
Chapter 2

Recursionin the Pointfr eeStyle

How usefulfrom a programmer’spoint of view aretheabstractconceptspresentedin
thepreviouschapter?Recallthatatablewaspresented— table1.1— whichrecordsan
analogybetweenabstracttypenotationandthecorrespondingdata-structuresavailable
in common,imperative languages.

Thisanalogyis preciselyourpointof departurefor extendingtheabstractnotation
towardsa mostimportantfield of programming:recursion.

2.1 Moti vation

Let usconsideraverycommondata-structurein programming:“link ed-lists”. In PAS-
CAL onewill write

L = ˆN;
N = record

P: A;
S: ˆN

end;

to specifysucha data-structureL. This consistsof a pointer to a node(N), wherea
nodeis arecordstructurewhichputssomepredefinedtype

�
togetherwith apointerto

anothernode,andsoon. In theC programminglanguage,every ����� will bedeclared
as

L x;

in thecontext of datatypedefinition

typedef struct N {
A first;
struct N *next;
} *L;
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44 CHAPTER2. RECURSIONIN THE POINTFREESTYLE

andsoon.
What interestsus in such“first yearprogrammingcourse”datatypedeclarations?

Recordsandpointershave alreadybeendealtwith in table1.1. So we canusethis
tableto find theabstractversionof datatype� , by replacingpointersby the“ ���
	�	�	 ”
notationandrecords(structs) by the“ 
�
�
���
�
�
 ” notation:� � � ������ � � ����������� (2.1)

We obtaina systemof two equationson unknowns � and � , in which � ’s depen-
denceon � canberemovedby substitution:� � � ������ � � ������������ � substituting� for ����� in thesecondequation � � � ������ � � �!�� � substituting

� �!� for � in thefirst equation � � � ��� � ���� � � �!�
System(2.1) is thusequivalentto:� � � ��� � �!�� � � ����������� (2.2)

Intuitively, � abstractsthe “possibly empty” linked-list of elementsof type
�

, while� abstractsthe“non-empty”linked-listof elementsof type
�

. Notethat � and � are
independentof eachother, but alsothat eachdependson itself. Canwe solve these
equationsin a way suchthatwe obtain“solutions” for � and � , in thesameway we
dowith schoolequationssuchas,for instance,�"�#��� � $ %

(2.3)

Concerningthis equation,let usrecallhow we would go aboutit in schoolmathe-
matics: ���&��� � $� � adding ')(* to bothsidesof theequation �+' � $ �,��� � $ ' � $� � ')(* cancels( *  �+' � $ �,�



2.1. MOTIVATION 45� � multiplying bothsidesof theequationby
$

etc.  $ �"�+'��"� $� � subtraction �!� $
We very quickly getsolution ��� $ . However, many stepswereomittedfrom the

actualcalculation. This unfolds into the longersequenceof moreelementarysteps
which follows,in whichnotation-.'�/ abbreviates-0�1��'2/�� and 3 4 abbreviates-5�164 ,
for /87�:9 : �!�,��� � $� � adding ' ( * to bothsidesof theequation �)' � $ �#����� � $ �;' � $� � � is associative �)' � $ �,���
� � $ ' � $ �� � ' ( * is theadditive inverseof ( *  �)' � $ �,����9� � 9 is theunit of addition �)' � $ �,�� � multiplying bothsidesof theequationby

$  $ ���<�)' � $ �=� $ ���� � � is theunit of multiplication $ ���<�)' � $ �=� $� � multiplicationdistributesoveraddition $ �!�)' $ � � $ � $� � $ cancelsits inverse 6*> $ �!�)'?�.�!�"� $� � multiplicationdistributesoveraddition � $ '@�A�B�"�"� $� � $ '?�0�#� and � is theunit of multiplication �!� $
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Backto (2.2),wewould like to submiteachof theequations,e.g.� � ��� � ��� (2.4)

to a similar reasoning.Canwe do it? Theanalogywhich canbe foundbetweenthis
equationand(2.3)goesbeyondpatternsimilarity. Fromchapter1 we know thatmany
propertiesrequiredin thereasoningaboveholdin thecontext of (2.4),providedthe“=”
sign is replacedby the“ C� ” sign, thatof set-theoreticalisomorphism.Recallthat, for
instance,� is associative (1.46), 9 is theunit of addition(1.77), � is theunit of multi-
plication(1.79),multiplicationdistributesover addition(1.50)etc.Moreover, thefirst
stepaboveassumedthatadditionis compatible(monotonic)with respectto equality,- � /D � E-F� D � /G��E
afactwhichstill holdswhennumericequalitygivesplaceto isomorphismandnumeric
additiongivesplaceto coproduct: � C� HI C� J� � I C� H � J
— recall(1.44)for isos K and L .

Unfortunately, themainstepsin thereasoningaboveareconcernedwith two basic
cancellationproperties �M�?/B� D � �"� D '�/���N/B� D � �"� D/ �O/P7�
9Q�
which hold aboutnumbersbut do not hold aboutdatatypes.In fact,neitherproducts
norcoproductshavearbitraryinverses1, andsowecannot“calculateby cancellation”.
How dowecircumventthis limitation?

Justthink of how we would have goneabout(2.3) in casewe didn’t know about
the cancellationproperties: we would be boundto the � by �0�R(* substitutionplus
theotherproperties.By performingsucha substitutionover andoveragainwe would
obtain.. .

�"�,��� � $� � � by ��� ( * substitutionfollowedby simplification �"�,��� ���#(*$ �#��� �$ � � S� � thesameasabove 
1The initial andterminaldatatypesdo have inverses— T is its own “additive inverse”and U is its own

“multiplicative inverse”— but notall theothers.
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�!�#�=� �$ � ���#(*S �#��� �$ � �S � � V� � overandoveragain,W -times 	�	�	� � simplification 
�!�YXZ []\_^ �$ [ � �$ Xa` 6� � sumof W first termsof a geometricprogression �!�b� $ ' �$ X �c� �$ Xa` 6� � let W�dfeg �!�b� $ '�9Q�_��9� � simplification  �!� $

Clearly, thisisamuchmorecomplicatedwayof findingsolution�"� $ for equation
(2.3). But we would have loved it in caseit were the only known way, and this is
preciselywhathappenswith respectto (2.4). In thiscasewehave:���,��� � ���� � substitutionof ��� � ��� for �h ���,��� � ������� � �!���� � distributiveproperty(1.50)  � C� ��� � ����� � ��� � �!���� � unit of product(1.79)andassociativity of product(1.32) � C� ��� � �
� � � � �h���� � by (1.80),(1.82)and(1.85) � C� � ^ � � 6 � � * ���� � anothersubstitutionasaboveandsimilarsimplifications ��C� � ^ � � 6 � � * � �2i �!�� � after �jW5�:�A� -many similarsteps 

� C� XZ []\k^ � [ � � Xa` 6 ���
Bearingalarge W in mind,let usdeliberately(but temporarily)ignoreterm

� Xa` 6 �
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� . Then � will beisomorphicto thesumof W -many contributions
� [

,

�lC� XZ [m\k^ � [
eachof them consistingof n -long tuples,or sequences, of valuesof

�
. (Number n

is saidto be the lengthof any sequencein
� [

.) Suchsequenceswill be denotedby
enumeratingtheir elementsbetweensquarebrackets,for instancetheemptysequenceoqp

which is theonly inhabitantin
� ^

, thetwo elementsequence
o - 6sr - * p whichbelongs

to
� *

provided - 6sr - * � � , andsoon. Note that all suchcontributionsaremutually
disjoint,thatis,

� [ut �hv �
w wherever n27��x . (In otherwords,asequenceof length n is
neverasequenceof lengthx , for n27��x .) If wejoin all contributions

� [
into asingleset,

weobtainthesetof all finitesequenceson
�

, denotedby
�zy

anddefinedasfollows:� y|{�}�~� �[<��^ � [ (2.5)

Theintuition behindtakingthelimit in thenumericcalculationabovewasthatterm(*��A��� wasgettingsmallerandsmalleras W went largerandlargerand,“in the limit”,
it couldbeignored.By analogy, takinga similar limit in thecalculationjust sketched
abovewill meanthat,for a “sufficiently large” W , thesequencesin

� X aresolong that
it is veryunlikely thatwewill everusethem!So,for W�dfe weobtain

� C� �Z []\_^ � [
Because� �[]\_^ �

[
is isomorphicto � �[m\k^ �

[
(seeexercise1.19),wefinally have:� C� � y

All in all, we have obtained
�2y

asa solutionto equation(2.4). In otherwords,
datatype� is isomorphicto the datatypewhich containsall finite sequencesof some
predefineddatatype

�
. This correspondsto the HASKELL [a] datatype,in general.

Recall that we startedfrom the “link ed-list datatype”expressedin PASCAL or C. In
fact,wherevertheC programmerthinksof linked-lists,theHASKELL programmerwill
think of finite sequences.

But,whatdoesequation(2.4)meanin fact?Is
�2y

theonlysolutionto thisequation?
Backto thenumericfield, weknow of equationswhichhavemorethanonesolution—
for instance�"��(A� ` i� , whichadmitstwo solutions� and � —, whichhavenosolution
atall — for instance�"�g����� —, or whichadmitaninfinite numberof — for instance�"�g� .

We will addressthesetopicsin the next sectionaboutinductivedatatypesandin
chapter3, wherethe formal semanticsof recursionwill be madeexplicit. This is
wherethe“limit” constructionsusedinformally in this sectionwill beshown to make
sense.
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2.2 Intr oducing inductive datatypes

Datatype� asdefinedby (2.4) is saidto be recursivebecause� “recurs” in thedefi-
nition of � itself 2. Fromthediscussionabove, it is clearthatset-theoreticalequality
“ � ” in thisequationshouldgiveplaceto set-theoreticalisomorphism(“ C� ”):� C� ��� � �!� (2.6)

Which isomorphism � ��� � ���
[
X�� do we expect to witness(2.4)? This will

dependon which particularsolutionto (2.4) we arethinking of. So far we have seen
only one,

�zy
. By recallingthenotion of algebra of a datatype(section1.18),so we

mayrephrasethequestionas:whichalgebra�zy ��� � � � y
[
X��

doweexpectto witnessthetautologywhicharisesfrom (2.4)by replacingunknown �
with solution

� y
, thatis � y C� ��� � � � y %

It will have to beof theform n�WN� o n�W 6 r n�W * p asdepictedby thefollowing diagram:

�
[ ���[
X � �� ����������� ��� � � �2y[

X��
� � �zy

[
��� [
X ��� � � � � � � � � � � ��zy

(2.7)

Arrows n�W 6 and n�W * canbeguessedratherintuitively: n�W 6 � o�p , whichwill express
the“ NIL pointer”by theemptysequence,at

�zy
level, and n�W * � Dq� Wc� , where D�� Wc� is

thestandard“left append”sequenceconstructor, which we for themomentintroduce
ratherinformally asfollows:Dq� Wc�.� � � �2y �� �zyDq� Wc���j- r o - 6�r 
�
�
 r - X p �=� o - r - 6�r 
�
�
 r - X p (2.8)

In a diagram:

�
[ ��� ¢¡ �� ����������� ��� � � �2y s £¡ ¤ ¥§¦ Xu¨ ¡��

� � �zy
[
��� ¥§¦ Xu¨�� � � � � � � � � � � ��zy

(2.9)

Of course,for n�W to beiso it needsto haveaninverse,which is nothardto guess,��©�ª {�}�~� ��«s�:¬ hdr tl ­£� . ���  ®¡ % � (2.10)

2By analogy, wemayregard(2.3)asa “recursive definition” of number̄ .
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wheresequenceoperatorshd (headof a nonemptysequence) andtl (tail of a nonempty
sequence) are(againinformally) describedasfollows:

hd � �2y �� �
hd
o - 6 r - * r 
�
�
 r - X p �g- 6 (2.11)

tl � �zy �� �zy
tl
o - 6�r - * r 
�
�
 r - X p � o - * r 
�
�
 r - X p (2.12)

Showing that n�W and ��©°ª areeachotherinversesis nota hardtaskeither:n�W . ��©�ª �gn§E� � definitionsof n�W and ��©°ª  o±oqp r Dq� Wc� p . ��«s�:¬ hdr tl ­�� . ���  ®¡ % �²�1n§E� � � -absorption(1.41)and(1.15) o±oqp r Dq� Wc� . ¬ hdr tl ­ p . ���  £¡ % �=�gn§E� � propertyof sequences:Dq� Wc��� hd � r tl �A�=�³�u o±oqp r n§E p . ���  ®¡ % �²�gn�E� � goingpointwise  � �  ®¡ - ´ o±o�p r n§E p �jn 6 -±�µ ���  ¢¡ -¶�·´ o±o�p r n§E p �jn * -±� �:-� � � -cancellation(1.38)  � �  ®¡ - ´ o�p -µ ���  ¢¡ -¶�·´ n§E²- �:-� � -M� o�p in onecaseandidentity function(1.9) in theother  � -¸� o�p ´ -µ �O-¸� o�p �·´ - �
-� � property �º¹"dfK r Kk�=�:K holds  -M�:-
A commentontheparticularchoiceof terminologyabove: symbol n�W suggeststhat

wearegoinginside,or constructing(synthesizing)valuesof
�zy

; symbol ��©�ª suggests
thatwearegoingout,or destructing(analyzing)valuesof

�2y
. We shalloftenresortto

thisduality in thesequel.
Are theremoresolutionsto equation(2.6)?In trying to implementthisequation,a

HASKELL programmercouldhavewritten,afterthedeclarationof type
�

, thefollow-
ing datatypedeclaration:

data L = Nil () | Cons (A,L)
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which,aswehaveseenin section1.18,canbewrittensimplyas

data L = Nil | Cons (A,L) (2.13)

andgeneratesdiagram

�
[ ���» [½¼ ¾¿ ÀÀÀÀÀÀÀÀÀÀÀ
��� � ���[

XaÁ��
� ���

[
��� Â ¦ Xu¨ÃÄ Å Å Å Å Å Å Å Å Å Å Å�

(2.14)

leadingto algebran�W_Æ°� o ��n�Ç r I � Wc� p .
HASKELL seemsto havegeneratedanothersolutionfor theequation,whichit calls� . To avoid theinevitableconfusionbetweenthis symboldenotingthenewly created

datatypeandsymbol � in equation(2.6),whichdenotesamathematicalvariable,let us
usesymbol È to denotetheformer( È standsfor “type”). This canbecopedwith very
simplyby writing T insteadof L in (2.13):

data T = Nil | Cons (A,T) (2.15)

In orderto make È moreexplicit, wewill write n�WkÉ insteadof n�W Æ .
Somequestionsareondemandat thispoint. Firstof all, whatis datatypeÈ ? What

areits inhabitants?Next, is È ��� � ��È
[
XsÊ�� anisoor not?

HASKELL will help us to answerthesequestions.Supposethat
�

is a primitive
numericdatatype,andthatwe addderiving Show to (2.15)so thatwe can“see”
theinhabitantsof the È datatype.Theinformationassociatedto È is thus:

Main> :i T
-- type constructor
data T

-- constructors:
Nil :: T
Cons :: (A,T) -> T

-- instances:
instance Show T
instance Eval T

By typingNil

Main> Nil
Nil :: T

weconfirmthat ��n�Ç is itself aninhabitantof È , andby typingCons

Main> Cons
<<function>> :: (A,T) -> T
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werealizethat
I � Wc� is notso(asexpected),but it canbeusedtobuild suchinhabitants,

for instance:

Main> Cons(1,Nil)
Cons (1,Nil) :: T

or

Main> Cons(2,Cons(1,Nil))
Cons (2,Cons (1,Nil)) :: T

etc.We concludethatexpressionsinvolving ��n�Ç and
I � Wc� areinhabitantsof type È .

Are thesetheonly ones?Theansweris yesbecause,by designof the HASKELL lan-
guage,theconstructorsof type È will remainfixedonceits declarationis interpreted,
that is, no furtherconstructorcanbeaddedto È . Does n�W É have an inverse?Yes,its
inverseis coalgebra ��©�ª É � È �� ��� � �!È��©�ª É �Nn§Çk�gn 6 NIL��©�ª É � I � Wc���j- r ÇO�����1n * ��- r ÇO� (2.16)

whichcanbestraightforwardlyencodedin HASKELL usingtheEither realizationof� (recallsections1.9and1.18):

outT :: T -> Either () (A,T)
outT Nil = Left ()
outT (Cons(a,l)) = Right(a,l)

In summary, isomorphism

È ¦�Ë�Ì Ê ÍÎC� ��� � ��È[
X Ê

ÏÐ (2.17)

holds,wheredatatypeÈ is inhabitedby symbolicexpressionswhichwemayvisualize
veryconvenientlyastrees,for instance

Ñ
ÑÒÒÒ Ó Ó Ó ÑÒÒÒ Ó Ó ÓÑ Ñ� �Nn§Ç

I � Wc�
$ I � Wc�
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picturingexpression
I � Wc��� $ r I � Wc����� r �Nn§ÇO��� . ��n�Ç is theemptytreeand

I � Wc� maybe
regardedastheoperationwhichaddsa new rootandanew branch,say - , to a tree ª :

ÑÒÒÒ Ó Ó ÓªÑÒÒÒ Ó Ó Óª
ÑÒÒÒ Ó Ó ÓÑI � Wc���O- r �Ô�

I � Wc�
-

Thechoiceof symbolsT, Nil andCons wasratherarbitraryin (2.15).Therefore,
analternativedeclarationsuchas,for instance,

data U = Stop | Join (A,U) (2.18)

would have beenperfectly acceptable,generatinganothersolution for the equation
underalgebra

osÕ ª�� ¹ r�Ö � n�W p . It is easyto checkthat(2.18)is but a renamingof �Nn§Ç toÕ ª�� ¹ andof
I � Wc� to Ö � n�W . Therefore,bothdatatypesareisomorphic,or “abstractly

thesame”.
Indeed,any otherdatatype× inductivelydefinedby a constantanda binarycon-

structoraccepting
�

and × asparameterswill bea solutionto theequation.Because
wearejust renamingsymbolsin a consistentway, all suchsolutionsareabstractlythe
same.All of themcapturetheabstractnotionof a list of symbols.

We wrote “inductively” above becausethe setof all expressions(trees)which i-
nhabitthe type is definedby induction. Suchtypesarecalled inductiveandwe shall
havea lot moreto sayaboutthemin chapter3.

Exercise2.1 Obviously,

either (const []) (:)

doesnotwork asa HASKELL realizationof themediatingarrow in diagram(2.9).Whatdoyouneedto write

instead?Ø
2.3 Observing an inductive datatype

Supposethatoneis askedto expressa particularobservationof aninductivesuchas È
(2.15),that is, a functionof signature H ÈÙ�� for sometarget type H . Suppose,
for instance,that

�
is Ú Û ^ (thesetof all non-negativeintegers)andthatwewantto add

all elementswhich occurin a È -list. Of course,we have to guaranteethatadditionis
availablein Ú Û ^ , -�E�E5� Ú Û ^ ��Ú Û ^ �� Ú Û ^-�E�E��<� r�Ü � {�}�~�Ý�M� Ü
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and that 9³�ÔÚ Û ^ is a valuedenoting“the additionof nothing”. So constantarrowÚ Û ^ �
^�� is available. Of course,-±EQE��j9 r �Þ�P��-±E�E°�j� r 9Q�8��� holds,for all �
�Ú Û ^ . This propertymeansthat Ú Û ^ , togetherwith operator-±E�E andconstant9 , forms

a monoid, a very importantalgebraicstructurein computingwhich will beexploited
intensively laterin thisbook. Thefollowing arrow “packaging” Ú Û ^ , -±EQE and 9 ,

Ú Û ^ ���:Ú Û ^ ��Ú Û ^  ^ ¤ 3�ß¢ß ¡�� (2.19)

is aconvenientway to expresssuchastructure.Combiningthisarrow with thealgebra

È ���gÚ Û ^ �!È
[
XaÊ�� (2.20)

whichdefinesÈ , andthefunction K wewantto define,thetargetof which is H �,Ú Û ^ ,
wegetthealmostcloseddiagramwhich follows,in whichonly thedashedarrow is yet
to befilled in: ÈÙ �� ���:Ú Û ^ �!È

[
XsÊ�� ��Ú Û ^ ���gÚ Û ^ ��Ú Û ^  ^ ¤ 3qß¢ß ¡��

(2.21)

We know that n�WkÉN� o �Nn§Ç r I � Wc� p . A patternfor themissingarrow is not difficult to
guess:in thesameway K bridgesÈ and Ú Û ^ on the lefthandside,it will do thesame
job ontherighthandside.Sopattern	�	�	¢�?	�	�	u�+K comesto mind(recallsection1.10),
wherethe“ 	�	�	 ” arevery naturallyfilled in by identity functions.All in all, we obtain
diagram

ÈÙ �� ���gÚ Û ^ ��È  » []¼ ¤ Â ¦ XQ¨ ¡�� [ ß `
[ ßaà Ù��Ú Û ^ ���:Ú Û ^ ��Ú Û ^  ^ ¤ 3qß¢ß ¡��

(2.22)

whichpicturesthefollowing propertyof KK . o �Nn§Ç r I � Wc� p � o 9 r -±EQE p . �<n§E0��n§E)�NKk� (2.23)

andis easyto convert to pointwisenotation:K . o �Nn§Ç r I � Wc� p � o 9 r -±EQE p . �<n§EF��n§E5�NKk�� � (1.40)on thelefthandside,(1.41)andidentity n§E on therighthandside  o K . �Nn§Ç r K . I � Wc� p � o 9 r -±EQE . �<n§E5�NKk� p� � eitherstructuralequality(1.58)  
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-�E�E . �<n§E)�NKk�� � goingpointwise � �OK . �Nn§Ç ���!�g9 ��OK . I � Wc���q��- r �����,�j-±E�E . �<n§E5�NKk���q��- r �Þ�� � composition(1.6),constant(1.12),product(1.22)anddefinitionof -±EQEM � K0��n�Ç_�:9Ká� I � Wc���j- r �Þ�����g-.��K2�
Notethatwecouldhaveused��©°ª É in diagram(2.21),È ¦�Ë�Ì Ê ��Ù �� ���:Ú Û ^ �!È[ ß `

[ ßaà Ù��Ú Û ^ ���:Ú Û ^ ��Ú Û ^  ^ ¤ 3qß¢ß ¡��
(2.24)

obtaininganotherversionof thedefinitionof K ,K � o 9 r -±EQE p . �<n§E0��n§E5��Kk� . ��©°ª É (2.25)

whichwould leadto exactly thesamepointwiserecursivedefinition:K!� o 9 r -±E�E p . �jn�EF�ln§E)�NKk� . ��©�ª É� � (1.41)andidentity n§E on therighthandside  K!� o 9 r -±E�E . �jn§E5��Kk� p . ��©°ª É� � goingpointwiseon ��©�ª É (2.16)  � K2�Nn§Ç_�b� o 9 r -±E�E . �<n§E5�NKk� p . ��©°ª É����Nn§ÇKá� I � Wc���j- r �Þ���=�b� o 9 r -±EQE . �<n§E5�NKk� p . ��©�ª É°�q�O- r ���� � definitionof ��©�ª É (2.16) � K2�Nn§Ç_�b� o 9 r -±E�E . �<n§E5�NKk� p . n 6 ����n�ÇKá� I � Wc���j- r �Þ���=�b� o 9 r -±EQE . �<n§E5�NKk� p . n * ���j- r �Þ�� � � -cancellation(1.38)  � K2�Nn§Ç_�
9 �Nn§ÇKá� I � Wc���j- r �Þ���=�b�j-±E�E . �jn§E)�NKk���k�O- r ���� � simplification  � K2�Nn§Ç_�
9Ká� I � Wc���j- r �Þ���=�
-F�?K0�
PointwiseK mirrors thestructureof type È in having hasmany definitionclauses

asconstructorsin È . Suchfunctionsaresaidto bedefinedbyinductionon thestructure
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of their input type. If werepeatthiscalculationfor Ú Û ^ y insteadof È , thatis, for��©�ª �b��«s�:¬ hdr tl ­�� . ���  ®¡ % �
— recall(2.10)— takingplaceof ��©�ª É , wegeta “morealgorithmic”versionof K :K!� o 9 r -�E�E p . �jn§EF��n�E)��Kk� . ��«��
¬ hdr tl ­�� . ���  ®¡ % �� � � -functor(1.42),identityand � -absorption(1.25)  K!� o 9 r -�E�E p . ��«��
¬ hdr K . tl ­�� . ���  ®¡ % �� � � -absorption(1.41)andconstant9  K!� o 9 r -�E�E . ¬ hdr K . tl ­ p . ���  ¢¡ % �� � goingpointwiseonguard �  ®¡ % (1.60)andsimplifying  K0Çc� � Çc� o�p ´ 9 Çµ �jÇc� o�p �·´ �j-±EQE . ¬ hdr K . tl ­��¶Ç� � simplification  K0Çc� � Çc� o�p ´ 9µ �jÇc� o�p �·´ hd Ç���Ká� tl ÇO�
Theoutcomeof thiscalculationcanbeencodedin HASKELL syntaxas

f l | l == [] = 0
| otherwise = head l + f (tail l)

or

f l = if l == []
then 0
else head l + f (tail l)

bothrequiringtheequalitypredicate“==” anddestructors“head ” and“ tail ”.

2.4 Synthesizingan inductive datatype

The issuewhich concernsus in this sectiondualizeswhat we have just dealtwith:
insteadof analyzingor observingan inductive type suchas È (2.15),we want to be
ableto synthesize(generate)particularinhabitantsof È . In otherwords,we want to

beableto specifyfunctionswith signature H Ù �� È for somegivensourcetype H .
Let H �&Ú Û ^ andsupposewewant K to generate,for agivennaturalnumberW�â19 , the
list containingall numberslessor equalto W in decreasingorderI � Wc���<W r I � Wc�Q�jW�'@� r I � Wc����
�
�
 r �Nn§ÇO�����
or theemptylist ��n�Ç , in caseWN�:9 .
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Let us try anddraw a diagramsimilar to (2.24) applicableto the new situation.
In trying to “re-use” this diagram,it is immediatethat arrow K shouldbe reversed.
Bearingduality in mind, we may feel temptedto reverseall arrows just to seewhat
happens.Identity functionsaretheirown inverses,and n�WkÉ takestheplaceof ��©°ª É :È ���:Ú Û ^ �!È

[
XsÊ��

Ú Û ^Ùaã ä �� ���:Ú Û ^ ��Ú Û ^
[ ß `
[ ßaà Ùã ä

Interestinglyenough,the bottom arrow is the one which is not obvious to reverse,
meaningthatwehave to “invent” aparticulardestructorof Ú Û ^ , sayÚ Û ^ å �� ���:Ú Û ^ ��Ú Û ^
fitting in the diagramandgenerating the particularcomputationaleffect we have in
mind. Oncewedo this,a recursivedefinitionfor K will popout immediately,K � n�WkÉ . �<n§E0��n§E5��Kk� . L (2.26)

which is equivalentto: K � o ��n�Ç r I � Wc� . �<n§E5�NKk� p . L (2.27)

Becausewewant K098�
�Nn§Ç to hold, L (theactualgeneratorof thecomputation)should
distinguishinput 9 from all theothers.OnethusdecomposesL asfollows,Ú Û ^

\_æ�ç�� å è éÚ Û ^ �gÚ Û ^ ê `cë�� ���:Ú Û ^ ��Ú Û ^
leaving ì to fill in. Thiswill bea split providing, on thelefthandside,for thevalueto
be
I � Wc� ’ed to theoutputand,ontherighthandside,for the“seed”to thenext recursive

call. Sincewe want theoutputvaluesto beproducedcontiguouslyandin decreasing
order, wemaydefine ì+�,¬On§E r pred­ where,for W�â?9 ,

pred W {�}�~�íW�'@� (2.28)

computesthepredecessorof W . Altogether, wehavesynthesizedL � ��«A�
¬jn§E r pred­�� . ��� ^ % � (2.29)

Filling this in (2.27)wegetK"� o �Nn§Ç r I � Wc� . �jn�E)��Kk� p . ��«��
¬<n§E r pred­�� . ��� ^ % �� � � -absorption(1.41)followedby � -absorption(1.25)etc. K"� o �Nn§Ç r I � Wc� . ¬jn�E r K .pred­ p . ��� ^ % �� � goingpointwiseonguard � ^ % (1.60)andsimplifying  K2WN� � W��:9 ´ �Nn§Çµ �jW��g9Q�·´ I � Wc�Q�jW r KM�<W�'@�A���
whichmatchesthefunctionwehadin mind:
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f n | n == 0 = Nil
| otherwise = Cons(n,f(n-1))

We shall seebriefly that the constructionsof the K function addingup a list of
numbersin theprevioussectionand,in this section,of the K functiongeneratinga list
of numbersareverystandardin algorithmdesignandcanbebroadlygeneralized.Let
usfirst introducesomestandardterminology.

2.5 Intr oducing(list) catas,anasand hylos

Supposethat,backto section2.3, we want to multiply, ratherthanadd,theelements
occurringin listsof type È (2.15).How muchof theprogramsynthesiseffort presented
therecanbereusedin thedesignof thenew function?

It is intuitive thatonly thebottomarrow Ú Û ^ ���gÚ Û ^ ��Ú Û ^  ^ ¤ 3qß¢ß ¡�� of dia-
gram(2.24)needsto bereplaced,becausethis is theonly placewherewe canspecify
thattargetdatatypeÚ Û ^ is now regardedasthecarrierof another(multiplicative rather
thanadditive)monoidalstructure,

Ú Û ^ ���:Ú Û ^ ��Ú Û ^  6 ¤ îhË ¼ ¡�� (2.30)

for ï © Ç��<� r�Ü � {�}�~�Ý� Ü . We aresayingthattheargumentlist is now to bereducedby the
multiplicationoperatorandthatoutputvalue � is expectedastheresultof “nothingleft
to multiply”.

Moreover, in theprevioussectionwemighthavewantedournumber-list generator
to producethe list of evennumberssmallerthana givennumber, in decreasingorder
(seeexercise2.4). Intuition will onceagainhelp us in decidingthat only arrow L in
(2.26)needsto beupdated.

The following diagramsgeneralizebothconstructionsby leaving suchbottomar-
rowsunspecified,

È ¦�Ë�Ì Ê ��Ù �� ���:Ú Û ^ �!È[ ß `
[ ßaà Ù��H ���:Ú Û ^ � Hå��

È ���:Ú Û ^ ��È
[
X Ê��

HÙ ã ä å �� ���gÚ Û ^ � H
[ ß `
[ ßaà Ùã ä (2.31)

andexpresstheir duality (cf. thedirectionsof thearrows). It sohappensthat,for each
of thesediagrams,K is uniquelydependentonthe L arrow, thatis to say, eachparticular
instantiationof L will determinethecorrespondingK . Soboth L s canbe regardedas
“seeds”or “geneticmaterial”of the K functionsthey uniquelydefine3.

Following the standardterminology, we expressthesefactsby writing K³�ð� o L p �
with respectto the lefthandsidediagramandby writing K�� o �<Lñ� p with respectto the
righthandsidediagram.Read � o L p � as“the È -catamorphisminducedby L ” and

o �òLñ� p as

3Thetheorywhichsupportsthestatementsof thisparagraphwill notbedealtwith until chapter3.
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“the È -anamorphisminducedby L ”. Thisterminologyis derivedfrom theGreekwordsó°ôcõñô (cata)and ôáö¶ô (ana)meaning,respectively, “downwards”and“upwards”(com-
parewith thedirectionof the K arrow in eachdiagram).Theexchangeof parentheses
“ �°� ” and“

oqp
” in doubleparentheses“ � o�p � ” and“

o �Þ� p ” is aimedatexpressingtheduality
of bothconcepts.

We shallhavea lot to sayaboutcatamorphismsandanamorphismsof a giventype
suchas È . For themoment,it sufficesto saythat÷ the È -catamorphisminducedby H ���:Ú Û ^ � Hå�� is the uniquefunctionH Èø   å ¡ ù�� whichobeysto property(or is definedby)� o L p �·� L . �<n§Eú�ln§E5��� o L p ��� . ��©�ª É (2.32)

which is thesameas � o L p � . n�WkÉ � L . �<n§E0��n§E)��� o L p ��� (2.33)÷ given H å �� ���:Ú Û ^ � H the È -anamorphisminducedby L is the unique

function H   ø å ù ¡ �� È whichobeysto property(or is definedby)o �jL¶� p � n�W É . �jn§EF��n�E)� o �jL¶� p � . L (2.34)

From(2.31)it canbeobservedthat È canactasamediatorbetweenany È -anamorphism

andany È -catamorphism,that is to say, H Èø   å ¡ ù�� composeswith È I  ø ë ù ¡�� , for

some
I ë �� ���gÚ Û ^ � I . In otherwords,a È -catamorphismcall alwaysobserve

(consume)theoutputof a È -anamorphism.Thelatterproducesa list of Ú Û ^ s which is
consumedby theformer. This is depictedin thediagramwhich follows:

H ���:Ú Û ^ � Hå��
Èø   å ¡ ù ã ä ���:Ú Û ^ �!È

[
XsÊ��

[ ß `
[ ßaà ø   å ¡ ùã ä

I  ø ë ù ¡ ã ä ë �� ���gÚ Û ^ � I
[ ß `
[ ßaà   ø ë ù ¡ã ä

(2.35)

What can we say aboutthe � o L p � . o ��ì�� p composition? It is a function from H to
I

whichresortsto È asanintermediatedata-structureandcanbesubjectto thefollowing
calculation(cf. outermostrectanglein (2.35)):� o L p � . o �Oì�� p �@L . �<n§Eú�ln§E5��� o L p ��� . �jn§E0�ln§E+� o �Oì�� p � . ì� � � -functor(1.42)  
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� o L p � . o ��ì�� p �1L . ���<n§E . n§E��_�
�<n§E+��� o L p ��� . �<n§E5� o ��ì�� p ��� . ì� � identityand � -functor(1.28)  � o L p � . o ��ì�� p �1L . �<n§EF��n§E5��� o L p � . o ��ì°� p � . ì
This calculationshows how to define

I Hø   å ¡ ù .   ø ë ù ¡�� in onego, that is to say,
doingwithoutany intermediatedata-structure:

H ���:Ú Û ^ � Hå��
Iø   å ¡ ù .   ø ë ù ¡ ã ä ë �� ���:Ú Û ^ � I

[ ß `
[ ßaà ø   å ¡ ù .   ø ë ù ¡ã ä (2.36)

As anexample,let usseewhatcomesout of � o L p � . o ��ì°� p for ì and L respectively given
by (2.29)and(2.30):� o L p � . o ��ì�� p �1L . �<n§EF��n§E5��� o L p � . o ��ì°� p � . ì� � � o L p � . o ��ì�� p abbreviatedto K andinstantiatingì and L> K"� o � r ï © Ç p . �jn§E0�ln§E+��Kk� . ��«��
¬<n§E r pred­�� . ��� ^ % �� � � -functor(1.42)andidentity  K"� o � r ï © Ç p . ��«��
�<n§E5�NKk� . ¬jn�E r pred­�� . ��� ^ % �� � � -absorption(1.25)andidentity  K"� o � r ï © Ç p . ��«��
¬<n§E r K .pred­�� . ��� ^ % �� � � -absorption(1.41)andconstant� (1.15)  K"� o � r ï © Ç . ¬<n§E r K .pred­ p . ��� ^ % �� � McCarthyconditional(1.59)  K"�b��� ^ % ��dû� r ï © Ç . ¬<n§E r K .pred­
Goingpointwise,wegetK09 � o � r ï © Ç . ¬jn§E r K . pred­ p �<n 6 9��� � � -cancellation(1.38)  � 9� � constantfunction(1.12)  �
andKá�jW5�:�A�·� o � r ï © Ç . ¬jn§E r K .pred­ p �<n * �jW5�:�A���
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� � � -cancellation(1.38)  ï © Ç . ¬<n§E r K .pred­��<W+�g���� � pointwisedefinitionsof split, identity, predecessorand ï © ÇÞ �jW)�:�A���NK2W
In summary, K is but thewell-known factorialfunction:� K09P�,�Ká�jW5�:�A�=�b�<W)�g������K0W

This resultcomesto no surpriseif we look at diagram(2.35) for the particular L
and ì wehaveconsideredaboveandrecallapopular“definition” of factorial:WG«ü� W����jW"'@�A�h��
�
�
ñ���ý þqÿ �W times

(2.37)

In fact,
o �Oì�� p W producesÈ -listI � Wc���<W r I � Wc���<W�'?� r 
�
�
 I � Wc����� r ��n�Ç������

asanintermediatedata-structurewhich is consumedby � o L p � , theeffectof which is but
the “replacement”of

I � Wc� by � and ��n�Ç by � , thereforeaccomplishing(2.37)and
realizingthecomputationof factorial.

Themoralof this exampleis thata functionassimpleasfactorialcanbedecom-
posedinto two components(producer/consumerfunctions)whichsharea commonin-
termediateinductive datatype.Theproducerfunctionis ananamorphismwhich “rep-
resents”or producesa “view” of its input argumentas a value of the intermediate
datatype. The consumerfunction is a catamorphismwhich reducesthis intermedi-
atedata-structureandproducesthefinal result. Like factorial,many functionscanbe
handsomelyexpressedby a � o L p � . o ��ì°� p compositionfor a suitablechoiceof the inter-
mediatetype,andof L and ì . The intermediatedata-structureis saidto bevirtual in
thesensethatit only existsasameansto inducetheassociatedpatternof recursionand
disappearsby calculation.

Thecomposition� o L p � . o ��ì�� p of a È -catamorphismwith a È -anamorphismis called
a È -hylomorphism4 and is denotedby

o o L r ì p p . BecauseL and ì fully determinethe
behaviour of the

o o L r ì p p function, they canbe regardedasthe “genes”of the function
they define.As weshallsee, this analogywith biology will provespeciallyusefulfor
algorithmanalysisandclassification.

Exercise2.2 A way of computing� � , thesquareof a givennaturalnumber� , is to sumup the � first odd
numbers.In fact, U ��� U , ¯ ��� U���� , � �	� U��
����� , etc., � ����
 ¯����+U���� 
 ���)U�� � . Following this
hint, expressfunction

sq �������� � � (2.38)

4This terminologyis derivedfrom theGreekword ������ (hylos)meaning“matter”.
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asa ! -hylomorphismandencodeit in HASKELL.Ø
Exercise2.3 Write function "�# asa ! -hylomorphismandencodeit in HASKELL.Ø
Exercise2.4 The following function in HASKELL computesthe ! -sequenceof all even numberslessor
equalto � :

f n = if n <= 1
then Nil
else Cons(m,f(m-2))

where m = if even n then n else n-1

Find its “geneticmaterial”,thatis, function $ suchthatf= % 
 $&� ' in
! U��)( *,+.-/!0 # Ê��
( * +

1 2 3�4 5 ã ä
3 �� U��)( * + -6( * +087�9:0;7=< 1 2 3�4 5ã ä

Ø
2.6 Inducti ve typesmoregenerally

Sofarwehavefocussedourattentionexclusively to aparticularinductivetype È (2.20)
— thatof finite sequencesof non-negative integers.This is, of course,of a very lim-
ited scope.First, becauseonecould think of finite sequencesof otherdatatypes,e.g.
Booleansor many others.Second,becauseotherdatatypessuchastrees,hash-tables
etc.exist whichournotationandmethodshouldbeableto take into account.

Althougha generictheoryof arbitrarydatatypesrequiresa theoreticalelaboration
which cannotbe explainedat once,we can move a stepfurther by taking the two
observationsabove asstartingpoints. We shall start from the latter in order to talk
genericallyaboutinductive types.Thenwe introduceparameterizationandfunctorial
behaviour.

Supposethat,asa merenotationalconvention,we abbreviateevery expressionof
theform “ �G�1Ú Û ^ ��
�
�
 ” occurringin theprevioussectionby “ >z
�
�
 ”, e.g. �G�1Ú Û ^ � H
by > H , e.g. ���:Ú Û ^ ��È by >²È

È ¦�ËAÌ Ê ?@C� >²È[
XsÊ

AB (2.39)
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etc.This is thesameasintroducinga datatype-level operator

>=× {�}�~�ü���gÚ Û ^ �!× (2.40)

whichmapseverydatatype
�

into datatype�ñ�!Ú Û ^ � � . Operator> capturesthepattern
of recursionwhichis associatedtoso-called“right” lists(of non-negativeintegers),that

is, listswhichgrow to theright. Theslightly differentpatternCP× {�}�~�ü�c��×í�+Ú Û ^ will
generateadifferent,althoughrelated,inductive type× C� ����×ü��Ú Û ^ (2.41)

— thatof so-called“left” lists (of non-negativeintegers).And it is notdifficult to think
of thepatternwhich is mergesbothright andleft lists andgivesrise to bi-linear lists,
betterknown asbinary trees: × C� ���l× ��Ú Û ^ �!× (2.42)

Onemay think of many otherexpressions>=× andguessthe inductive datatypethey

generate,for instanceDP× {�}�~� Ú Û ^ �+Ú Û ^ �h× generatingnon-emptylistsof non-negative
integers( Ú Û `^ ). The generalrule is that,givenan inductive datatypedefinitionof the
form × C� >²× (2.43)

(alsocalledadomainequation),its patternof recursionis capturedby aso-calledfunc-
tor > .
2.7 Functors

Theconceptof afunctor > , borrowedfromcategorytheory, is amostgenericanduseful
devicein programming5. As wehaveseen,> canberegardedasadatatypeconstructor
which,givendatatype

�
, buildsamoreelaboratedatatype> � ; givenanotherdatatypeH , builds a similarly elaboratedatatype> H ; andsoon. But what is moreimportant

andhasthemostbeneficialconsequencesis that,if > is regardedasa functor, thenits
data-structuringeffect extendssmoothlyto functionsin the following way: suppose

that H �Ù�� is a functionwhich observes
�

into H , which areparametersof > �
and > H , respectively. By definition, if > is a functor then > H > �E Ù�� exists for
everysuch K : �Ù �� > � E Ù��H > H

5Thecategory theorypractitionermustbewarnedof thefact that theword functor is usedherein a too
restrictive way. A proper(generic)definitionof a functorwill beprovidedlaterin thisbook.
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>�K extendsK to > -structuresandwill, by definition,obey to two verybasicproperties:
it commuteswith identity

>=n§E�F � n�E ø E F ù (2.44)

andwith composition

>°�<L . ì��·� �G>GLñ� . �H>�ì°� (2.45)

Two simpleexamplesof a functorfollow:÷ Identityfunctor:define>=× �g× , for everydatatype× , and >�K��
K . Properties
(2.44)and(2.45)hold trivially justby removing symbol > wherever it occurs.÷ Constantfunctors: for a given

I
, define >=× � I

(for all datatypes× ) and>�K��:n�E Â , asexpressedin thefollowing diagram:�Ù ��
I [ ßJI��H I

Properties(2.44)and(2.45)hold trivially again.

In the sameway functionscanbe unary, binary, etc., we canhave functorswith
morethanoneargument. So we get binary functors(alsocalledbifunctors), ternary
functorsetc.. Of course,properties(2.44)and(2.45)have to hold for everyparameter
of an W -ary functor. For abinaryfunctor K , for instance,equation(2.44)becomes

K5�On�E�F r n§E�L��·� n�ENM ø F ¤ L ù (2.46)

andequation(2.45)becomes

K5�<L . ì r n . x±�·� K5�òL r n�� . K¸��ì r x±� (2.47)

Productandcoproductaretypical examplesof bifunctors. In the formercaseone
has K5� � r H �.� � � H and K5�OK r Lñ�ú� Kl�NL — recall (1.22). Properties(1.29)and
(1.28)instantiate(2.46)and(2.47),respectively, andthisexplainswhy wecalledthem
thefunctorialpropertiesof product.In thelattercase,onehas K5� � r H ��� � � H andK5�OK r Lñ�=�³K��5L — recall(1.37)— andfunctorialproperties(1.43)and(1.42).Finally,

exponentiationis a functorialconstructiontoo: assuming
�

, onehas >=× {�}�~� × F and>�K {�}�~� K . -A¹ andfunctorialproperties(1.71)and(1.72). All this is summarizedin
table2.1.

Suchasfunctions,functorsmaycomposewith eachotherin theobviousway: the
compositionof > and C , denoted> . C , is definedby�G> . Cá��× {�}�~� >2�OCP×�� (2.48)�G> . Cá��K {�}�~� >2�OCMKk� (2.49)
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Data construction Universalconstruct Functor Description� � H ¬�K r Lñ­ K��"L Product� � H o K r L p KM�lL CoproductH F K K F Exponential

Table2.1: Datatypeconstructionsandassociatedoperators.

2.8 Polynomial functors

We mayput constant,product,coproductandidentity functorstogetherto obtainso-
calledpolynomialfunctors, which are describedby polynomial expressions,for in-
stance >=× �&��� � �"×
— recall(2.6).A polynomialfunctoris either÷ a constantfunctoror theidentity functor, or÷ the(finitary) productor coproduct(sum)of otherpolynomialfunctors,or÷ thecompositionof otherpolynomialfunctors.

Sotheeffect on arrowsof a polynomialfunctoris computedin aneasyandstructured
way, for instance:

>�K � ����� � �"×���K� � sumof two functorswhere
�

is aconstantand × is avariable  ���A��KM�
� � �"×���K� � constantfunctorandproductof two functors  n�E 6 �
� � ��K����j×���K� � constantfunctorandidentity functor  n�E 6 ��n�E�F?��K� � subscriptsdroppedfor simplicity  n�EF�ln§E5�NK
So, ��� � �NK denotesthesameas n§E 6 ��n�E�F?��K , or eventhesameas n§EF��n§E)�NK if
onedropsthesubscripts.

It shouldbeclearat this point thatwhatwasreferredto in section1.10asa “sym-
bolic pattern”applicableto bothdatatypesandarrowsis afterall a functorin themath-
ematicalsense.The fact that the samepolynomialexpressionis usedto denoteboth
thedataandtheoperatorswhichstructurallytransformsuchdatais of greatconceptual
economyandpracticalapplication. For instance,oncepolynomial functor (2.40) is
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assumed,thediagramsin (2.31)canbewrittenassimplyas

È ¦�ËAÌ Ê ��Ù �� >²È E Ù��H > Hå��
È >²È

[
X Ê��

HÙ ã ä å �� > H E Ùã ä (2.50)

It is usefulto know that,thanksto theisomorphismlawsstudiedin chapter1,every
polynomialfunctor > maybeput into thecanonicalform,

>=× C� I ^ �:� I 6 �"×��_�
� I * �!× * �c�g	�	�	A�
� I X �!× X �� � X[m\k^ I
[ �!× [ (2.51)

andthatNewton’sbinomialformula

� � � H � X C� XZP \_^ X I P � � X Q P � H P (2.52)

canbe usedin suchconversions.Theseareperformedup to isomorphism,that is to
say, after the conversiononegetsa differentbut isomorphicdatatype.Consider, for
instance,functor

>²× {�}�~� � ��������×�� *
(where

�
is a constantdatatype)andcheckthefollowing reasoning:

>=× � � �������l×�� *C� � law (1.85)  � ����������×����������l×����C� � law (1.50)  � ����������×��������
������×����!×����C� � laws (1.79),(1.31)and(1.50)  � ����������×��_�:���.�"×R��× �"×����C� � laws (1.79)and(1.85)  � ����������×��_�:�j×R�l× * ���C� � law (1.46)  � �������:�j×���×��_��× * �C� � canonicalform obtainedvia laws(1.50)and(1.86)  �ý�þ¢ÿR�Â æ � � � $ý þ¢ÿ �Â � �G× � �ýAþqÿ=�Â � �G×
*
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Exercise2.5 Synthesizetheisomorphism S � S -F¯T-�UV� S -�U � S - 
 U��WU � �X�� implicit

in theabove reasoning.Ø
2.9 Polynomial inductive types

An inductive datatypeis said to be polynomialwherever its patternof recursionis
describedby a polynomial functor, that is to say, wherever > in equation(2.43) is
polynomial. For instance,datatypeÈ (2.20)is polynomial( W��R� ) andits associated
polynomialfunctoris canonicallydefinedwith coefficients

I ^ �b� and
I 6 �#Ú Û ^ . For

reasonsthatwill becomeapparentlateron,we shallalwaysimpose
I ^ 7�&9 to hold in

apolynomialdatatypeexpressedin canonicalform.
Polynomialtypesareeasyto encodein HASKELL wherever theassociatedfunctor

is in canonicalpolynomialform, thatis, whereveronehasÈ C� � X[]\_^ I
[ ��È [[

XsÊ
ÏÐ (2.53)

Thenwehave n�WkÉ {�}�~� o K 6 r 
�
�
 r K X p
where,for nF�Ý� r W , K [ is anarrow of type È I [ ��È [�� . Since W is finite, one
mayexpandexponentialsaccordingto (1.85)andencodethis in HASKELL asfollows:

data T = C0 |
C1 (C1,T) |
C2 (C2,(T,T)) |
... |
Cn (Cn,(T, ..., T))

Of coursethechoiceof symbolCi to realizeeachK [ is arbitrary6. Several instances
of polynomialinductive types(in canonicalform) will bementionedin section2.13.
Section2.15will addresstheconversionbetweeninductive datatypesinducedby so-
callednatural transformations.

The conceptsof catamorphism,anamorphismand hylomorphismintroducedin
section2.5 canbe extendedto arbitrarypolynomial types. We devote the following
sectionsto explainingcatamorphismsin thepolynomialsetting.Polynomialanamor-
phismsandhylomorphismswill notbedealtwith until chapter3.

6A moretraditional(but lesscloseto (2.53))encodingwill be

data T = C0 | C1 C1 T | C2 C2 T T | ... | Cn Cn T ... T (2.54)

deliveringevery constructorin curriedform.
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2.10 Y -algebrasand Y -homomorphisms

Our interestin polynomial typesis basicallydue to the fact that, for polynomial > ,
equation(2.43)alwayshasaparticularlyinterestingsolutionwhichcorrespondsto our
notionof a recursivedatatype.

In orderto explain this, we needtwo notionswhich areeasyto understand:first,

that of an > -algebra, which simply is any function ô of signature
� > �Z�� .

�
is calledthe carrier of > -algebraô andcontainsthe valueswhich ô manipulatesby
computingnew

�
-valuesout of existing ones,accordingto the > -pattern(the “type”

of thealgebra).As examples,consider
o 9 r -�E�E p (2.19)and n�W É (2.20),whichareboth

algebrasof type >=× � �2�#Ú Û ^ ��× . The typeof an algebraclearly determinesits
form. For instance,any algebraô of type >=× �&�;��×í�M× will beof form

o ô 6 r ô * p ,
where ô 6 is a constantand ô * is a binary operator. So monoidsarealgebrasof this
type7.

Secondly, we introducethenotionof an > -homomorphismwhich is but a function
observinga particular > -algebraô into another> -algebra[ :�Ù �� > � E Ù��

Z��
H > H\��

K . ô �][ . �H>�Kk� (2.55)

Clearly, K canberegardedasa structuraltranslationbetween
�

and H , that is,
�

andH havea similar structure8. Notethat— thanksto (2.44)— identity functionsareal-
ways(trivial) > -homomorphismsandthat— thanksto (2.45)— thesehomomorphisms
compose,thatis, thecompositionof two > -homomorphismsis an > -homomorphism.

2.11 Y -Catamorphisms

An > -algebracanbe epic,monic or both, that is, iso. Iso > -algebrasareparticularly
relevant to our discussionbecausethey describesolutionsto the × C� >=× equation
(2.43). Moreover, for polynomial > a particulariso > -algebraalwaysexists,which is

denotedby ^�> >.^�>
[
X�� andhasspecialproperties.First, its carrieris thesmallest

amongthecarriersof otheriso > -algebras,andthis is why it is denotedby ^�> — ^ for
“minimal” 9. Second,it is theso-calledinitial > -algebra.Whatdoesthismean?

It meansthat,for every > -algebraô thereexistsoneandonly one > -homomorphism
betweenn�W and ô . This uniquearrow mediatingn�W and ô is thereforedeterminedbyô itself, andis calledthe > -catamorphismgeneratedby ô . This construct,which was
introducedin 2.5,is in generaldenotedby � o ô p � E :

7But noteveryalgebraof this typeis amonoid,sincethetypeof analgebraonly fixesits syntaxanddoes
not imposeany propertiessuchasassociativity, etc.

8Cf. homomorphism= homo(thesame)+ morphos(structure,shape).
9 _,` meanstheleastfixpoint solutionof equationUba� ` U , aswill bedescribedin chapter3.
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^�>Ù \ ø   Z ¡ ù�c �� >	^�>E ø   Z ¡ ù c��
[
X��

� > �Z��
(2.56)

We will dropthe > subscriptin � o ô p � E wherever deduciblefrom thecontext, andoften
call ô the“gene”of � o ô p � E .

As happenswith splits, eithers and transposes,the uniquenessof the catamor-
phismconstructis capturedby a universalpropertyestablishedin the classof all > -
homomorphisms: d �#� o ô p �fe d . n�WN� ô . > d (2.57)

Accordingto theexperiencegatheredfrom section1.12onwards,a few propertiescan
beexpectedasconsequencesof (2.57).For instance,onemaywonderaboutthe“gene”
of theidentitycatamorphism.Justlet

d �gn§E in (2.57)andseewhathappens:n�EM�,� o ô p �ge n§E . n�W�� ô . >=n§E� � identity (1.10)and > is a functor(2.44)  n�EM�,� o ô p �ge n�WN� ô . n§E� � identity (1.10)onceagain  n�EM�,� o ô p �ge n�WN� ô� � ô replacedby n�W andsimplifying  n�EM�,� o n�W p �
Thusonefindsout that thegeneticmaterialof the identity catamorphismis the initial
algebran�W . Whichis thesameasestablishingthereflectionpropertyof catamorphisms:

Cata-reflection:

^�>ø   [ X ¡ ù ��
>.^�>E ø   [ X ¡ ù��

[
X��

^�> >.^�>
[
X��

� o n�W p �=�gn§Eih E (2.58)

In a moreintuitive way, onemight have observedthat � o n�W p � is, by definitionof n�W , the
uniquearrow mediatinĝ�> anditself. But anotherarrow of thesametype is already
known: theidentity n§E h E . Sothesetwo arrowsmustbethesame.

Anotherpropertyfollowing immediatelyfrom (2.57),for
d �#� o ô p � , is

Cata-cancellation: � o ô p � . n�W�� ô . >2� o ô p � (2.59)
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Becausen�W is iso, this law canberephrasedasfollows� o ô p �²� ô . >2� o ô p � . ��©°ª (2.60)

where��©�ª denotestheinverseof n�W :

^�>
¦�ËAÌ jkC� >	^�>[
X

ÏÐ
Now, let K be > -homomorphism(2.55)between> -algebrasô and [ . How doesit

relateto � o ô p � and � o [ p � ? Note that K . � o ô p � is anarrow mediatinĝ�> and H . But H is
thecarrierof [ and � o [ p � is theuniquearrow mediatinĝ�> and H . So thetwo arrows
arethesame:

Cata-fusion :

^�>ø   Z ¡ ù �� >	^�>E ø   Z ¡ ù��
[
X��

�Ù �� > �Z��
E Ù��H > H\��

K . � o ô p �²�,� o [ p � if K . ô �l[ . >�K (2.61)

Of course,this law is alsoa consequenceof theuniversalproperty, for
d �³K . � o ô p � :K . � o ô p ���#� o [ p �me �OK . � o ô p ��� . n�W��][ . >2��K . � o ô p �£�

e � compositionis associativeand > is a functor(2.45)  K . � o ô p � . n�W��][ . >�K . >2� o ô p �
e � cata-cancellation(2.59)  K . ô . >0� o ô p ���b[ . >�K . >0� o ô p �
e � require K to bea > -homomorphism(2.55)  K . ô . >0� o ô p ���:K . ô . >2� o ô p �on�K . ô �l[ . >�Kp � simplify  K . ô �][ . >�K

Thepresentationof theabsorptionpropertyof catamorphismsentailsthevery im-
portantissueof parameterizationanddeservesto be treatedin a separatesection,as
follows.
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2.12 Parameterization,type functors andcata-absorption

By analogywith what we have doneaboutsplits (product),eithers (coproduct)and
transposes(exponential),we now look forwardto identifying > -catamorphismswhich
exhibit functorialbehaviour.

Supposethatonewishesto squareall numberswhich aremembersof lists of typeÈ (2.20).It canbecheckedthat� omo �Nn§Ç r I � Wc� . � sq �"n§E±� pmp � (2.62)

will dothis for us,where Ú Û ^ Ú Û ^sq�� is givenby (2.38).Thiscatamorphism,which
convertedto pointwisenotationis nothingbut function ì which follows� ìz��n�Ç_�
�Nn§Çì � I � Wc���j- r Ç����²� I � Wc��� sq - r ì2ÇO�
mapstype È to itself. This is becausesqmapsÚ Û ^ to Ú Û ^ . Now supposethat,insteadof

sq, onewould like to applyagivenfunction H Ú Û ^Ù�� (for someH otherthan Ú Û ^ )
to all elementsof theargumentlist. It is easyto seethat it sufficesto replaceK for sq
in (2.62).However, theoutputtypeno longeris È , but rathertype È²Æ°C� �²� H ��È²Æ .

TypesÈ and È Æ areverycloseto eachother. They sharethesame“shape”(recursive
pattern)andonly differ with respectto the typeof elements— Ú Û ^ in È and H in È²Æ .
This suggeststhat thesetwo typescanberegardedasinstancesof a moregenericlist
datatypeqir sHt

qir sHt±× C� ����× �uqir sGt�×[
X
\   » [½¼ ¤ Â ¦ XQ¨ ¡

vw (2.63)

in which the type of elements× is allowed to vary. Thusonehas È �xqir sGtkÚ Û ^ andÈ�Æ��yqir sGt H .

It canbeseenby inspectionthat,for any H �Ù�� ,� o]o �Nn§Ç r I � Wc� . ��K��!n§E�� pmp � (2.64)

mapsqir sGt � to qir sHt H . Moreover, for K��1n§E onehas:� omo �Nn§Ç r I � Wc� . �jn�E+�"n§E±� p p �� � by the � -functor-id property(1.29)andidentity  � omo �Nn§Ç r I � Wc� pmp �� � cata-reflection(2.58)  n§E
Therefore,by defining

qir sHtñK {�}�~� � o o ��n�Ç r I � Wc� . �OK��"n§E±� pmp �
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whatwehave just seencanbewritten thus:

qir sGt�n§E F � n§E{z�| }�~ F
This is nothing but law (2.44) for > replacedby qir sHt . Moreover, it will not be too
difficult to checkthat

qir sGtÞ�<L . Kk�·� qir sHt±L . qir sGtñK
alsoholds— cf. (2.45).Altogether, thismeansthat qir sGt canberegardedasa functor.

In programmingterminologyonesaysthat qir sHt±× (the “lists of × s datatype”)is
parametricandthat,by instantiatingparameter× , onegetsgroundlistssuchaslistsof
integers,booleans,etc.Theillustrationabove deepensone’s understandingof param-
eterizationby identifying thefunctorialbehaviour of theparametricdatatypealongits
parameterinstantiations.

All thiscanbebroadlygeneralizedandleadsto whatis commonlyknownby a type
functor. Firstof all, it shouldbeclearthatthegenericformatÈ C� >²È
adoptedsofar for thedefinitionof aninductivetypeis notsufficiently detailedbecause
it doesnotprovidea parametricview of È . For simplicity, let ussupposethatonly one
parameteris identifiedin È . Thenwemayfactorthisoutvia typevariable × andwrite
(overloadingsymbol È ) È5× C� K=�<× r È5×��
where K is calledthetype’s basefunctor. Binary functor K=�<× r�� � is giventhis name
becauseit is the basisof the whole inductive type definition. By instantiationof ×
oneobtains > . In the exampleabove, K5�O× r�� �!� �.�³× � � and in fact > � �K5��Ú Û ^ r�� �²�&���:Ú Û ^ � � , recall(2.40).Moreover, onehas

>�K � K5�<n§E r Kk� (2.65)

andsoevery > -homomorphismcanbewritten in termsof thebase-functorof > , e.g.K . ô �l[ . K5�jn§E r Kk�
insteadof (2.55).È5× will bereferredto asthetypefunctorgeneratedby K :È²×ý�þ¢ÿR�

typefunctor

C� K=�<× r È=×��ý þ¢ÿ �
basefunctor

Weproceedto thedescriptionof its functorialbehaviour— È"K — for agiven H �Ù�� .
As farastyping rulesareconcerned,weshallhave

H �Ù��È H È �É Ù��
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Soweshouldbeableto expressÈ+K asa K5� � r � -catamorphism� o L p � :�Ù �� È �É Ù \ ø   å ¡ ù �� K5� � r È � �
[
XsÊ ���

M ø [ ß ¤ É Ù ù��H È H K¸� � r È H �å��
As we know that n�WkÉ�L is thestandardconstructorof valuesof type È H . Sowe may
put it into thediagramtoo:�Ù �� È �É Ù \ ø   å ¡ ù �� K¸� � r È � �

[
XsÊ ���

M ø [ ß ¤ É Ù ù��H È H K5� � r È H �å��
K5� H r È H �

[
XsÊ �

�� � � � � � � � � � �
Thecatamorphism’sgeneL will besynthesizedby filling thedashedarrow in thedia-
gramwith theobvious K5�OK r n�E±� . ThusonegetsÈ+K {�}�~� � o n�WkÉ�L . K5��K r n§E±� p � (2.66)

anda final diagram,wheren�W É�F is abbreviatedby n�W F (ibid. n�W É�L by n�W L ):�Ù �� È �É Ù \ ø   [ X � .M ø Ù ¤
[ ß ù ¡ ù �� K¸� � r È � �

[
X ���

M ø [ ß ¤ É Ù ù��H È H K5� H r È H �[
X ��� K5� � r È H �M ø Ù ¤ [ ß ù��

Next, weproceedto derive theusefullaw of cata-absorption� o L p � . È+K � � o L . K¸��K r n§E±� p � (2.67)

asa consequenceof the laws studiedin section2.11. Our target is to show that, ford �#� o L p � . È+K in (2.57),onegetsô �gL . K¸��K r n§E±� :� o L p � . È+K"�#� o ô p �
e � type-functordefinition(2.66)  � o L p � . � o n�WoL . K5�OK r n§E�� p ���,� o ô p �p � cata-fusion(2.61)  � o L p � . n�WoL . K5��K r n�E±�=� ô . K5�<n§E r � o L p ���
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e � cata-cancellation(2.59)  L . K5�<n§E r � o L p ��� . K5��K r n§E��=� ô . K¸�On§E r � o L p ���e � K is abi-functor(2.47)  L . K5�<n§E . K r � o L p � . n§E��=� ô . K¸�jn§E r � o L p ���e � n§E is natural(1.11)  L . K5�OK . n§E r n§E . � o L p ���=� ô . K5�On§E r � o L p ���e � (2.47)again,this time from left to right  L . K5�OK r n§E±� . K5�On�E r � o L p ���=� ô . K¸�On§E r � o L p ���p � obvious  L . K5�OK r n§E±�=� ô
Thefollowing diagrampicturesthispropertyof catamorphisms:�Ù �� È �É Ù �� K5� � r È � �

[
X ���

M ø [ ß ¤ É Ù ù��H È Hø   å ¡ ù �� K5� H r È H �[
X ���

M ø L ¤ ø   å ¡ ù<ù�� K¸� � r È H �M ø Ù ¤ [ ß ù��
M ø F ¤ ø   å ¡ ùòù��I K5� H r I �å�� K5� � r I �M ø Ù ¤ [ ß ù��

It remainsto show that (2.66) indeeddefinesa functor. This canbe verified by
checkingproperties(2.44)and(2.45)for >��
È :÷ Propertytype-functor-id, cf. (2.44):È5n§E� � by definition(2.66)  � o n�WoL . K5�<n§E r n§E±� p �� � K is a bi-functor(2.46)  � o n�WoL . n§E p �� � identityandcata-reflection(2.58)  n§E÷ Propertytype-functor, cf. (2.45):È���K . Lñ�� � by definition(2.66)  



2.13. A CATALOGUE OFSTANDARD POLYNOMIAL INDUCTIVE TYPES 75

� o n�WoL . K5�OK . L r n§E�� p �� � identitiesand K is a bi-functor(2.47)  � o n�WoL . K5�OK r n§E±� . K5�jL r n�E±� p �� � cata-absorption(2.67)  � o n�WoL . K5�OK r n§E±� p � . È¸L� � againcata-absorption(2.67)  � o n�W L p � . È+K . È¸L� � cata-reflection(2.58)followedby identity  È"K . È5L
2.13 A catalogueof standardpolynomial inductivetypes

Thefollowing tablecontainsa collectionof standardpolynomialinductive typesand
associatedbasetypebi-functors,whicharein canonicalform(2.53).Thetablecontains
two extra columnswhich maybeusedasbookmarksfor equations(2.69)and(2.66),
respectively 10:

Description È5× K5�j× r�� � K5�jn§E r Kk� K5��K r n§E±�
“Right” Lists qir sGt�× ����×ü� � n�Eú�ln§E5�NK n�EF��K��"n§E
“Left” Lists qNqir sGt�× ��� � �"× n�Eú��K��!n�E n�EF�ln§E5�NK
Non-emptyLists Û�qir sHt±× ×���× � � n�Eú�ln§E5�NK KM�?K��"n§E
BinaryTrees K_È������k× ����× � � * n§E0��n�E)��K * n�EF��K��"n§E
“Leaf” Trees q®È����&�k× ×�� � * n§EF�?K * KM��n§E

(2.68)

All typefunctors È in this tableareunary. In general,onemaythink of inductive
datatypeswhich exhibit morethanoneparameter. Should W parametersbe identified
in È , thenthiswill bebasedonan W)�g� -arybasefunctor K , cf.È0�<× 6 r 
�
�
 r × X � C� K=�j× 6 r 
�
�
 r × X r È0�<× 6 r 
�
�
 r × X ���
So,every W>�?� -arypolynomialfunctor K=�<× 6sr 
�
�
 r × X r × Xa` 6 � canbeidentifiedasthe
basisof aninductive W -arytypefunctor(theconventionis to stickto thecanonicalform
andreserve the last variable × Xu` 6 for the “recursive call”). While type bi-functors
( W³� $

) areoften found in programming,the situationin which Wbâ $
is relatively

rare.For instance,thecombinationof leaf-treeswith binary-treesin (2.68)leadsto the
so-called“full tree” typebi-functor

Description È0�<× 6 r × * � K=�j× 6 r × * r�� � K=�<n§E r n§E r Kk� K=��K r L r n§E±�
“Full” Trees >�È����&�Q�<× 6 r × * � × 6 �l× * � � * n§E0��n§E5�NK * K¸��L+�!n§E (2.69)

10Since

������ � � �)��� 2 � � 4 onewrites

��� �
to
���

in this table.
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As we shall seelater on, thesetypesarewidely usedin programming.In the actual
encodingof thesetypesin HASKELL, exponentialsarenormallyexpandedto products
accordingto (1.85),seefor instance

data BTree a = Empty | Node(a, (BTree a, BTree a))

Moreover, onemaychoseto curry thetypeconstructorsasin, e.g.

data BTree a = Empty | Node a (BTree a) (BTree a)

Exercise2.6 Write asa catamorphismthe functionwhich countsthenumberof elementsof a non-empty

list (type *���� ��� in (2.68)).Ø
Exercise2.7 Write thefunctionwhichcomputesthemaximumelementof abinary-treeof naturalnumbers

asacatamorphism.Ø
Exercise2.8 Characterizethefunctionwhich is definedby


 %�%�� ��� �O� ' ' � for eachof thefollowing definitions
of
�

: �N
 " �H
��R�J��� � ��� � �R� ����% "R'&��� � � (2.70)��� ��� . 
 singl -/����� (2.71)��� ��� . 
 ��� - singl� . ¡G¢�£G¤ (2.72)

assumingsingl £ � % £ ' . Whatdatatypein (2.68)arewe talkingabout?Ø
Exercise2.9 Write asa catamorphismthe function which computesthe frontier of a treeof type �¥!{¦8§H§
(2.68),listedfrom left to right.Ø
2.14 Functors and type functors in HASK EL L

Theconceptof a (unary)functor is providedin HASKELL in the form of a particular
classexportingthemapoperator:

class Functor f where
map :: (a -> b) -> (f a -> f b)

Somap g encodes>GL oncewedeclare> asaninstanceof classFunctor . Themost
popularuseof maphasto dowith HASKELL listsandthis is allowedby declaration

instance Functor [] where
map f [] = []
map f (x:xs) = f x : map f xs
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in theHUGS StandardPrelude.
In orderto encodethe type functorswe have seenso far we have to do thesame

concerningtheirdeclaration.For instance,if wewrite

instance Functor BTree
where map f =

cataBTree ( inBTree . (id -|- (f >< id)) )

concerningthe binary-treedatatypeof (2.68) andassumingappropriatedeclarations
of cataBTree andinBTree , thenmap is overloadedandusedacrosssuchbinary-
trees.

Bi-functorscanbeaddedeasilyby writing

class BiFunctor f where
bmap :: (a -> b) -> (c -> d) -> (f a c -> f b d)

Exercise 2.10 Declareall datatypesin (2.68) in HASKELL notationand turn them into HASKELL type

functors,thatis, definemap in eachcase.Ø
Exercise2.11 Declaredatatype(2.69)in HASKELL notationandturnit intoaninstanceof classBiFunctor .Ø
2.15 Inducti ve datatypeconversionand isomorphism

The È+K “map” operationis a specialcaseof a transformationbetweentwo inductive
datatypes(in which the patternof recursionremainsunchanged).In a moregeneral
setting,supposeoneis given two inductive datatypesÈ and ¨ definedby functors >
and C , respectively: È C� >²È[

XsÊ
AB

and

¨ C� C©¨[
X ª

AB
MoreoversupposethatrecursionpatternC canbeconvertedto recursionpattern> via

polymorphicmap >=× CP×«�¬�� . It canbecheckedthat� o n�WkÉ . ö É p ��­ (2.73)


