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N-ARY RELATIONS AND ALLEGORIES

Allegories are a categorical generalisation of relation algebras where
arrows are like binary relations.

Ability to represent n-ary relations (for finite ną 2) is useful, e.g. for
database applications.

Given relational products, n-ary relations can be represented in allegory
as binary relations between product objects.

There are many ways of dividing the “legs” of an n-ary relation between
source and target, vectorization (or its dual) seems the least arbitrary but,
e.g., joins and intersections require different choices

We develop a formalism for allegorical generalisations of n-ary relations
based on (the dual of) vectorization and n-ary relational products, filling
some technical details, particularly about properties of n-ary relational
products.
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AXIOMS OF ALLEGORIES

Intersection operators make each hom-set a meet semi-lattice.
We denote the associated partial order by Ď, i.e., R Ď S :” R[S“ R, for
all R,S P ArrA pA,Bq.

In addition ¨[ ¨ and p¨q˝ have to satisfy the following formulas, for all
R,S,T P ArrrA s such that the formulas are well defined:

R˝˝ “ R, pRSq˝ “ S˝R˝, pR[Sq˝ “ R˝[S˝,

RpS[TqĎ RS[RT, RS[T Ď pR[TS˝qS.

EXAMPLES OF ALLEGORIES

R (resp. RrΛs) where objects are sets and arrows are binary relations (resp.
Λ-valued binary relations).
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RELATIONAL PRODUCTS

DEFINITION

A pair of arrows ‚ C
π1oo π2 // ‚ is called a relational product iff

π
˝
1 π1 “ idÝÑ

π1
, π

˝
2 π2 “ idÝÑ

π2
,

π1π
˝
1 [π2π

˝
2 “ idC,

π
˝
1 π2 “JÝÑπ1

ÝÑ
π2

The relational product is the categorical product in the subcategory of
maps.
It is determined only up to an isomorphism
We will name the common source of πi’s as ÝÑπ1ˆ

ÝÑ
π2

In R and RrΛs relational product is isomorphic with the cartesian
product.
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EXAMPLE: UNARY PRODUCTS AND UNITS

DEFINITION

An object 1 in allegory A is called a unit whenever id1 “J11 and for any
A P ObjrA s there exists some uA P ArrA pA,1q which is total. An allegory
where a unit exists is called unitary. Units generalize singleton sets.

LEMMA

For any A P ObjrA s an arrow uA is a map and uA “JA1. Moreover, for any
A,B P ObjrA s we have uA;puBq

˝ “JAB.

LEMMA

Suppose that A is a unitary allegory. Then for any A P ObjrA s the pair

A A
idAoo uA // 1 is a relational product.

The unit in a unitary allegory can be viewed as a 0-ary relational product.
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n-ARY RELATIONAL PRODUCTS

To get n-ary products for ną 2 one can iterate binary ones. Sometimes, a
direct algebraic characterization of n-ary relational products becomes handy.

DEFINITION

A finite family of arrows tπiuiPI Ď ArrrA s with a common source C, t is
called an n-ary relational product iff it satisfies the following conditions:

@i P I . π
˝
i πi “ idÝÑπi

,
l

i

πiπ
˝
i “ idC,

@k P I .
ˆ l

iPIztku

πiπ
˝
i

˙

πk “JÐÝπk
ÝÑπk

Binary relational products are 2-ary relational products and vice versa.
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n-ARY RELATIONAL PRODUCTS AND FACTORIZATION

n-ary relational products are categorical products in the subcategory of maps.

LEMMA

if tπiuiPI is an n-ary relational product with a common source C and

t A
fi // ÝÑπi uiPI is a family of maps then the unique map A

f // C such
that f πi “ fi for all i P I is given by the formula

f “
l

iPI

fiπ˝i .

LEMMA

Let t C
πi // ‚ uiPI be an n-ary relational product. For anyH‰ J Ĺ I and a

family of total arrows t A
Ri // ÝÑπi uiPJ the arrow RJ :“

d
iPJ Riπ

˝
i is total.
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SHARPNESS

Suppose that tπiuiPI is an n-ary relational product, where I “ t1, . . . ,nu. Let
tRiuiPI and tSiuiPI be two families of arrows such that

‚

‚

R1

88

...

Rn &&

‚

π1

OO

πn

��

‚

S1

ff

...

Snxx
‚

We would like the factorisation through the relational product to commute
with the composition of Ri’s with S˝i ’s, i.e., to satisfy the sharpness condition:

ˆl

iPI

Riπ
˝
i

˙ˆl

jPI

πjS˝j

˙

“
l

iPI

RiS˝i .

Unfortunately sharpness condition is not satisfied in general allegories.
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GENERALIZATION OF SHARPNESS

The sharpness condition does not seem sufficient to prove the results we need.
Therefore we introduce a more general condition:

DEFINITION

Let tπiuiPI be a n-ary relational product and let tRiuiPI and tSiuiPI be families
of arrows as in the definition of sharpness. We say that tπiuiPI satisfies the
generalised sharpness condition for families tRiuiPI and tSiuiPI iff, for all
non-empty I1, I2 Ď I we have

ˆl

iPI1

Riπ
˝
i

˙ˆl

jPI2

πjS˝j

˙

“

ˆ l

iPI1XI2

RiS˝i

˙

.

An intersection of an empty family of arrows is a top arrow.

The generalised sharpness cannot be satisfied for arbitrary families of arrows
(e.g., take disjoint I1 and I2 and consider Ri’s and Si’s to be bottom arrows).
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APPLICABILITY OF THE GENERALIZATION

Note that in general
ˆl

iPI1

Riπ
˝
i

˙ˆl

jPI2

πjS˝j

˙

Ď

ˆ l

iPI1XI2

RiS˝i

˙

Indeed, the inequality obviously holds when I1X I2 “H. If I1X I2 ‰H then
for any k P I1X I2 we have

`d
iPI1

Riπ
˝
i
˘

´d
jPI2

πjS˝j
¯

Ď RkS˝k , and thus
`d

iPI1
Riπ

˝
i
˘

´d
jPI2

πjS˝j
¯

Ď
d

kPI1XI2
RkS˝k . However,

PROPOSITION

In RrΛs, for any locale Λ, the generalised sharpness condition is satisfied for
arbitrary families of total arrows.

Unfortunately, the author does not know if the sharpness condition for total
arrows implies generalised sharpness for total arrows.
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ITERATING RELATIONAL PRODUCTS

‚
π1

yy
πn

%%
‚

ρ1

yy

ρm

%%

¨ ¨ ¨ ‚

‚ ¨ ¨ ¨ ‚

Is tπ1ρiu1ďiďmYtπju2ďjďn an pm`n´1q-ary relational product if πi’s and
ρi’s are, respectively, n-ary and m-ary relational products?

LEMMA

Suppose that t C
πi // ‚ uiPI is an |I|-ary relational product, let k P I and let

t ÝÑπk
ρj // ‚ ujPJ be a |J|-ary relational product. Suppose that πi’s and ρi’s

satisfy the generalised sharpness condition for total arrows. Then
tπkρjujPJYtπiuiPIztku is an (|I|` |J|´1)-ary relational product also
satisfying the generalised sharpness condition for total arrows.
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DE-ITERATING RELATIONAL PRODUCTS

‚
η

tt

πn

))πm

		

π1

��

‚
ρ1

zz

ρm

$$

¨ ¨ ¨ ‚

‚ ¨ ¨ ¨ ‚

Assuming that πi’s and ρj’s are relational products and η is the unique map
such that πi “ ηρi, for all 1ď iď m, is tη ,πm`1, . . . ,πnu a relational product?

LEMMA

Let t A
πi // ‚ uiPI and t B

ρj // ÝÑπj ujPJ , where J Ĺ I, be relational products.
If πi’s and ρi’s satisfy the generalised sharpness condition for maps, then
t
d

jPJ πjρ
˝
j uYtπiuiPIzJ is an p|I|´ |J|`1q-ary relational product which

satisfies the generalised sharpness condition for maps.
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MOVING LEGS AROUND

In allegory, n-ary relations can be represented as arrows (binary
relations) between products. This representation requires non-canonical
division of the n “legs” of the relation into two groups.
Different representations of the same n-ary relation are required so that
some relational operations are applicable.

For instance, let R be a ternary relation with legs typed as A, B and C. Let
S P ArrpA,Dq and T P ArrpE,Bq be binary relations. In order for S to be
composable with R the latter should be represented as R P ArrpBˆC,Aq.
On the other hand, joinability of T with R requires R P ArrpB,AˆCq.

Reciprocation allows to flip the legs of a binary relation.
We still need, however, an operation which allows to move a leg of the
n-ary relation from a source of representation to the target and vice-versa.
We want to generalize to allegories the operation in R which relates
R P ArrRpAˆB,Cq to R1 P ArrRpA,BˆCq where aR1pb,cq ” pa,bqRc.
Iteration and de-teration allows then manipulating more then 3 legs
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LEG MOVING OPERATION

We define the pair of maps ArrA pAˆB,Cq
α

AˆB,C
A,BˆC //

ArrA pA,BˆCq
α

A,BˆC
AˆB,C

oo as

α
AˆB,C
A,BˆC pRq :“ pπAˆB

1 q˝;
`

R;pπBˆC
2 q˝[π

AˆB
2 ;pπBˆC

1 q˝
˘

,

α
A,BˆC
AˆB,C pSq :“

`

π
AˆB
1 ;S[π

AˆB
2 ;pπBˆC

1 q˝
˘

;π
BˆC
2 .

C

A

α
AˆB,C
A,BˆC pRq

55AˆB
π

AˆB
1oo

R
<<

π
AˆB
2 ""

BˆC

π
BˆC
2

bb

π
BˆC
1||

B

Note that α
A,BˆC
AˆB,C pSq “

`

α
CˆB,A
C,BˆA pS

˝q
˘˝. One proves α

AˆB,C
A,BˆC “

´

α
A,BˆC
AˆB,C

¯´1
.
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RELATIONAL SCHEMAS

In relational algebra á la Codd “legs” (columns) of an n-ary relation are not
ordered (not identified by position). Instead, they are identified by name. A
set of column names of a given relation together with the assignement of a
type to a column is called a schema of this relation. We mimic those ideas.

DEFINITION

Let T be a fixed set of basic types (e.g., integer, varchar, etc.). A
relation schema pX,αq over T consists of a finite set X of column names
together with a mapping α : X Ñ T assigning types to column names.

DEFINITION

A category S rTs of relation schemas over T has as objects relation schemas
over T. Morphisms f : pX,αq Ñ pY,β q between relation schemas are injective
maps f : X Ñ Y between sets such that β ˝ f “ α .

Note that S rTs is a subcategory of a slice category Set{T.
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CANONICAL PRESENTATION OF n-ARY RELATIONS

DEFINITION (CF. VECTORIZATION OF BINARY RELATIONS)

Let pX,αq be a relation schema over T. Let A be a unitary allegory and let

J¨K : TÑ ObjrA s. A pair pR,t ÝÑR
πi // JαpiqK uiPXq is called an instance of

pX,αq iffÐÝR “ 1 and tπiuiPX is an |X|-ary relational product.

The representation depends on the choice of relational product.
The set of column names is a part of the definition of an instance.
Any bijection f : pX,αq Ñ pY,β q gives rise to the renaming
transformation f̂ of instances (which corresponds to the renaming
operation in the Codd’s relational algebra):

f̂ ppR,t ÝÑR
πi // JαpiqK uiPXqq :“ pR,t ÝÑR

πf´1pjq // Jβ pjqK ujPYq.
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BINARY RELATIONS REPRESENTED

AS 2-ARY RELATIONS

Assume for simplicity that T“ ObjrA s and that J¨K : TÑ ObjrA s is
given by identity.

Suppose that A AˆB
π1oo π2 // B is a relational product of A and B.

Observe that any arrow R P ArrA pA,Bq gives rise to an instance
pα

A,B
1,AˆBpRq,tπiuiPt1,2uq of a schema pt1,2u,t1 ÞÑ A,2 ÞÑ Buq.

This assignement is invertible and thus we loose no information when we
change into this representation.
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INTERSECTIONS OF n-ARY RELATIONS

One can intersect only the instances of the same schemas with common
product components. Let pR,tπiuiPXq and pS,tπiuiPXq be instances of the same
relation schema pX,αq. Then

pR,tπiuiPXq[pS,tπiuiPXq :“ pR[S,tπiuiPXq.
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JOINS OF n-ARY RELATIONS

Suppose now that pX,αq and pY,β q are relation schemas over T such that
XXY is non-empty and α

ˇ

ˇ

XXY“ β
ˇ

ˇ

XXY . Moreover, let

t A
ρA

i // JαpiqK uiPXzY , t B
ρB

j // JαpjqK ujPXXY , t C
ρC

k // Jβ pkqK ukPYzX,

be relational products that satisfy the generalised sharpness property for maps.
Consider instances pR,tπiuiPXq of pX,αq and pS,tσiuiPYq of pY,β q such that
πi’s and σi’s satisfy the generalised sharpness condition for maps. Define

π
AˆB
1 :“

l

iPXzY

πipρ
A
i q
˝, π

AˆB
2 :“

l

iPXXY

πipρ
B
i q
˝,

π
BˆC
1 :“

l

iPXXY

σipρ
B
i q
˝, π

BˆC
2 :“

l

iPYzX

σipρ
C
i q
˝,

De-iterations tπAˆB
1 ,πAˆB

2 u and tπBˆC
1 ,πBˆC

2 u are relational products.
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Using the deiterations we can now view R and S as 2-ary relations
R P ArrA p1,AˆBq and S P ArrA p1,BˆCq. When joining those two relations
we need to preserve all the legs, thus we consider the following diagram:

A
α

1,AˆB
A,B pRq

// B

uB
��

BˆC
π

BˆC
1oo

1
S

<<

An obvious map to construct is

α
1,AˆB
A,B pRq;

´

uB;S[pπBˆC
1 q˝

¯

P ArrA pA,BˆCq.

Moving the legs of this map around, deiterating and taking care of column
names we obtain . . .
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AN EXPLICIT FORMULA FOR NATURAL JOIN

Assume that A D
µ1oo µ2 // ÝÑS is also a relational product. Then we define

a natural join of pR,tπiuiPXq and pS,tσiuiPYq as an instance pR ’ S,tνiuiPXYYq

of a schema pXYY,γq where

γpiq :“

#

αpiq if i P X
β piq if i P Y

, νi :“

#

µ1ρA
i if i P XzY

µ2σi if i P Y
,

R ’ S :“ α
A,BˆC
1,AˆpBˆCq

`

α
1,AˆB
A,B pRqpuBS[pπBˆC

1 q˝q
˘

: 1Ñ D.

It is easy to verify that in R this definition corresponds to the usual definition
of a natural join of two relations in Codd’s relational algebra.
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CONCLUSION

We presented a new approach to n-ary relations in allegories, proving on
the way some interesting results on n-ary relational products.

Our approach to n-ary relatiosn can be useful for database modeling.

Considering n-ary relations in allegories allows us to transparently use
Codd’s relational algebra operations with various generalised
relation-like constructs, (e.g., locale-valued relations).

We would like to check if it is possible to develop similar results while
working with weakened definitions of relational products.
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