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Following Up:
RAMIiCS 2014:

Future Work
e Prove/implement duality with complete semilattices

e Continue following [Jipsen 2012| to idempotent semirings

e Explore power via meet-free symmetric quotient definition

RAMICS 2015:

e Staying completely in the meet-free setting

@ Assuming OCCs with residuals, symmetric quotients, and direct
powers
(weakening to OSGCs where natural)

e Full development (189 pages (somewhat) literate Agda document)
at http://relmics.mcmaster.ca/RATH-Agda/#AContext (GPL v. 3)



Overview

Purely OCC-based characterisation of symmetric quotients

In OCCs with residuals (without assuming existence of all meets),
these symmetric quotients still are meets

Orders are formalised using symmetric quotients for antisymmetry
grea, lea, lub, glb are defined using symmetric quotients
Order theory and direct powers “still work”

Complete lower semilattices with meet-preserving homomorphisms
ACSL: abstracting Set to PowerOCC

ACSL category is dual to AContext category

following Moshier in some places

but with all details filled in, correctly, checked by Agda

I would not dare to present this if we had done this only in ETEX
proofs not yet streamlined



Ordered Categories with Converse (OCCs)

OCCs are categories where:
o for AB : Obj, the “homset” Hom A B is a poset

o the self-dualising converse operator _~ maps R : Mor A B to
R™: MorBA

@ composition and converse are monotonic
OCCs are a common substructure of allegories and Kleene categories:
@ The ordering is primitive, not derived

o Many “typically relation-algebraic” formalisations are already
possible

o — |Kahl-2004, JoRMiCS vol. 1]



Residuals

Left residual / right division: s

/_:MorAC - MorBC-MorAB A—§7§ﬂ>&—7;—ic

XcS/R iff XsRcS

Predicate logic: Ya:A,b:B e a(S/R)b< (Vc:B o bRc = aSc)

Schroder categories / relation algebras: S/R=S3R"~

Right residual / left division: <

\_ : MorAB— MorAC—- MorBC ATBQ—\SiC

YeQ\S iff  Qs3YcS

Predicate logic: Vb:B,c:C o b(Q\S)c< (Va:A e aQb = aSc)

Schroder categories / relation algebras: Q\S = Q 7¢ S



Symmetric Quotients
Right residual / left division: S
"\ : MorAB - MorAC - MorBC ATBQ—\SiC
YeQ\S iff  QsYcs
Predicate logic: Vb:B,c:C o b(Q\S)c< (Va:A e aQb = aSc)
Schroder categories / relation algebras: Q\S = Qv—é}g

Symmetric quotient:
X : MorAB - MorAC— MorBC
YcQXS iff QsYcS and Y3SeEQT
Predicate logic: Vb:B,c:C o b(QXS)c< (Va:A e aQb < aSc)

Division allegories: QXS = Q\S n Q7/S~

Schroder categories / relation algebras: Q XS = Q ¢ SnQ° $S



Residuals in Agda

record LeftResOp {i ] k; ks : Level} {Obj : Seti}
(base : OrderedSemigroupoid j ki ko Obj)
: Set (i vju ki u kg) where
open OrderedSemigroupoid base
infix9 /
field
] : {ABC : Obj}
- MorAC—- MorBC— MorAB
/-cancel-outer : {A B C : Obj}
- {S : MorAC} {R : MorB C}
- (S/R)sRcS
/-universal : {ABC: Obj}
- {S:MorAC} {R: MorBC} {Q : Mor AB}
-Q¢ReS->QcS/R



Symmetric Quotients in Agda

record SyqOp {ij ki ko : Level} {Obj : Seti}
(base : OSGC j k; ko Obj)
: Set (i uju ki w kg) where
open OSGC base
infix9 X -- operator precedence level
field
X : {ABC : Obj}
— Mor AB - Mor A C— Mor B C
f-cancel-left : {ABC : Obj}
—-{Q : MorAB} {S : MorA C}
- Q35(Q)S) &S
f-cancel-right : {ABC : Obj}
—-{Q : MorAB} {S : Mor A C}
- (QXS)sS=Q”
X-universal @ {ABC : Obj}
—-{Q : MorAB} {S: MorAC} {R : MorB C}
-Q3RcS—>RsS'cQ " -RcQ)S



Converse of Symmetric Quotients

X-cancel-left : ... - Q3 (QXS) =S
X-cancel-right : ... - (Q)S):S Q"
X-universal ... > Q3RcS—>RsS'cQ —-RcQ)S
-~ : {ABC: Obj} {Q: MorAB} {S : MorAC}
- (Q)S) =5/Q
-~ {A} {B} {C} {Q} {S} = X-universal
(=-begin
S5(QXS)”
“(50)

((QXS)sS)~
£( -monotone )-cancel-right )
Q-
)
Q
D)
(c-begin
(QFS)5Q



Preorders

record IsPreorder {A : Obj} (E : Mor A A) : Set ko where
fieldrefl :IdcE -- reflexivity
trans : EECE - transitivity

ubd lbd : {I : Obj} > Mor| A - Mor | A
ubdQ = Q\E
bdQ = Q" \E~

grelealubglb : {I : Obj} > Morl A — Morl A
greQ - (E5Q) |E

leaQ = (E"3sQ)XE"

lubQ = ubd Q™ XE~ - ~(E7/Q))E"
ghQ=1dQ" )E - ~(E/Q)XE



Orders

record IsOrder {A : Obj} (E : Mor A A) : Set ky where

field refl

:ldcE -- reflexivity

trans : ESECE -- transitivity

In division allegories:
isAntisymmetricE = EnE cld
preorder-equiva) : {A : Obj} {E : Mor AA}
— IsPreorderoccE—~ ENE  ~ EYE
preorder-equiva) {A} {E} E-isPreorder = w~-begin

EmE”

~( r-cong (preorder-\ refl trans) (preorder-/ ~-refl -trans) )
E\ERE JE"

~(ks\n/ )
EXE

(]
where open IsPreorder occ E-isPreorder

antisym : EXEcd -- antisymmetry




Mappings are Fixed-points of lub

Some properties become easier to prove with symmetric quotients:

lub-mapping : {I : Obj} {R : Mor| A} - isMapping R > lubR ~ R
lub-mapping {1} {R} R-map = w~-begin

lub R
~()
ubdR"\E~
~( f-cong; (-cong (ubd-mapping R-map) (~~) s-) )
(E"sR)XE"
~'( -in-left R-map )
Rs(E"XED)
~( -congy -antisymw (~w) rightld )
R

O



lub Q ~ glb (Ubd Q)
lub-~-glb-ubd : {I : Obj} {Q : Morl A} - lub Q ~ glb (ubd Q)

lub-~-glb-ubd {I} {Q} = w~-begin
lub Q
~()
ubdQ Y E~
~( S-antisym
(X-universal
(=-begin
(E/ubd Q)3 (ubdQ XE")
£( s-monotone; f -£-/)
(E/ubd Q)5 (ubd Q/E)
£( /-cancel-middle (c~) order-/ )
E
0)
(=-begin
(ubdQ XET)SE™
=( j-monotone; X—E—\)
(ubdQ "\E)E
~( Ibd-downclosed )
ubdQ "\ E~
SO
(E /ubd Q)
0))

(X-universal
(=-begin
ubd Q "5 ((E / ubd Q) X E) .
e( s-monotones (f-e-/ (£8) \” (%) co
ubd Q "3 ((E\E) /ubd Q)
=( g_: (~ =) -monotone (/-cancel-outer (:
E
o)
((=-begin .
((E/ubd Q) XE)s(E") _
£( ¢-monotone X-=-\ (c-reflexive ) )
((E/ubd Q) \E)E
~( s-cong; \SoS/o\S (~~) ubd-upclosed )

ubd Q
o) {(s~) 1))
(E/ubd Q) XE

~ ( f-cong: Ibd-ubd-")
lbd (ubd Q) "X E

~()
glb (ubd Q)
O



Suborders

module SubOrder {A : Obj} {E : Mor A A} (E-isOrder : IsOrder E)
{Z : Obj} (F : Mapping Z A) (F-inj : isInjective (Mapping.mor F))

subOrder-isOrder : IsOrder (Fp s E§Fg ")
subOrder-isOrder = record {--
;antisym = C-begin
(FosEsFo ) X(FosEsFo7)
~( f-cong s-assocL g-assocL )
((FosE)sFo ) X ((FosE)sFo )
~( f-in-left F-isM (~"%") ¢-congs (X-M-in-right F-isM) )
Fos ((FosE) X (FosE))sFo~
=( retract) rightSupld rightSupld --- F-unival --- trans - )
(EsFo ) X(EsFo )
~( f-in-left F-isM (~"~") ¢-congs (X-M-in-right F-isM) )
Fos(EXE)sFo~
£( ¢-congs (3-cong; antisymw (~w~) leftld) (~C) islnjective-to-1 F-inj )
Id
Od



retract : {ABC, C; : Obj}

{Fl Gl . MOYBCI} {FZ G2 : MOYBCZ} F G

{H1 Hy : Mor A B} 1
->FLeG; H, H
- FyE Gy A —1—3B
> H13G23F2 =Hy Fy Gy
- F1§G; §Hy £H; -
- F13(G1{Gz)3Fa cHi K Hy C

retract{ {A} {B} {Ci} {Co} {F1} {G1} {F2o} {G2} {Hi} {H2}
F12Gy FoEGy ngGQ;FQVEHQ FlglegHngHlv = X—universal
(=-begin
HisF15 (G G2)sFa™
£( s-monotones; F1EGy )
Hi§G15(GiXG2)sFa™
£( s-monotone, (g-assocl (~C) -monotone; ¥-cancel-left) )
Hi§Ga§Fa
E( Hl;GQ;FQVEHQ )
Ho
0)
(=-begin
(F15(G1XG2)sF27)sHa™
£( s-monotone; (3-monotoness (*-monotone Fa=Gy)) )



Direct Powers

record DirectPower : Set (iv]juky) where

field
P : Obj — Obj -- power object constructor
€: {A:0bj} > MorA(PA) -- membership “relation”
e-extensional : € {ecld -- sets defined by extension
e-comprehensive : V {Q} — isTotal (Q \€) - all possible sets

Q:{A:0bj} - Mor(PA)(PA) --the set inclusion “relation”
QO =¢€e\e

No : {IA:Obj; - MorlA— Morl (PA) --“power transpose”
/\0 R=R" X €

A {IA:Obj} - MorlA - Mapping| (PA) -- power tr. mapping
AR = record {mor = Ag R;prf = ... }



Polarities

Set-theoretically:

St (A) “the S-successors of all of A”
{s|VaeA.aSs}

A(e\5)(4)

module _ {A B : Obj} where
1 : Mor A B —» Mapping (P A) (P B)
_ | : Mor A B — Mapping (P B) (P A)
Galois-}-1 : {R: MorAB} — Q3 (Rlg) #R1tosQ"

Sto ~ No(e\S) v (S7/e)fe
Slo » Mo (e\S)) v (S/e)fe
Sito » SlosSto v (S7/(e\S)) Ke
Stlo ~ St05Slo v (S/(e\9)) fe

St05(Slo)”
lbd (RS |10) "

(S /) k(S /e)
((e\S)/(e\S)) /R



Complete Semilattices

record ACSL : Set (iujuks) where
field Carrier : Obj

< : Mor Carrier Carrier
<-isOrder : IsOrder <
open IsOrder <-isOrder -- to make in particular glb available

field glb-total : {I : Obj} (R : Mor | Carrier) — isTotal (glb R)

record ACSLHom (A B : ACSL) : Set (ivjuk; uky) where
field map : Mapping A.Carrier B.Carrier
mapg : Mor A.Carrier B.Carrier
mapg = Mapping.mor map
field monotone : Ax$mapy  Emapg§B.<
continuous : {| : Obj} {S : Mor | A.Carrier}
— A.glb S ¢ mapy ~ B.glb (S ¢ mapy)



Preparing Monotony from Continuity

The glb of the image of the “up-set” of x is the image of x:

glb-<scontinuous : B.glb (A.x § mapg) » mapy ™!
glb-x3continuous = ~-begin
B.glb (A.< $ mapy)
~"( continuous )
A.glb A.x$mapy”!
~( -cong; A.glb-order (~~) leftld )
mapy
O



Monotony from Continuity

monotone’ = t-begin

A.<$ mapg

=( projy (mapplngTotaI map) (cw~) s-assoc )
mapg § mapg § A.<§mapg

~( ¢-congsy (-cong glb-<gcontinuous (

) (k- () frcongz \-))

mapo § (B.< X (B.x/ (A.x3mapo))) 5 A.< s mapo
£( s-monotones (\-universal (c-begin
B.<5(B.xf(B.x/(Ax3mapg)))sA.<5mapo

c( s-assocl (

(B.x/(Ax

~E

) ¢-monotone; X-cancel-left )

g mapp)) § A.<§ mapg

=( /-cancel-outer )

B.x<
0)))

mapp ¢ (B.<\ B.x)
~( ¢-cong, B.order-\ )

mapg § B.<
O



Contexts — see RAMIiCS 2014
An “abstract” context is merely a typed ‘relation”

record AContext : Set (iv]) where

field ent : Obj -- “entities”
att : Obj -- “attributes”
inc : Mor ent att -- “incidence”

record AContextHom (A B : AContext) : Set (ivjuk vky) where
field mor : Mor A.ent B.att
srcCompat : mor | §1 A.inc 1 31 A.inc | ~1 mor |
trgCompat : B.inc | 1 B.inc 1 1 mor | »; mor |

inc | mor |
PA.att PA.ent < PB.att
A
A.inc? mor i B.inc 1
morl  °  Blinc|
PA.ent < PB.att PB.ent




Duality between Contexts and CSLs
e For A : AContext, construct an ACSL:
o Carrier made up of A.inct|-closed subsets of A.ent

o R : AContextHom A B mapped to B.inc 1 § R.mor |
— contravariant lattice hom., from P B.ent to P A.ent,

o In detail, using 1}-image injections I':

®qy : Mor B.1]-image A.1]-image
dy = BI'sB.inctgsR.mor g s AT "

e From A : ACSL to “standard polarity”

fromACSL : ACSL — AContext
fromACSL A = record {ent = A.Carrier;att = A.Carrier;inc = A<}

o CSL morphism ® : A - B mapped to B.x3®q "~



Arbitrary Intersections of Closed Sets are Closed

glb-closed-= : {I : Obj} {Q : MorlA} - Q3C~»Q—>glbQsCcglbQ
glb-closed-= {I} {Q} Q3C~Q = "¥-universal (c-begin

lbdQ s(lbd Q XE)sC

£( ¢-assocl (~=) ¢-monotone; X-cancel-left )
EsC

£( ¢-monotone, CcE (EcE) trans )
E

0O) (¢-assoc (~=) \-universal ((=-begin

Q 5 (IbdQ " XE)5(C3E")

=( s-cong; (-cong QsC~Q (~ ~) - ) (~E) s-monotones;  §-&-/ )
(C5Q)5((Q \E)/E)5(C3ED)

£( $-20ass0C121 (~E) g-monotones; [-outer-§ )
C5(Q 5(Q \E)/E)3(C3E)

=( s-monotones; (/-monotone \-cancel-outer (c~) order-/) )
C3sE"5(C3E) 3

£( s-monotone; &2, C-monotone )
E5C 5(C3E)

£( s-monotone; (¢-assocl (~c) proj; C.unival) )
E sE”

=( -trans)

E
0)))



Source Compatibility of fromACSLHom

fromACSLHom : ACSLHom A B — AContextHom (fromACSL B) (fromACSL A)
fromACSLHom & = record
{mor = xB3§®q "~ -- @ is the underlying mapping of ®
;srcCompat = ~-begin
(xB§®o ) Jos <B tlo
~{-congz 14k )
(sB5®o ) los ((sB/(¢\=<B)) f¢)
~( f-in-left (Mapping.prf ((sBE D v) )
((sB/(e\=<B))s(sBs®o ) lo ) ke
~( J-cong; (/-inner-5 (Mapping.prf ((<B§®0 ) 1))) )
(xB/((sB3®0 ) los(c\<B))) e
«{ J-cong: (/-cong2 43€\) )
(sB/(((sB5®o ) /e )\<B)) e
~ ( f-congy (/-congy (\-cong; (/-flip (Mapping.prf @)))) )
(xB/((xB/ (e 5P0))\=B)) e
«{ J-cong: /o\SeS/ )
(xB/ (e 3®0)) e
~( \-congs (Z—flip (vMapping.prf D)) )
(<B3d0 ) /e )X
U)o
(xB§®o ) lo
O
‘trcCompat = ...



Naturality for Ctx—CSL—Ctx

C-naturality : {AB : AContext} — {F : AContextHom A B}
— (fromACSLHom (toACSLHom F) 32 C {B}) ~2 (C {A} 32 F)
C-naturality {A} {B} {F} = “-cong (~-begin
Aolds (B.R1o3B.x1o s (A<5Fi.mapo )lo)ge
~( 3-congy (3-assocz+1 (w~) §-congaz I3€) )
Aold§B.Rp§B.<193(e\(Ax§Fi.mapy ) )
~( g-assocL (~w~) g-cong Ald-g-| 3¢\ )
Ao (BR™)3((€\B.<) "\ (A<3Fr.mapg ) ) )
~( \-inner-3 A-isMapping (~~) \-cong; (3- (~ ») -cong A- -3-€\) )
(B.R\B.x) "\ (A.x§Fy.mapg )~
~( /- (~ ~) -cong (~-begin
(A<3Fp.mapy )/ (B.R\B.x)
~ ( /-flip (Mapping.prf F1.map) )
A</ ((B-R\B.<) 5 Fy.mapy)
~( /-conga (3-congy (B.Q 3-\-Q 3 (ww~) \-cong (§-assocL (~w) 3-congy 1151 (mn) 13€) (B.incti-3-0Q-3-Q (~n) B.Qg
A</ (((€\Biinc) \ (< \ (<5 B.Q))) 5 F1.mapo)
~( /-conga (3-congy (€\-\-€\ (v~ ) \-outer-3-~- M B.Q -isMapping) (~=) 3-assoc) )
)A.S / ((B.inc\ €) § B.Q 3 F1.mapg)
A.x/ ((B.inc\€) §B.Q5B.Q §B.inc 1y § F.mor |g § A.Q)
~( /-conga (3-conga (3-congi&a1 (B.factors (") ran|-n-rantl)) () g-assocL) )
A</ (((B.inc\ €) §B.inc g ) § B.inc lo § B.inc 19 § F.mor |g 5 A.Q)
~( J-congs (-cong (\-outer-5-~ (Mapping.prf (B.inc 1)) (~=) \-congs (5 -~ (= =) ~cong 43¢~ (xx) \™-"))
(3-assocL (~=) g-assocL (~=») g-congy F.trgCompat)) )
A.x/ ((B.inc\ (B.inc/e ")) s F.mor |g 5§ A.Q)
~( /-cong (3-assocL (~~) -congy A.Q 392) 3-assocL )
((AS\€)3A.Q) / (((B.inc\ (B.iinc/€7)) 5 F.mor lg) § A.Q)
~( /-flip-~ A.Q -isMapping (~ =) /-conga (3-assoc (~~) §-congo A.factors (wwr) §-assoc (~ww) §-congo F.srcCompat’
(A.S\€) /((B.inc\ (B.inc /€ ")) 3 F.mor |g)
~( /-flip (Mapping.prf (F.mor |)) (~~) /-cong; (\-outer-$-~ (Mapping.prf (F.mor |))) )
(AS\ (ec2Fmorln ))/(Binc\ (Binc/e))



Conclusion

Abstract formalisation of Context and CSL categories and proof of
duality only need OCC with residuals, syq, direct powers

Agda used as “mechanised mathematical notation”:
natural formalisations, confident proofs
The abstract algebraic style plays to the strengths of Agda

Constructing categories over DivOCCs may require copatterns and
“no-eta” for ease of typechecking

Future Work

Streamline proofs
Replace “standard polarity”
Continue following [Jipsen 2012| to idempotent semirings

Explore automation of meet-free residual reasoning



Path-Compatible Residuals

Question: Is anybody aware of notational experiments
with “composition-like residuals”?

module _{AB C : Obj} {Q : Mor AB} {R : Mor B C} where
Leftwards implication:

=5 Mor AB — Mor B C - Mor A C
X e Q<R iff XsRcQ

Schroder categories / relation algebras: Q<:R = Q3R
Rightwards implication:

3= :MorAB - MorBC— MorAC

X ctc Q=R iff Q sXER

Schroder categories / relation algebras: Q:=R =Q:R

“bi-implicational composition”:
_<=5=> : MorAB - MorBC— MorAC
X £ Q=R iff Q ¢XcR and XiR'c£Q

Schroder categories / RA: Qei=R=QsRn Q3R




