Chapter 3

A Look at Monads

In this chapterwe presenta powerful device in state-of-the-arprogramming that of
amonad The monadconceptis nowadaysof primary importancein computingsci-
encebecauseat makesit possibleto describecomputationakffectsasdisparateasin-
put/output,comprehensionotation,statevariableupdating,context dependencepar
tial behaviour etc.in anelegantanduniform way.

Our motivationto this concepiwill startfrom awell-known problemin functional
programmingandcomputingasa whole) — thatof copingwith undefinedcomputa-
tions.

3.1 Partial functions

Considerfunction

definedon R. Clearly, this functionis undefinedfor = = 0 becausg/0 = 1/0 is so
big arealnumberthatit cannotbeproperlyevaluated.n fact,the HASKELL outputfor
g0 =1/0is just“panic”:

Main> g O
Programerror: {prinDivDouble 1.0 0.0}
Mai n>

Functionssuchasg above are calledpartial functionsbecausehey cannotbe ap-
pliedto all of theirinputs(i.e., they divergefor someof theirinputs). Partial functions
arevery commonin mathematic®r programming— for otherexamplesthink of e.g.
list-processindunctionshead andt ai | .

Panicis very dangerousn programming.In orderto avoid this kind of behaiour
onehastwo alternatves,eitherensuringthatevery call to g z is protected— i.e., the
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80 CHAPTER3. A LOOK AT MONADS

contexts which wrap up suchcalls ensurepre-conditionz £ 0, or oneraisesexcep-
tions, i.e. explicit error values. In the former case,mathematicaproofs needto be
carriedoutin orderto guarantesafety(thatis, pre-conditioncompliance) The overall
effectis to restrict the domainof the partial function. In the latter caseone goesthe
otherway round, by extendingthe co-domain(vulg. range)of the function sothatit
accommodatesxceptionaloutputs.In this way onemight define,in HASKELL:

data ExtRReal = Ok Real | Error

andthenredefine

g :: Real -> ExtReal
g 0= FError
gn=0GCG 1/n

In generalpnemightdefineparametridype
data Ext a = Gk a | Error

in orderto extendan arbitrarydatatype a with its (polymorphic)exception(or error
value).Clearly, onehas

Ext A= Maybe A2 1+ A
So,in abstracterms,onemayregardaspartial every functionof signature
1+A<2—B

for someA andB 1.

3.2 Putting partial functionstogether

Do partialfunctionscompose @ heir typeswon’t matchin general:

1+B<— A

f

1+C B

Clearly, we have to extend f — whichis itself a partialfunction— to somef’ ableto
acceptargumentdrom 1 + B:

1— %142 B

N

1In corventionalprogramminggvery functiondelivering a pointer asresult— asin e.g. the C program-
ming language— canberegardedasoneof thesefunctions.
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Themost“obvious” instanceof . . . in thediagramaboveis i; andthis corresponds
to whatis calledstrict composition:anexceptionproducedy the producerfunctiong
is propagatedo the outputof the consumefunction f:

feg = linfleg (3.1)
Expressedn termsof Ext , compositefunction f e g worksasfollows:

(fegla = f'(ga)
where

f'Error = Error
f(Cka) = fa

Notethattheadoptedxtensionof f canbedecomposed- by reverse+-absorption
(1.41)—into

o= [i,id] - (id+ f)
asdisplayedn diagram

i1,1d id
1_‘_0#14_(14_0)(;)‘1_{_3

1+C B
All in all, we have thefollowing versionof (3.1):
feg € linid]«(id+f) g

Doesthis functionalcompositionschemehave a unit, thatis, is therea v suchthat

feu=f=uef (3.2)
holds?Whe have to solve (3.2) for u:
feu=f=uef
& { substitutior}
[iv, flru=f=[ir,u]f
<~ { letu = ’LQ}
[i1, f] iz =f=[i1,i2] " fAu=1
& { by +-cancellation(1.38)and+-reflection(1.39)}
f=f=idfAu=is
<= { identity}

’U,:ig
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3.3 Ligts

In contrasto partialfunctions,which canproduceno output,let usnow considerfunc-
tionswhich delivertoo manyoutputs for instancelists of outputvalues:

B*<2— 4

o<l _p

Functionsf and g do not composebut once againone can think of extendingthe
consumefunction(f) by mappingit alongthe outputof the producerfunction(g):

(C*y <— B

cr B

To completethe processpnehasto flattenthe nested-sequenaaitputin (C*)* viathe
(C*)* , whereconcat Lef ([[],+1)-In

concat

obviouslist-catamorphismc*
summary:

feog e concat - f g (3.3)
ascapturedn thefollowing diagram:

C* concat (C*)* f B_* 9 A

o B

Exercise 3.1 Shaw thatsingl (recallexercise2.8)is theunit « of e in the context of (3.3).
m]

Exercise 3.2 Encodein HASKELL a pointwiseversionof (3.3). Hint: first apply (list) cata-absorption
(2.67).
]

3.4 Monads

Both function compositionschemeg3.1) and (3.3) above sharethe samepolytypic
pattern:the outputof the producerfunctionis “ F-times” moreelaborate¢hantheinput
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of the consumerfunction, whereF is someparametricdatatype— F X = 1 + X in
caseof (3.1),andF X = X* in caseof (3.3). Thena compositionschemes devised
for suchfunctions,whichis displayedn

4 F
FC~—"FFC)<L—Fp<L—14

Fo<l B

andis givenby

feg ¥ LuiFfeg (3.4)

where FA <2—F2 4 is asuitablepolymorphicfunction. Togethemith a unit func-

tion F A <-— A andy, datatypeF will form aso-calledmonadtype,of which1 + __
and(_.)* arethetwo examplesseenabove.

Arrow p = F f is calledtheextensionof f. Functionsy andu arereferredto asthe
monads multiplicationandunit, respectiely. The monadiccompositionschemg(3.4)
is calledKleisli composition

A monadicarrow FB A A corveystheideaof afunctionwhich producesan
outputof “type” B “wrappedby F”, wheredatatype describesomekind of (compu-

tational)“effect”. Themonadsunit FB <-— B is aprimitive monadicarronv which
producedi.e. promotesjnjects,wraps)datatogetherwith suchaneffect.

The monadconceptis nowadaysof primary importancein computingsciencebe-
causdt makesit possibleto describecomputationaéffectsasdisparateasinput/output,
statevariableupdating,context dependenceartial behaiour (seenabove) etc.in an
elegantanduniform way. Moreover, the monads operatorsexhibit notableproperties
whichmake it possibleto reasonaboutsuchcomputationakffects.

The remainderof this sectionis devotedto suchproperties.First of all, the prop-
ertiesimplicit in the following diagramswill be required for F to be regardedasa
monad:

Multiplication :

FQA H F3A M.M:M'FM (35)
#l lFu
FA<TF2A
Unit :
F2A<——FA pru=pFu=id (3.6)
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Simplebut beautifulsymmetriesapparenin thesediagramanmake it easyto memo-
rize theirlaws andcheckthemfor particularcasesFor instancefor the (1 4+ _) monad,
law (3.6)will readasfollows:

[i1,id] ~io = [i1,id] » (id + i3) = id

Theseequalitiesareeasyto check.
In laws (3.5) and(3.6), the differentinstancef 1 andu aredifferentlytyped,as
thesearepolymorphicandexhibit naturalproperties:

p-natural :
A FA<——F24 Ffen=p-Ff (3.7)
fl Ffl JFQf
B FB<—FB
u-natural :
A FA<— A Ffou=u-f (3.8)
fl Ffl lf
B FB<—RB

The simplestof all monadsis the identity monadF X 4f X, which is suchthat

uw=r1id,u=1idandf eg = f +g. SO— in asense— onemay be think of all the
functionaldisciplinestudiedsofar asa particularcaseof a wider disciplinein which
anarbitrarymonadis present.

3.4.1 Propertiesinvolving (Kleisli) composition

The following propertiesarisefrom the definitionsand monadicpropertiespresented
above:

felgen) = (feg)eh (3.9)
uef= f =feu (3.10)
(feg)rh = fe(g-h) (3.11)
(frg)eh = fe(Fg+h) (3.12)
ideid = pu (3.13)

Properties(3.9) and (3.10) are the monadiccounterpartf, respectiely, (1.8) and
(1.10), meaningthat monadiccompositionpreseres the propertiesof normal func-
tional composition.In fact,for theidentity monad thesepropertiexoincidewith each
other
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Above we have shavn that property(3.10) holdsfor thelist monadyrecall(3.2). A
generalproof canbe producedsimilarly. We selectproperty(3.9) asanillustration of
therble of themonadicproperties:

fe(geh)
= { definition(3.4) twice}

peFfe(u-Fgrh)

{ wis natural(3.7)}
perpF(Ff)«Fg-h

{ functorF}
pepF(Ffrg)-h

{ definition(3.4)}
pe(Ffe-g)eh

{ definition(3.4)}
(feg)eh

I

Exercise 3.3 Checktheotherlaws above.
O

3.5 Monadic application (binding)

The monadicextensionof functional applicationap (1.65) is anotheroperatorap’
whichis intendedo be “tolerant” in faceof ary F'ed agumentz:

(FB)* x FAa—p,>B (3.14)
ap’(f,z) =fz=(u-Ffz

If in curry/flippedformat, monadicapplicationis called binding and denotedby
symbol“>>=", looking very muchlik e postfixfunctionalapplication,

(FB)AF4 "= Fp (3.15)

thatis:

x>>=f = (u+Ffx (3.16)
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Thisoperatomwill exhibit propertiesarisingfrom its definitionandthebasicmonadic
propertiesg.g.

r>>=u
& { definition(3.16)}
(u=Fu)x
=3 { law (3.6) }
(id)x
< { identity function}

T

At pointwiselevel, onemay chainmonadiccompositiongrom left to right, e.q.

((z>>=f1)>>=fa) >>=... fn_1) >>=fn
forfunctionsAiﬂ:B1 , B L>FBQ ... B, 1 L>FB,L )

3.6 Seguencing and the do-notation

Given two monadicvaluesz andy, it becomespossibleto “sequence’them, thus
obtaininganotherof suchvalue,by definingthefollowing operator:

def
T>>y = r>>=y
For instancewithin thefinite-list monad,onehas
[1,2] >> [3,4] = (concat = [3,4]")[1, 2] = concat][[3,4], [3,4]] = [3,4, 3, 4]

Becausehis operatolis associatie (prove this asanexercise) onemayiterateit to
morethantwo argumentsaandwrite, for instance,

X1 >>To2>>...>> Ty

This leadsto the populardo notation,which is anothermieceof (pointwise)notation
which makessensén amonadiccontext:
doxy;xo;...5x, def x1 >>do xo;... 52,

forn > 1. Forn = 1 onetrivially has

do rT = I
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3.7 Generatorsand comprehensions

Thedo-notationaccepts variantin whichtheargumentf the >> operatoare“gen-
erators”of theform

a+—x (3.17)

where for a of type A, x is aninhabitantof monadictypeF A. Onemayregarda «
asmeanind'‘let a betakenfrom 2. Thenthedo-notationextendsasfollows:

doa« x1;29;...52, def x1 >>=Aa.(do x9;...;2,) (3.18)

Of course,we shouldnow allow for the z; to rangeover termsinvolving variablea.
For instancgagainin thelist-monad) by writing

do a «+ [1,2,3]; [a?] (3.19)
we mean

1,2, 3] >>= Aa.[a?]
= concat((Ma.[a%])"[1,2,3])
concat|[1], [4], [9]]
[1,4,9]

Theanalogywith classicaket-theoretiZF-notationwherebyonemightwrite {a?|

a € {1, 2, 3}} todescribehesetof thefirst threeperfectsquarescallsfor thefollowing
notation,

[a®|a—[1,2,3]] (3.20)

asa“shorthand”of (3.19). Thisis aninstanceof the so-calledccompehensiomotation,
which canbedefinedin generabsfollows:

[e|ar «—21,...,ap —xy] = dOay < x1;...;a, — zp;ule) (3.21)

Alternatively, comprehensionsanbedefinedasfollows, wherep, ¢ standfor arbi-
trary generators:

[t] = wut (3.22)
[fx|lz—1] = (Ff) (3.23)
[tIpya] = plltlq]lp] (3.24)

Note,however, thatcomprehensionarenotrestrictedo lists or sets— they canbe
definedfor any monadF.
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3.8 Monadsin HASKELL

In the Standad Preludefor HASKELL, onefinds the following minimal definition of
theMonad class,

cl ass Mbnad m where
return :: a ->ma
(>>=) :: ma->(a->mb) ->mb

wherer et ur n refersto theunit of m ontop of which the“sequence’bperator

(>>) > ma->mb->mb
fail :: String -> ma
is definedby

p >> ¢ :p>>:\_->q

asexpected.This classis instantiatedor finite sequencef ] ), Maybe andl O
The p multiplicationoperatoris functionj oi n in moduleMonad. hs:

join :: (Monad M => m(ma) -> ma
join x = x >>=id

Thisis easilyjustified:
joinx = x>>=1id
= { definition(3.16)}

(1= Fid)x

{ functorscommutewith identity (2.44)}
( rid)x

{ law (1.10)}
n

In Mpi . hs we define(Kleisli) monadiccompositionin termsof the binding oper
ator:

(.!') :: Mnad a => (b ->ac) ->(d->ab) ->d->ac
(f .1 g a=(ga) >=f

3.8.1 Monadicl/O

10, a parametriadatatypewhoseinhabitantsare specialvaluescalledactionsor com-
mandsis amostrelevantmonad.ActionsperformtheinterconnectiometweerHASKELL
andtheervironment(file systempperatingystem).Forinstanceget Line :: 10 String
is a particularaction. ParameteiSt r i ng refersto the factthatthis action“delivers”
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— or extracts— astringfrom theervironent. This meanings clearly corveyedby the
type St ri ng assignedo symboll in

do [« getLine;...l...

which is consistentvith typing rule for generator¢3.17). Sequencingorrespondso
the®;” syntaxin mostprogramminganguagese.g. C) andthedo-notationis particu-
lary intuitive in the |O-context.

Examplesof functionsdeliveringactionsare

FilePath —<*"¢ + 10 String

and

Char putChar |O<)

— bothproducel/O commandssresult.

Asisto beexpectedtheimplementatiorof thelO monadin HASKELL — available
from the Standad Prelude— is not totally visible, for it is boundto dealwith the
intrincaciesof theunderlyingmachine:

i nstance Mbnad | O where
(>>=) = prinbindl O
return = prinretl O

Ratherinterestings theway IO is regardedasa functor:
frap f x = x >>= (return . f)

This goesthe otherway round,the monadicstructure*helping” in definingthe functor
structure gverythingconsistentvith the underlyingtheory:

z>>=(u-f) = (u+10(u-f)z
= { functorscommutewith compositior}

(w+10u 10 f)z

= {law (3.6)for F =10 }
(10 f)a

= { definitionof fmap }
(fmap f)x

For a very enjoyablereadingon monadicinput/outputin HASKELL see[Hud0(,
chapterl8.

Exercise 3.4 Usethe do-notationandthe comprehensiomotationto outputthe following truth-table,in
HASKELL:

[ p/g [ False] True |
False || False | False
True False | True
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Exercise 3.5 Extendthe Maybe monadto thefollowing “error message&xceptionhandlingdatatype:

data Error a = Err String | Ok a deriving Show

In caseof severalerrormessagessuedn ado sequencehow mary turn up onthe screen2Vhich ones?
m]
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