B ˆ S

e20!e20?

a
b “ fpa, sq

s1 “ gpa, sq
s
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We shall denote this by f A and its type-rule is as follows:

C B
f

oo

CA BAf A
oo

It can be shown that, once A and C B
f

oo are fixed, f A is the func-

tion which accepts some input function B A
g

oo as argument and
produces function f · g as result (see exercise 2.41). So f A is the “com-
pose with f ” functional combinator:

( f A)g def
= f · g (2.87)

Now we are ready to understand the laws which follow:

Exponentials absorption :

DA DA ⇥ A
ap

// D

BA

f A

OO

BA ⇥ A

f A⇥id

OO

ap
// B

f

OO

C

g

OO

C ⇥ A

g⇥id

OO

g
;;

f · g = f A · g (2.88)

Note how, from this, we also get

f A = f · ap (2.89)

Thus (2.88) can also be written

f · g = f · ap · g (2.90)

Exponentials-functor :

(g · h)A = gA · hA (2.91)

Exponentials-functor-id :

idA = id (2.92)

W H Y T H E E X P O N E N T I A L N O TAT I O N . To conclude this section
we need to explain why we have adopted the apparently esoteric BA

notation for the “function from A to B” data type. This is the op-
portunity to relate what we have seen above with two (higher order)
functions which are very familiar to functional programmers. In the
HASKELL Prelude they are defined thus:

curry :: ((a, b) ! c) ! (a ! b ! c)
curry f a b = f (a, b)
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f = k

⌘ { expand k }

f = uncurry f

We conclude that uncurry is the inverse of transposition, that is, of
curry . We shall use the abbreviationbf for uncurry f , whereby the above
equality is written f = bf . It can also be checked that f = bf also holds,
instantiating k above by bf :

bf = ap · (f ⇥ id)

⌘ { cancellation (2.84) }
bf = f

2

So uncurry — i.e. c( ) — and curry — i.e. ( ) — are inverses of each
other,

g = f , ĝ = f (2.94)

leading to isomorphism

A ! CB ⇠= A ⇥ B ! C

which can also be written as

(CB)A

uncurry
**⇠= CA⇥B

curry

jj

(2.95)

decorated with the corresponding witnesses.14

Isomorphism (2.95) is at the core of the theory and practice of func-
tional programming. It clearly resembles a well known equality con-
cerning numeric exponentials, bc⇥a = (ba)c. Moreover, other known
facts about numeric exponentials, e.g. ab+c = ab ⇥ ac or (b ⇥ c)a =
ba ⇥ ca also find their counterpart in functional exponentials. The
counterpart of the former,

AB+C ⇠= AB ⇥ AC (2.96)

arises from the uniqueness of the either combination: every pair of
functions ( f , g) 2 AB ⇥ AC leads to a unique function [ f , g] 2 AB+C

and vice-versa, every function in AB+C is the either of some function
in AB and of another in AC.

The function exponentials counterpart of the second fact about nu-
meric exponentials above is

(B ⇥ C)A ⇠= BA ⇥ CA (2.97)

14 Writing f (resp. bf ) or curry f (resp. uncurry f ) is a matter of taste: the latter are more
in the tradition of functional programming and help when the functions have to be
named; the former save ink in algebraic expressions and calculations.
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instantiating k above by bf :

bf = ap · (f ⇥ id)

⌘ { cancellation (2.84) }
bf = f

2

So uncurry — i.e. c( ) — and curry — i.e. ( ) — are inverses of each
other,

g = f , ĝ = f (2.94)

leading to isomorphism

A ! CB ⇠= A ⇥ B ! C

which can also be written as

(CB)A

uncurry
**⇠= CA⇥B

curry

jj

(2.95)

decorated with the corresponding witnesses.14

Isomorphism (2.95) is at the core of the theory and practice of func-
tional programming. It clearly resembles a well known equality con-
cerning numeric exponentials, bc⇥a = (ba)c. Moreover, other known
facts about numeric exponentials, e.g. ab+c = ab ⇥ ac or (b ⇥ c)a =
ba ⇥ ca also find their counterpart in functional exponentials. The
counterpart of the former,

AB+C ⇠= AB ⇥ AC (2.96)

arises from the uniqueness of the either combination: every pair of
functions ( f , g) 2 AB ⇥ AC leads to a unique function [ f , g] 2 AB+C

and vice-versa, every function in AB+C is the either of some function
in AB and of another in AC.

The function exponentials counterpart of the second fact about nu-
meric exponentials above is

(B ⇥ C)A ⇠= BA ⇥ CA (2.97)

14 Writing f (resp. bf ) or curry f (resp. uncurry f ) is a matter of taste: the latter are more
in the tradition of functional programming and help when the functions have to be
named; the former save ink in algebraic expressions and calculations.
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where F is an arbitrary functor, forms a monad for

µ = L [id , in · i2] M
u = in · i1.

Identify F for known monads such as eg. Maybe, LTree and (non-empty) lists.
2

4.9 T H E S TAT E M O N A D
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sitions encoding a particular brand of state-based automata known as
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bet) and a set of states S, a deterministic Mealy machine (DMM) is
specified by a transition function of type

A ⇥ S d
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A ˆ S
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A ˆ S
g
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A ˆ S
xf ,gy

// B ˆ S

e20!e20?

a
b “ fpa, sq

s1 “ gpa, sq
s
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STATE MONAD

STATE MONAD

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
hhT C B

f
oo

(1)

T X “ pX ˆ S qS

ppC ˆ S qS ˆ S qS

µ
✏✏

pB ˆ S qSpf ˆidqS
oo A

g
oo

f ‚g

hh
pC ˆ S qS B

f
oo

(2)

FALTA

°°
FREE MONAD

MONADIFICATION

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo

CB CB ˆ B
ap
//C

A

g

OO

A ˆ B

gˆid

OO

g
::

D

f

OO

g ¨pf ˆidq

GG

D ˆ B

fˆid

OO g¨pfˆidq

CC

g ¨ f “ g ¨ pf ˆ idq

F f ¨ F g

“ t F h “ h ¨ ap duas vezes u
f ¨ ap ¨ g ¨ ap

“ t fusão (da exponencial) u
f ¨ ap ¨ pg ¨ ap ˆ idq

“ t cancelamento (exponencial) u
f ¨ g ¨ ap

“ t F h “ h ¨ ap u
F pf ¨ gq

l

idB “ id

pf ¨ gqB “ f B ¨ gB
--

| T f “ pf ˆ idqS |
FALTA

°°
FREE MONAD

MONADIFICATION



STATE MONAD get

STATE MONAD

T pT C q
µ
✏✏

T B
T f
oo A

g
oo

f ‚g
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f
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µ
✏✏

pB ˆ S qSpf ˆidqS
oo A

g
oo

f ‚g

hh
pC ˆ S qS B

f
oo

(2)

FALTA

°°
FREE MONAD

MONADIFICATION

STATE (KLEISLI)
zf ‚ g “ pf ¨ pg

C
B

ˆˆ ˆˆ
A

pf pg

S
S

S

ACTIONS

a P pX ˆ S qS
a “ xf , gy

X X ˆ S
⇡1

oo

⇡2
// S

S
f

dd

xf,gy
OO

g

::

(1)

get “ xid, idy (2)
(3)

put “ x!, ⇡1y (4)

S S ˆ S
⇡1

oo

⇡2
// S

S
id

hh

xid,idy
OO

id

66

x!, ⇡1y : S ˆ S Ñ 1 ˆ S

x!, ⇡1y : S Ñ pS ˆ 1qS

put “ x!, ⇡1y
” t universal-expo u
ap ¨ pput ˆ idq “ x!, ⇡1y

” t introdução de variáveis x e s u
ap pput x , sq “ p! px , sq, ⇡1 px , sqq

” t simplificação u
put x s “ ppq, x q
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Decorating trees

Recall two basic actions of the state monad:

• get = hid , idi — reads the current value of the state

• put x = h!, xi writes value x into the state

We can add these to f above so that this decorates each node of input tree with a
kind of “serial number”, as follows:

f Empty = return Empty
f (Node (a, (x , y))) = do {
n get; put (n + 1);
x 0  f x ;
y 0  f y ;
return (Node ((a, n), (x 0, y 0)))}
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Monad = 
“racing” 
functor

Mensagens de erro (E ):

E ` B A
g
oo

E ` C B
f

oo

Mensagens de erro:

E ` pE ` C q
ri1 ,ids

✏✏

E ` B
id`f
oo A

g
oo

f ‚g
iiE ` C B

f
oo

(1)

Funções que dão pares:

pC ˆ C q ˆ pC ˆ C q
⇡1ˆ⇡2

✏✏

B ˆ B
f ˆf
oo A

g
oo

f ‚g

ggC ˆ C B
f

oo
(2)

T X “ 1 ` X

T X “ Maybe X

T X “ E ` X

T X “ X ˚

T X “ X ˆ X

X
i2 // 1 ` X 1 ` p1 ` X qri1 ,ids

oo

X
i2 // E ` X E ` pE ` X qri1 ,ids

oo

X Just //Maybe X Maybe pMaybe X qµ
oo

X
singl

//X ˚ pX ˚q˚concatoo

X
xid,idy

//X ˆ X pX ˆ X q ˆ pX ˆ X q⇡1ˆ⇡2oo

MONAD:

X u // T X T pT X qµ
oo
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Back to ‘DIVIDE & CONQUER’

A

g
))

rpgqs
✏✏

F A
F rpgqs
✏✏

T
out

))

L f M
✏✏

– F T
in

hh

F L f M
✏✏

B F B
f

hh



A
˚

divide
,,

rpdivideqs
✏✏

B pA,A˚q
B pid,rpdivideqsq
✏✏

BTree A
out

--

L conquer M
✏✏

– B pA,BTree Aq
in

kk

B pid,L conquer Mq
✏✏

A
˚ B pA,A˚q

conquer

jj

Mergesort

merge pmSort l1 q pmSort l2 q

mSort l1 mSort l2

l1 l2

l

C (“conquer”)

B

A (“divide”)

C T
L M

oo A
rp qs

oo

Back to ‘DIVIDE & CONQUER’



Back to ‘DIVIDE & CONQUER’

QUESTION:
In algorithm 
analysis, how do 
we find divide and 
conquer?



Example (FIBONACCI)

iSort “ L rnil, zinserts M

Leis de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrin, gss “ rpgqs
rrf , outss “ L f M

Selection sort (m “ minimum l ):

l

m l2 “ delete m l

m sSort l2

m : sSort l2

C (conquer )

B

A (divide)

sSort “ rpdivideqs

fib 0 “ 1
fib 1 “ 1
fib pn ` 2q “ fib pn ` 1q ` fib n

in “ r0, succs

divide 0 “ 1
divide 1 “ 1
divide pn ` 2q “ . . . pn ` 1q . . . n

divide 0 “ i1 1
divide 1 “ i1 1
divide pn ` 2q “ i2 pn ` 1, nq

iSort “ L rnil, zinserts M

Leis de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrin, gss “ rpgqs
rrf , outss “ L f M

Selection sort (m “ minimum l ):

l

m l2 “ delete m l

m sSort l2

m : sSort l2

C (conquer )

B

A (divide)

sSort “ rpdivideqs

fib 0 “ 1
fib 1 “ 1
fib pn ` 2q “ fib pn ` 1q ` fib n

in “ r0, succs

divide 0 “ 1
divide 1 “ 1
divide pn ` 2q “ . . . pn ` 1q . . . n

divide 0 “ i1 1
divide 1 “ i1 1
divide pn ` 2q “ i2 pn ` 1, nq



FIBONACCI

(practical rule)

iSort “ L rnil, zinserts M

Leis de reflexão:

L in M “ id

rpoutqs “ id

rrf , gss “ L f M ¨ rpgqs

rrin, gss “ rpgqs
rrf , outss “ L f M

Selection sort (m “ minimum l ):

l

m l2 “ delete m l

m sSort l2
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