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Heinrich Kleisli

From Wikipedia, the free encyclopedia

Heinrich Kleisli (/klasli/; October 19, 1930 — April 5, 2011)
was a Swiss mathematician. He is the namesake of several
constructions in category theory, including the Kleisli
category and Kleisli triples. He is also the namesake of the
Kleisli Query System, a tool for integration of
heterogeneous databases developed at the University of
Pennsylvania.

Kleisli earned his Ph.D. at ETH Zurich in 1960, having been
supervised by Beno Eckmann and Ernst Specker. His
dissertation was on homotopy and abelian categories. He
served as an associate professor at the University of

Heinrich Kleisli in 1987

Ottawa before relocating to the University of Fribourg in 1966. He became a full professor at

Fribourg in 1967.




Monad — natural properties
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Monad — multiplication...




Monad — multiplication versus unit
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Monad — multiplication versus unit




Monad — multiplication versus unit
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Monad — multiplication versus unit




Monad — multiplication versus multiplication




Monad — multiplication versus multiplication
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Monad — multiplication versus multiplication
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Monad — multiplication versus multiplication
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Monad — multiplication versus multiplication
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Monad - laws of unit and multipli- ation
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Monad — unit of composition

feu=f=uef

e { definition of f e ¢, twice }

pTfou=f=p-Tu-f

= { natural-u and - T u = id }
pou-f=f=idf
= {,uou=id}

e

Lii-u—iof
T

b =td = - T




monad

LTree (LTree A) =

0

LTree A

LTree a Leaf a

out=in°

LTree A + (LTree (LTree A))’

e ol ll’dﬂf
LTree A + (LTree A)°
[id,Fork]

p = (|id, Fork])

LTree (LTree a) LTree a

Fork (LTree a, LTree a) catalTree (either id Fork)




monad

Leaf ([ed,Fork])

X LTree X L Tree? X

pru=id=p-Tu pop=p-Tu

mu LTree (LTree a) LTree a
LTree a Leaf a Fork (LTree a, LTree a) mu cataLTree (either id Fork)




monad

1 - LTree Leaf = id
= { definition of  }

([id, Fork]) - LTree Leaf = id
= { cata-absorption }

([id, Fork] - (Leaf + id) ) = id
= { +-absorption }

([Leaf , Fork]) = id

= { cata-reflection }

X

true

LTree a Leaf a Fork (LTree a, LTree a)

(o =d == =T

Leaq, ([id,Fork])
d LTree X [ ] L Tree? X
mu LTree (LTree a) LTree a
mu catalLTree (either id Fork)
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Monad
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fou=Ff




Monad

AL foid=yu-Tf

fou=Ff
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Monad ( )

Monad LTree

L . return Leaf
Minimal complete definition t g (mu . fmap g) t
(>>=) LTree (LTree a) LTree a
catalLTree (either id Fork)
Methods
(>>=) :: forall a b. ma -> (a ->mb) ->mb | infixl 1 l
| # Source
Sequentially compose two actions, passing any value produced
by the first as an argument to the second.
(>>) :: forall a b. ma ->mb ->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

return = u

return :: a -=> m a # Sourc




Monad ( )

Minimal complete definition

(.1) Monad a (b ac) (d
(>>=) (f .! g) a~ (g a) f

m (m b) mb

Methods mult (Monad m)
mult - ( id)

(>>=) :: forall a b. m
| # Source

Sequentially compose two actions, passing any value produced
by the first as an argument to the second. (fwg)iga=-(g @) e f

(>>) :: forall a b. ma ->mb->mb | infixl 1 ||# Source

Sequentially compose two actions, discarding any value producedby the 7d @ id = “Ll
first, like sequencing operators (such as the semicolon) in imperative

languages.
return = u

return :: a -=> m a # Source




Monad ( )

instance LTree where
= Leaf
Minimal complete definition t>>=g = (mu . g) t
_ :: LTree (LTree a) —> LTree a
(>>=)
catalLTree ( Fork)
Methods
(>>=) :: forallab. ma -> (a->mb) >mb |infixl 1|
| # Source
Sequentially compose two actions, passing any value produced
by the first as an argument to the second.
(>>) :: forall a b. ma ->mb ->mb | infixl 1 | | # Source

Sequentially compose two actions, discarding any value produced by the
first, like sequencing operators (such as the semicolon) in imperative
languages.

return = u

return :: a -> m a # Sourc
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Monads — summary

(e e = =R

pep=p-Tu (>=f) =f eid




MONADAS

Multiplicacao
Unidade

Natural-u

Natural-p

Composicao monddica
Associatividade-e
Identidade-e
Associatividade-e/-
Associatividade-- /e

[L Versus e

popp=p-Tp
peouw=p-Tu=1id
u-f = Tf-u
p-T(Tf) = Tf-p
feg = pn-Tf-g
fe(geh)=(feg)eh
uef=f=feu

N N O o O o o O O
— O O 0 N O U1 = W N




Composicao monadica
‘Binding as
Notac¢ao-do

‘u as binding’

Sequenciacao

(feg)a=do{b<ga;fb}
r>=f = (n-Tfa
do{z < a;b} = a>= Az —b)
pr = x>=1id

r>y = T>=Y

(86)
(87)
(88)
(89)
(90)




Monad =
“racing”
functor




MONADS: -notation

D e s g e

(f-g)a=f(ga)=letb=gainf b

(feg)a=do{b<ga;fb}
9 19




MONADS: -notation

D e s i e

(f-g)a—frletb—gainfb

(feg)a=do{b b}




MONADS: co-notation

i

{ definition of (==F) }

(f ° id) X
{ do-notation }

do {ih <= 70 by

SN

(f.g)a:dO{b‘_ga;fb}




MONADS:

-notation

(5=f) = f o id

i

(f o id) @

S

do {

{ definition of (=

60
=z

g\‘o
g
(feg)a=do{b<—ga;fb}




MONADS:

-notation

(=f) = f oid

i

(f o id) @

S

do {

{ definition of (=

60
=z

g\‘o
g
(feg)a=doib<—ga;f b}




MONADS: -notation
r>=f=do{b—uz;f b}
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(Credits: http://shorturl.at/buNPX)




MONADS: -notation

Recall law

(g-f)oh=ge(Tf-h)

Particular case : g, h := u,1d:




MONADS: -notation

(u-f)oid=wue(Tf-id)
= { natural-id; unit u }
(- flerd =T f
{ go pointfree }
(u-fleid)z=Tfz

= { introduce d-notation }

Tfxz=do{b« z;return (f 0)}

(g-f)eh=ge(Tf-h)

Particular case : g, h := u, id:

(feg)a=do{b<ga;fb}




MONADS: -notation :
(g (T /- 1)

(u-f)oid=us (T id s \ e
= { natural-id; unitu} : 6&’0 : e
(u-fyeid=Tf oL

g
{ go pointfree } S\\Q
(6 F) o id) s O

=
1l }

(feg)a=do{b<ga;fb}

— {i- s\(’g)
T « — x;return (f )}




I/O monad : interfacing with the file system




monad : interfacing with the

10 String feadtde - e Path

10 1 writeFile o StTZTLg

copy i o = (writeFile o e readFile) i

{ do-notation }

copy i 0 = do {s < readFile i; writeFile o s}
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MONADS: laws written using do-notation

uef=f=feou

uef=f=feu

= { go pointwise }

(uef)a=fa=(feu)a

{ do-notation }

do {b < f a;return b} = f a = do {b < return a;f b}

(feg)a=do{b<«ga;f b}




MONADS: laws written using do-notation

Jielge ) i=ijieg) e

TB—"—A4

(feg)a=do{b<ga;fb}

TD




MONADS: laws written using do-notation

18 e S =G O o

(fe(geh))a

= {do-notation} (feg)a=do{b<ga;fb} § i e
do{c< (geh)a;fc}
= { do-notation} (feg)a=do{b<ga;fb} TC g B

do{c—do{b—ha;gb};f c}

TD C




MONADS: laws written using do-notation
fel(geh)=(feg)eh

(feg)eh)a
= { do-notation} (fegla=do{b<—ga;f b}
Ty do {b < ha;(feyg) b}
= { do-notation} (feg)a=do{b<ga;fb}

do{b<—ha;do{c—gb;fc}}

Tez il p

= { simplify }

do{b<—ha;c—gb;f c}

1E2) C




MONADS: laws written using do-notation
fe(geh)=(feg)eh
do{c—do{b—ha;gb};fct=do{b—ha;c—gb;fc}

PSRt s

] B0

(feg)a=do{b<—ga;fb} f C




MONADIC RECURSION: the pointwise way




MONADS: list compreensions

le|lai—x1,...,a, — x| =do {a; <« z1;...;a, < x,;return e}

(c*)* ~—B*<——A

Concatl :
gt aihliily
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Monadic

out
N() /%N 1+ NO
\_/
for b zl in=[0,succ] lz’dJrfor bits
B \[_]/1 + B
i,b

for b i = ([, b])

X v e BT R




Monadic

out
Ny /’5_\ 1 + Ny
\/
for b i in=[0,succ] lz’d+for b i
it 1t
u [2,0] id—l—ul
TRB 1+TB

X v e BT R

for b i = ([,0])




Monadic

w-forbi=ford 4
= { forbi—([,0]) }
w- ([4,0]) = ([2, b'])
oL { fusdo-cata }
w- [, 0] = [, 8] - (¢d + u)

= { coprodutos (fusdo, absorcao, eq) }

dhorl
u-b="b-u

>

X v e BT R




Monadic

u-for bi=ford ¢
{ forvi=([i,5]) }
w- ([2,0]) = ([, 0])
- { fusdo-cata }
w-[i,b] =[2,¥] - (id + u)

= { coprodutos (fusdo, absorcao, eq) }

dhorl
u-b="b-u

>

{

{ tivial }

=1

b=l

mfor b i = ([ui, T b])




Monadic

mfor b s = ([uz, T b])

X v e BT R

mfor b i = ([wi, T b])
{ universal cata }

mfor b i - [0, succ] = [w i, T b] - (id + mfor b 7)
{ coprodutos (fuséo, absorcao, eq) ; variaveis }

mfor b7 0 = u 4
mfor b i (n+1) =T b (mfor b i n)

{ u=return ;T fz =do {a < z;return (f a)} }

mfor b ¢ 0 = return ¢
mfor b i (n + 1) = do {z < mfor b i n;return (b z)}




Monadic
X v e BT R

mfor b i 0 = i
mfor b i (ntl) = do { x <- mfor bin; b x}




Monadic
X v e BT R

mfor b i 0 = i
mfor b i (ntl) = do { x <- mfor bin; b x}

(feg)a=do{b<ga;fb}

(b e (mfor bi)) n

— { composigao e cxomposicao monadica }

(b eid) (mfor b i n)




Monadic
X v e BT R

mfor b i 0 = 1
mfor b i (ntl) = do { x <- mfor bin; b x}

(feg)a=do{b—ga;fb}
Associatividade-e /- (feg)-h = fe(g-h) (66)

(b e (mforbi))n
= { id; composition ; monadic composition }

(b eid) (mfor bin)




Monadic

X v e BT R

mfor b i 0 = 1
mfor b i (ntl) = do { x <- mfor bin; b x}
out % b
HERLE fr e
Ny o~ 1 + Ny
\/
mfor b zl in=[0,succ] lz’d—l—mfor bi
TR | +TR mfor b i = (|2, b e id])
e e

[1,beid]




map

A* Ha 1+AXA"
maeh fl lid—Hd xmmap f
T B* i g ........ 1 —|—A X T B>l<

q7?




map

TB

A* ii”lA* 1 _|_ A - A*

mmap f i lidﬂdx,ﬂmap f
T B>l< i_ ................ g _________ 1 _l_A X -I— B*
[return'n”/\_COY.'I.'S'J'].,_'” \Ll +f><l

1+TBxTB*




map

inA*

A A 14+ A x A*
fl mmapfl lid“dxmmapf
T B T B>l< i_ ................ g _________ 1 _|_A % -I— B*
e
[return-nil, |cons}]-.. lz +f X1
1+TBxTB*

If] (x,y) =do {a + x;b < y;return (f (a,b)) }




map

mmap :: (Monad m) = (e > m b) — |a] - m [b]
mmap f || = return ||
mmap f (h:t) =do {b <« f h;x — mmap f t;return (b: )}




map

Getting the minimum of a list (if possible...)
mgetmin :: Ord a = |a]| — Maybe a

Get the list of all minima (where possible...)

milgips-moe bl naiell - 203 Hise SJiisat. . i il LS
mmaipE moetmasn dERls 2 swEl [ SN o i Bg




map

Getting the minimum of a list (if possible...)

mgetmin :: Ord a = |a]| — Maybe a

mgetmin | | = Nothing
mgetmin | a| = return a
mgetmin (h:t) = do {x < mgetmin t;return (min h )}
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monadic
programming




Example -

-

W
L]
o /
g %o © o /
== /
- f

Fork ‘ | Fork Fork | Fork l

i | /N
‘Sporting ‘Chaves |P.Ferreira Benfica Porto Braga Setubal Feirense| |[Guimaraes| |Belenenses| |[Moreirense Maritimo ‘Arouca Estoril |RioAve Nacional

Arouca wmm 28.6%
Braga 71.4% etc




out

LTree A;?_/AJr L Tree A°
(g Dl in=[Leaf , Fork] lmq g)?
B A + B?

9=[91,92] lz’d—l—uz

TR Alu T gie

e,
return (a, b)

j




LTree

mcataLTtree g = k where
k (Leaf a) = return (g1 a)
k (Fork (z,y)) =do{a < k z;b < k y;return (g2 (a, b))}
=
i g




LTree

e 2
LTree A = A+ LTree A
G e Ee TR
(g) in=| Leaf ,Fork] lid-l—(]g[)2 f : B2 P
TB AREaR gy
e e Arouca e 28.6%
[hl ,hg] Braga 71.4%

he (z,y) =do{a < z;b < y; [ (a,b)}




Example - -

[ ] .
3\;0:, ® oﬂ"
(Equipa, Equipa) —> Dist Equipa
kMain> jogo ("Braga",'"Arouca")
Braga 71.4
Arouca 28.6¢
0 Fork
4
Fork Fork Fork Fork Fork Fork Fork Fork
,E % i | /N
Sporting Chaves | |P.Ferreira Benfica Porto Braga Setubal Feirense| |[Guimaraes| |Belenenses| |[Moreirense Maritimo Arouca Estoril Rio Ave Nacional
Arouca  wmmm 28.6%
etc

Braga 71.4%




Example -

3 ‘e e °
|2a2 © o
- /
h2(d1,d2) = do { a <- d1; b <- d2; jogo(a,b) }
simular = catalLTree ( return h2)
Fork
Sporting Chaves | |P.Ferreira Benfica Porto Braga Setl:bal Feirense| |[Guimaraes| |Belenenses| |[Moreirense Maritimo Arouca Estoril Rio Ave Nacional

calendario

analLTree lsplit equipas




Example - -

Main> simular calendario

Porto 24.0
Benfica 22.
Sporting 19.
Braga
Guimaraes
Fork Belenenses
Nacional
" = Maritimo
Moreirense
Rio Ave
Setubal
P.Ferreira
Arouca
Chaves
Feirense
Estoril

Fork

Fork

N
e

Sporting Chaves | |P.Ferreira Benfica Maritimo Arouca Estoril Rio Ave Nacional

etc

O R FFEFEFEFNNNWWWRLEO
OFRLNNMNORFWWULINNUIO S




STATE MONAD (REACTIVE SYSTEMS)

H

-~ MB

H
MULTIBANCO




REACTIVE SYSTEMS

H

€207 - MB

H
MULTIBANCO




REACTIVE SYSTEMS

H

€207 - MB

H
MULTIBANCO

- <20




REACTIVE SYSTEMS

H

€207 - MB

H
MULTIBANCO

. Saldo

insuficiente!




REACTIVE
SYSTEMS

€207

H

MB

H
MULTIBANCO




REACTIVE
SYSTEMS

€207

H

MB

H
MULTIBANCO




REACTIVE
SYSTEMS

€207

H

MB

H
MULTIBANCO

> €20/




REACTIVE

SYSTEMS
€207 ? i e
MB insuficiente!
> -
@ g (<
2 | 1Ii




REACTIVE
SYSTEMS

€207

Y




REACTIVE SYSTEMS

Y

Y

Y

\

AXSLB
e
Nietdip




REACTIVE SYSTEMS

H

-~ MB

H
MULTIBANCO

AXSLB

A sl

A><S<f—’g>>B><S




REACTIVE SYSTEMS

curry :: ((a,b

)
curryfab=f

> eyl = bi—e)
a

(a,b)
A oBiieo g

uncurry
(CB)A ~ CAXB
v

curry

A
Al iy

Al eI g o

e —=v b = f (as)

§ ———s'=g(a,5s)




REACTIVE SYSTEMS e
A i

B ~

A s iiip G Aq—’gZ(BxS)S

B2 il e s b (as)

A<fg>TB S o fasch 4'S:g(a/5)




STATE MONAD

TX=(Xx58)?

Tf=fxid)

Ml e = ARV




STATE MONAD

S S S x §—=

S

S

a=<{f, g )

get = (id, id)




STATE MONAD TX = (X x 8)°

put = <'7 7Tl>

impp i S xS -1 %8

put =, m): 8 > (1 x 9)°




STATE MONAD T X = () %9

f Empty = return Empty
f (Node (a, (x,y))) = do {
n < get; put (n+ 1);
x'«— f x;
y’ — fy;
return (Node ((a, n), (x',y")))}

put =, my: 8 — (1 x9)° get = (id, id)




Monad =
“racing”
functor




Epilogue




Back to ‘DIVIDE & CONQUER'’

-

g y&
) divide
(9)] out F [(9)
T @ F T rule rule
(fD in F(f) !
B F B conquer
\]7/ L

conquer

—




Back to ‘DIVIDE & CONQUER'’




Back to ‘DIVIDE & CONQUER'’

QUESTION: %Q
In algorithm ((\’\

analysis, how do ) e $®
we find divide and e e ule

?
conquer: !
- conquer

conquer




Example (FIBONACCI)

fib0=1
firl=1
fib(n+2)=fib(n+1)+ fibn

in = [0, succ|




FIBONACCI

(practical rule)

divide 0 = 77 1
divide =75 1

fibD =1
Jebil—
fib(n+2)=fib(n+1)+fibn

divide 0 = 1 O
divide 1 =1

divide (n+2)=...(n+1)...n

-

divide (n + 2) =iy (n + 1, n)




FIBONACCI

fibo=1
fibl=1
fib(n+2)=fib(n+1)+ fibn

divide : Ny — Ny + Ny?

divide 0 = 71 1
divide =75 1
divide (n + 2) =iy (n + 1, n)




FIBONACCI e

fibl=1
fib(n+2)=fib(n+1)+ fibn

divide : Ng — Ny + Ny?

e R L M

divide
divide (n +2) =1 (n+ 1,n)




FIBONACCI

yr

«(@6$Q b (n+1)+ fibn
\

P
divide : » N7 g + N2

e R L M

divide
divide (n +2) =1 (n+ 1,n)




FIBONACCI

divide 0 = 77 1
divide [ 75l
divide (n + 2) = i3 (n + 1, n)

conquer : Ng + Ny* > N
conquer = |id, add]

fibi) =1
Jebili—"1;
fib(n+2)=fib(n+1)+ fibn

i =l Tree Nj




FIBONACCI

fib
fib

(Integral c) C
hyloL conquer divide

divide 0 - il 1
divide 1 - il 1
divide(n+2) - i2(n+1,n)
conquer - either id add




FIBONACCI 1 qien,

(divide)| 5 =




FIBONACCI

(divide)| 5 =




HANOI TOWERS




HANOI TOWERS




HANOI TOWERS

© Shop New Zealand




HANOI TOWERS

© shop New Zealand




HANOI TOWERS




hanoi (d,n + 1)

© Shop New Zealand




ooooo

p New Zealand




hanoi (d,n + 1) = hanoi (— d, n)

bp New Zealand




hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)]

© shop New Zealand




hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)| H hanoi (— d,n)




HANOI TOWERS

hanot (d,0) =[]
hanoi (d,n + 1) = hanoi (— d,n) + [(n, d)] + hanoi (— d, n)

© shop New Zealand




HANOI TOWERS

hanot (d,0) =[]
hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)]| ++ hanoi (— d, n)

divide (d,0) = ...
divide (d,n+1)=...(—=d,n)...(n,d)...(— d,n)

‘ © shop New Zealand




HANOI TOWERS

hanot (d,0) =[]
hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)]| ++ hanoi (— d, n)

_

divide (d,0) = ...
divide (d,n+1)=...(—=d,n)...(n,d)...(— d,n)

divide (d,0) = i1 ()
divide (d,n+ 1) =1is (... (—d,n)...(n,d)...(— d,n))




HANOI TOWERS

hanot (d,0) =[]
hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)]| ++ hanoi (— d, n)

_
¢ e S

divide (d,0) = i1 ()
divide (d,n + 1) =iy ((n,d),((— d,n),(— d,n)))

* © shop New Zealand




HANOI TOWERS

hanot (d,0) =[]
hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)]| ++ hanoi (— d, n)

_

divide :: B x Ny — 1 + (Ng x B) x (B x N0)2
divide (d,0) = iy ()
divide (d, n + 1) = 19 ((n, d), ((_' da ’IZ), (_' d? n)))




HANOI TOWERS

(7)
hanot (d,0) =[] \l
hanoi (d,n + 1) = hanoi (— $ e noi (— d,n)

» \ @9\ o
divide :: % \(\ 6 §Q ) x (B x Np)?
divide \ %’Q@
divide ( ’ﬂ _Un,d),((—=d,n),(— d,n)))




HANOI TOWERS

hanot (d,0) =[]

hanoi (d,n + 1) = hanoi (— d,n) + [(n,d)]| ++ hanoi (— d, n)

hanoi -~ hyloB conquer divide

divide(d,0)
divide(d,n 1)

i1()
i2((n,d), ((not d,n), (not d, n)))

conquer - either nil inord

inord(a, (x,y))

X [a] y




qSort -~ hyloB conquer divide

divide [] i1 ()

divide (h:t) - i2 (h,(s, 1)) (s,1) = part (-h) t
conquer - either nil inord

hanoi - hyloB conquer divide

divide(d,9) i1()

divide(d,n+1) i2((n,d), ((not d,n), (not d, n)))
conquer - either nil inord

inord(a, (x,y)) - x [a] y




“What for all this”?...
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Wrapping up
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Programming is




The END (22/23)




