Calculo de Programas
T09 (cntd)




kf-in=in-(f +4d) (sld+k f xEkf)

7 L Tree 1 7 + LTree’
fl kf=dgl)l lz‘dwc 1)’
7 LTree 7 e

g

7 + LTree’




kf-in=in-(f4+id) - (id+ k f x k f)

A | Tree L A + LTree?




kf-in=in-(f4+id) - (id+ k f x k f)

P

A | Tree L A + LTree?




kf=(in-(f+1d))

LTree A i A + (LTree A)*
kf—qul lz‘d+<k i
LTree B A + (LTree B)*

g
\k %

B + (LTree B)




kf=(in-(f+1d))




kf=(in-(f+id))

kid = (in) = id

Absorption:

(g)-kf=(g-(f+id))




(g)-kf=(g-(f+id))
= { kf=(in-(f+id)) }
(g)-(in-(f +id)) =(g-(f +id))
<~ { cata-fusion }

(g)-in-(f+id) =g-(f +id) - (id + (g)?)

== { cata-cancellation }
g-(id+(g)*) - (f +id) = g- (f +id) - (id + (g)*)
== { functor-+ twice; natural-id four times }
gl e s Gl
= { trivial }

true




k(f-9)

{ Bf=(in-(f+id)) }
fin 10t g+ ud) ]

{ +functor etc }
(in-(f +id)- (g +id))

{ absorption (previous slides) }
(in-(f +id)) - (in- (g +1id))

{ kf=(in-(f+id)) twice }
kf-kg

id

kid = (in)

bl =R g




(ot (o)
Croo) (o) Cron) (o)
: o | [ 3 L] [ e "
data LTree = Leaf Int | Fork (LTree, LTree)

k (Leaf x) = Leaf (x"2)

k (Fork (1,r)) = Fork (k 1, K r)




kf=(in-(f+1d))

LTree A i A + (LTree A)*
kf—qul lz‘d+<k i
LTree B A + (LTree B)*

g
\k %

B + (LTree B)




LTREE TYPE FUNCTOR

A | Tree A

LTree f = (in-(f+id))




LTREE TYPE FUNCTOR

LTree A

LTree B

'\/&

out

~o

~~~——VD @@

In

out

N

In

A+ (LTree A)

2
_J

~N"

F (LTree A)

B + (LTree B)

2
J

~N"

F (LTree B)




LTREE TYPE FUNCTOR

FX=A+X°
FX=DB+X°

—_— 2
LTree A ~ A+ (LTree 4)
\_/ ~ s .

in F (LTree A)

/ﬁtﬂ. 2
~ B+ (LTree B)

in F (LTree B)

L Tree B

|




LTREE base bifunctor B

out

ﬁ 2
L Tree X =~ X + (LTree X)

S cndiaimeads W,
n

B (X,LTree X)

B(X,Y)=X + Y2




BIFUNCTORS




BIFUNCTORS (Laws)

R Gl B (A4, C)
fl gl lB(fag)
BE i o B (D, F)

B (id,id) = id
B(h-f,k-g)=B(h k) -B(f g)




CATAMORPHISMS (generalization)

~

out out

PSR sl S EBd T
kl In le kl AL lB (id,k)
C FC C B (4, C)

{
|




CATAMORPHISMS (in general)

out
T A B(A,T A)
k in lB (id.k)
C B (4, C)

\_/
Y

:

Universal property
F= (gl = Fiin=ig - Bigd k)

Type functor:

Abbreviation:
Fi =B {&d k)




CATAMORPHISMS (Laws)

Universal-cata
Cancelamento-cata
Reflexao-cata
Fusao-cata
Base-cata
Def-map-cata
Absorc¢ao-cata

k=(g) & k-in=g Fk
(g)-in=g-F(g)
(

in) = idy

-l (e By = lialsy
B = Blud )

Tf = (in-B(f,id))

lg)-TF = (g-B(fid))

(43)
(44)
(45)
(46)
(47)
(48)
(49)




Cata-absorption (g) -Tf=(g-B(f,id))

A TA ina B(A, TA)
5 TaE B(id, Tf)

C TC———B(C,TC)~5o—B(4, TC)
(g B(id,(g)) B(id,(g))

D i) B(A, D)




(a) Trees whose data of type A are stored in their nodes:

FX=1+Ax X? T
T = BTree A { Ff:Zd_i_ZdeQ In_[EmptyaNOde]

Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))
(b) Trees with data in their leafs :

] 2
{ e an in = [Leaf , Fork]

T =LTree 4 Ee—d s
Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)

(c) Full trees — data in both leaves and nodes:
e B
— FTree Ff=dd+id x f?

Haskell: data FTree b a = Unit b | Comp (a,(FTree b a,FTree b a))

(d) Expression trees:

T =Expr V O

in = [Unit , Comp|

{FX:V+OXX in = [Var , Op]

FEf=id+idx mapif
Haskell: data Expr v o = Var v | Op (o, [Expr v o])



(a) Trees whose data of type A are stored in their nodes:
Bl W e e
T =BTree A {B<g,f):7/d+g><f2
Haskell: data BTree a = Empty | Node (a, (BTree a,BTree a))

(b) Trees with data in their leafs :

in = [Empty , Node]

Biea = @iy
T =LTree A

; { B (9,f) =g+
Haskell: data LTree a = Leaf a | Fork (LTree a,LTree a)

(c) Full trees — data in both leaves and nodes:
{ B(Z X.Y)=7Z+ X xY2.

in = [Leaf , Fork|

T=FTree B A S in = [Unit , Comp]
Haskell: data FTree b a = Unit b | Comp (a, (FTree b a,FTree b a))

(d) Expression trees:

T=Expr V O B(h’g7f):h+gxmapfln:[Va’r,Op]

Haskell: data Expr v o = Var v | Op (o, [Expr v o))

{ B4 )7 e



data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

out

|

Rose A A x (Rose A)°

K’/
In




Rose A

out

¢

A x (Rose A)”

\/

In

P.

B(X,.V)=XxY K

B (f.9)

=fxg

X x Y*

\ &




IR

data Rose a = Rose a [Rose a] deriving Show
inRose = uncurry Rose

outRose (Rose a x) = (a,x)

B.G V=2 <k
B(f9)=fxyg

2

i

f >< map g




Anamorphisms







ava (ana)

raTo (cata)




ANAMORPHISMS

I A/\?: B (4T )
k—[<g>]T Bl TB (id )=F &
a B (A, C)




ANAMORPHISM LAWS

Universal-ana iligl f e Soouteil —i(Ekili o (52)
Cancelamento-ana out-[(g] =F|g)-g (53)
Reflexao-ana (out)] = idt (54)
Fusdo-ana (g]-f=[(r)] < g-f=(Ff)-h (55)
Base-ana Ef=— B (56)
Def-map-ana Tf = [B(f,id) - out) (57)

Absorcdo-ana Tf-[9] = [B(f,id)-9) (58)







Example

kT Tid—kidxk
No TtN: 1+ No id+{succ,id)) 1+ No x No




k = |((¢d + {succ,id)) - outy, )|
= { ana-universal |

k=in- (id +id x k) - (id + {succ, id)) - outy,
= { isomorphism iny, /outy, }

k-iny, = in - (id + id x k) - (id + (succ, id))
— { functor-+; absorption-x }

k-iny, = in - (id + {succ, k))




{ definitions of in and iny,; fusion and absorption-+ }
|k -0, k - succ| = [nil, cons - (succ, k)]
e

k-0 = nil
k - succ = cons - {succ, k)

{ going pointwise }

£0 =]
{k(n+1)=(n+1):kn




Ng* L 1 Ny <Ny
kT Tz’dﬂdxk
NO lizs N() L == N() X NQ

outyy id+{succ,id))




1+ N() X NO
TidJrz'dxm
Np®
X
I\/I\IO . " NOTZ’CZ—I—idxk
. in NO
X
{ ) 1 + Ny
kT 1+ No id+{succ,id
NO OUtNO




fi=nmmik
- { m=([L,mul]) e k = [((id + (succ, id)) - outn,)] }
f=(]1,mul]) - [((¢d + (succ, id)) - outy, )|

= { cancellations (ana and cata) }
f=[1L,mul]-Fm-out-in-F k- (id + (succ,id)) - outy,

= { in-out =id ;functor F: (Fm)- (Fk) =F (m-k) }
f=1[1L,mul]-F (m-k)- (id + (succ,id)) - outy,

= { isomorphism iny, /outy,;m-k=f;Ff=id+id x f }

f-iny, = [1,mul] - (¢d + id x f) - (id + {succ,id))




finy, = [1,mul] - (¢d + id x f) - (¢d + (succ, id))
= { +-absorption ; x-absorption ; etc }

f-iny, = [1, mul - {succ, f ]

o=
fiaislce — muI-<SUCC7f>

= { go pointwise }

{Fre
fin+l)=n+1)xfn




HILOMORPHISM

“Hylo + morphism”

¢UNO = matter, thing

If> gl = (f)- [




HILOMORPHISM

el Lfsall = 05D - 1Cg))




‘DIVIDE & CONQUER'’

g
el
[(g) e Fl9)
TQ/F ik
(f) in F(f)
B FB

\7/

y&
S

divide

rule

conquer

rule

conquer

=S

rule




‘DIVIDE & CONQUER'’

A/NB(X A)

X

b

B (id.[(9))
B &g

B (id(f))
B¢ €

divide

rule

divide

rule

conquer

conquer

rule




‘DIVIDE & CONQUER'’




Calculo de Programas
Aula T10(a)







fib n

fib (n

)










QUICKSORT

-

I

4»r

a.hs

laSort

qSort [] -

gSort (h:x)

[al

gSort x1

[al
[h]

gSort x2

wy




a.hs

QU'CKSORT gsort :: ord a — [al - [a]

qSort [] []
qSort (h:x) = gSort x1 [h] qSort x2

x1
X2

a X , a h 1]
a X , a h 1

[ a
[ a

h:x
) A (divide)
h X1 X9
BE:
h qgSort xq qgSort xo
> C' (conquer)
qSort x1 +H | h| + gSort zo -




QUICKSORT

<> a.hs

laSort
qSort []
qSort (h:x)

Ord a

qSort x1 [h]

[a] [a]

gSort x2

h:x
h X1 X9
(h7($17x2)) ]
A* divide 1—|—A > (A* > A*)

B
C' (conquer)




QUICKSORT

<> a.hs

laSort
qSort []

qSort (h:x)

Ord a

qSort x1 [h]

[a] [a]

gSort x2

h 1 T9

B(X,V)=1+Xx(YxY)
A* divide 1—|—AX (A* XA*)

B
C' (conquer)




<) a.hs

QU'CKSORT I fsort :: Ord a — lal — [al

qSort [] []
qSort (h:x) = gSort x1 [h] qSort x2

gSort - nil = nil
qSort - cons = fy - (id x (qSort x gSort)) - g

Fo (b, (y1,42)) = y1 ++ [h] +H oo 92 (h2) = (, (21, 29))

where
Ty — e o z.0—h|
Loi—i| 0 [sai— 75 g = hi]




QUICKSORT B(X,YV)=1+Xx(YxY)

qSort - nil = nil
qSort - cons = fy - (id x (qSort x qSort)) - go
== { fusao-+, absorcao-+, eqg-+ etc }
gSort - in = [nil, fo] - (id + id x gSort?) - (id + go)

= { isomorfismo in / out }

gSort = [nil, fo] -(id + id x gSort* - (id + go) - out

~N"

conquer B (id,qSort) divide




»

data BTree a = Empty | Node (a, (BTree a, BTree a))




QUICKSORT

Bt L)l

Description TX Bl B (id, f) B(f,id)
“Right” Lists ListX e XxY | idtidxf | id+fxid
“Left” Lists LList X YxX | id+fxid | id+idxf
Non-empty Lists | NList X LeDCEA I SIS D e )
Binary Trees BTree X ®T+ X xY? | id+idx f* | id+ f xid
“Leaf” Trees LTree X X+ Y- id+ 1 =i




x1-[a | a X ,
x2 [a | a X , a h ]

a-hl

<> a.hs x
lasort Ord a [a] [a] 1
2 qSort [] [1
3 qgSort (h:x) = gSort x1 [h] qSort x2

divide
’/"’,,,———""——_———______—___——_“‘~S-
A B (4, A%

[(divide)] B (id,|(divide)])

out

BTree A s B (A,BTree A)
( conquer) i B (id,( conquer))

e B (4, A*)
\_//

conquer




»

t = anaB divide [13,8,17,1,6,11,25,15,27,22]

data BTree a

Empty | Node (a, (BTree a, BTree a))




*Cp> anaB divide [13,8,17,1,6,11,25,15,27,22]

Node (13, (Node (8, (Node (1, (Empty,Node (6, (Empty,Empty)))),Node
(11, (Empty,Empty)))),Node (17, (Node (15, (Empty,Empty)),Node (25,
(Node (22, (Empty,Empty)),Node (27, (Empty,Empty))))))))




w L 4
MERGESORT %
A _

a.hs

mSort , a [a] [a]

mSort []

mSort [x] [x]

mSort 1 (11,12) sep 1
merge(mSort 11, mSort 12)




MERGESORT

a.hs

mSort
mSort []

mSort [x]
mSort 1

Ord a [a] [a]

[]
[x]
(11,12) ~ sep 1
merge(mSort 11, mSort 12)

L

s

) A (divide)

mSort [y

mSort [,

DE:

) € (conguer)

T merge (mSort ly) (mSort 1)




MERGESORT

a.hs

mSort Ord a

divide : A* — A + (A* x A")

[a]

sep 1
ge(mSort 11, mSort 12)

L

s

mSort [y

mSort [,

T merge (mSort ly) (mSort 1)

) A (divide)
) B
) C (conquer)




a.hs

mSort Ord a [a]

MERGESORT

divide : A* — A+ (A" x A) sep 1

ge(mSort 11, mSort 12)

divide : A* — B (A, A%) ) A (divide)

) B
rt lg
) C' (conquer)

T merge (mSort ly) (mSort 1)

B(X,Y)=X+4 Y*




a.hs

mSort Ord a

MERGESORT

divide : A* — A + (A* x A")

[a]

sep 1
ge(mSort 11, mSort 12)

— divide : A* — B (A, A7)

- B(X,Y)=X+Y?
— “Leaf” Trees | LTree X |

) A (divide)
) B

<
X+Y?  uer)

T merge (mSort ly) (mSort [y)

<




MERGESORT SIE G MEL




MERGESORT 6] [s]1 (=] [ (1 [ [2] [




MERGESORT wSort :: Ord

mSort [] []

mSort [x]
mSort 1

a [a] [a]

[x]
(11,12) - sep 1
merge(mSort 11, mSort 12)

‘t> A (divide)
) B

4;) C' (conquer)

T ‘ [
mSort = ([singl, mergel]) - [(divide)|
con?qruer
T ‘ merge ort /@) (mSort )




MERGESORT

a.hs

mSort Oord a [a] [a]

mSort [] []

mSort [x] [x]

mSort 1 (11,12) - sep 1
merge(mSort




MERGESORT

a.hs

mSort
mSort []

mSort [x]
mSort 1

Ord a [a] [a]

[]
[x]
(11,12) ~ sep 1
merge(mSort 11, mSort 12)

L

s

) A (divide)

mSort [y

mSort [,

DE:

) € (conguer)

T merge (mSort ly) (mSort 1)




MERGESORT

Particular case:

Ord a
([x1,I1)
([1,r)
([xI,y:ys)

merge
merge
merge
merge

)

[a]
[x]
r
X <y X

otherwise -~ y

([al, [al)

merge([],y:ys)
merge(x: [1,ys|

x [
) A (diwvide)
x l
) B
x mSort [y
) C' (conquer)
T merge |z | (mSort l5)




INSERTION insert :: Ord t = t — [t] — [t]

insert x [] [x]

SORT insert x (y'ys) @ x <y X' y'ys

otherwise -~ y:insert x ys

l
> A (divide)
A lg
DE:
X 1Sort o
) C' (conquer)
insert = (iSort ls)




INSERTION
SORT

insert Ord t
insert x []
insert x (y:ys)

=h

insert = (iSort ls)

) € (conguen




SELECT'ON , sSort Ord a El

sSort - anal| divide

} divide [] - i1()
SORT divide (xs)

]

[a]

minimum XS

i2(m, delete m xs)

Selection sort (m = minimum 1):

[
m lo = delete m [
m sSort 1y
m : sSort ls

NANPA,

A (divide)

B
C' (conquer)




SELECT'ON ; sSort Ord a [a] [a]

3 sSort - anal| divide
SORT 4 divide [] i1()
divide (xs) m -~ minimum Xxs

i2(m, delete m xs)

A (divide)

sSort s

B
C' (conquer)

™
o
-l
k||
=
S

m : sSort s




ANA, CATA & HILO




ANA, CATA & HILO

Reflexion laws:

(in) = id
[in,g]l = [(9)] (out) = id
[ [f,out]] = (/) —C D
C F T (9) )




CLASSIFICACAO

Singleton Equal-size

Easy Split/Hard Join Insertion Sort Merge Sort

Hard Split/Easy Join Selection Sort Quick Sort

NB:
‘Split’ = divide
‘Join’ = conquer )




Grupo— 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
| Periodo

1 2
1 H He
. 4 5 6 7 8 9 || 10
Be B C N 0 F || Ne
. 12 13| 14 || 15 || 16 || 17 || 18
Mg al |l si || p s || c || ar
. 20|21 || 22 || 23 || 24 || 25 |[ 26 |[ 27 |[ 28 || 29 || 30 || 31 |[ 32 |[ 33 |[ 34 || 35 || 36
Ca Sc Ti vV Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
el 381301l a0 1l a1 1l a2 1231 aa 1l as1[ a6 1l a7 1[ a8 1[ a9 [ s0 151 [ 52| 53 | 54
Description TX B(X,Y) B (id, f) B(f,id) |ZdLLlL*
g4 || 85 || 86
“Right” Lists List X 1+XxY | id+idx f | id+ f xid | po || At || Rn
“Left” Lists LList X 1+YxX | id+fxid | id+id x f |!16[117| 118
" . ; . . Lv Uus || Uuo

Non-empty Lists | NListX | X4+ X XY | id4+idx f | f+fxid

. 2 o . 2 o 5
Binary Trees BTreeX | 1+ X xY* | id+idx f< | id+ f xXid | gg 50 I 1
“Leaf” Trees LTree X X +Y? id + f? f+id Tm || Yb || Lu
- oY 10) vl P4 ¥s vg w2 1e) v 1] uy Ltuu | 101 (| 102|103
actinideos | S0 7k || pa || U || wp || Pu || am || cm || Bk || cf || Es || Fm || Ma || N0 || ur




“Tabela periodica”

<>

a.hs

lasort
gSort
gSort

[]

(h:x) = gSort x1

B (X,Y) 1+Y X+Y 1+XxY Z+XxY | X+ Y2 1+X x Y2
A C TX No XNat X X* SList X Z | LTree X BTree X
No No Factorial fac dfac
No No Misc.em No | (nx*),(n+), " etc sq dsq, fib
No No* Séries odds, evens
No x X* X* Selecgao udrop utake
R R Raiz quadrada N
X* X* Filtragem filter p filter p
X* X* Ordenagao bSort iSort, sSort mSort gSort
X* e Grupos chunksOf n
X* x X* X* Jungao merge, uconc
X x X* X* Insergao insert
B x No (No x B)* Puzzles hanoi
BTree (X,Y)| 1+Y Look-up lookup x
T(X,Y) 1+Y Look-up lookup x
TX TX Inversdo reverse mirror mirror
TX No Cardinalidades length count count
TX No Profundidades depth depth
TX X* Travessias tips inordt, preordt, posordt
TX D Caminhos prefizes, sufizes traces
T(TX) TX "Multiplicagao’ o m

[al
[h]

gSort x2




Calculo de Programas
Aula T10(b)




PROGRAM
DESIGN
BY
CALCULATION




WHY MONADS MATTER

In this chapter we present a powerful device in state-of-the-art func-
tional programming, that of a #ionad The monad concept is nowadays
of primary importance in computing science because it makes it pos-
sible to describe computational effects as disparate as input/output,
comprehension notation, state variable updating, probabilistic behaviour,
context dependence, partial behaviour efc. in an elegant and uniform
way.

Our motivation to this concept will start from a well-known prob-
lem in functional programming (and computing as a whole) — that of
coping with undefined computations.




WHY MONADS MATTER

e
A ®
L]
. — " I I
In this chapter we present a powerful device in | —@o “ J
tional programming, that of afioiad The monad | o
of primary importance in computing science bec —

sible to describe computational effects as dispar
comprehension notation, state variable updating, probabilistic behaviour,
context dependence, partial behaviour efc. in an elegant and uniform
way.

Our motivation to this concept will start from a well-known prob-
lem in functional programming (and computing as a whole) — that of
coping with undefined computations.







Probability of the sum







“Monads [...] come with a
curse. The monadic curse is
that once someone learns
what monads are and how to
use them, they lose the ability
to explain it to other people”

(Douglas Crockford: Google
Tech Talk on how to express
monads in JavaScript YoulllD
2013)

Douglas Crockford (2013)




Partial functions

[ieEp A




Partial functions

1+B<——A

I =




Partial functions




Partial composition

e lg——— 2

-




Partial composition

1l L)

[il /Zd] \l/

id+ f

.

f

11 B A

1+ C =<

B




Partial composition

EER g
[il /ld] 66/& \N\'
o i

S

-

%.%

Uik

= A




‘Maybe functions’

Maybe B o [f s
in=[Nothing ,Just]

A
e lf out Nothing = i1 ()
Maybe B ~ Lo p out (Just a) =iy a
LEsiE e e

in=[Nothing,Just]

data Maybe a = Nothing | Just a




Composing ‘Maybe functions’

Maybe B<2— A

Maybe C / B




Composing ‘Maybe functions’

b R e 5

e i e cE i p




Composing ‘Maybe functions’

feg=in-|ij,out-f]-out-g
= { fusao-+ e in - out = id }
feg=I[in-i,f]-out-g
= { introdugdo da variavel a }
(f e g) a=[in-i,f] (out (g a))
= { definicao de out}
(f e g) a = if g a = Nothing then [in - i1, f] (i1 ()) else [in - iy, f] (i2 (¢ a))

= { cancelamento-+ e simplificacao }

(f e g) a = if g a = Nothing then Nothing else f (g a)




Error messages

T R s i ]

15 4= 15

J

i-f

A




Handling error messages

id+f







Square root
“function”

y
A

3 ——
2 V=‘/)7//
//
|/ «
\;\2 3 4 5 9
SN
D \\
y =\
-3 —




'Undecided’ (“nondeterministic”) functions

i A

B singl-f

J




Composing 'undecided’ functions

B*

= B

8

el




Composing 'undecided’ functions

Lttt

Concat\l/ '
(- / B

8

< A




Composing functions that yield pairs

(C’xC)x(OxC)ﬁBxBLA

Cii O




FUNCTORS so far

P =11 X
T X = Maybe X
TX=F+X
ot e

Bl ey




Similar structure

Neailys bl el gy

M g g G

X 2% Maybe X <*— Maybe (Maybe X)
X singl X concat (X*)*

Gdio

X Gipei e B b e e el e




MONAD

X

o F Lt

T(TX)




MONAD

X

L g e T g

Unit Multiplication




MONAD

Rt g gstig g B

Monad = Functor + unit + multiplication




Monad = “racing”
functor




MONAD

Monad = Functor + unit + multiplication




