1 Adenda aos sumarios de MFP-11/0203

1.1 Known facts

Membership:
ep ¥ ¢ (50)
e ¥ 1 (51)
exxx = id (52)
€rxe ¥ (€F *m1) U (€c 'm2) (53)
€ric = [er, €q] (54)
1.2 Proof of (10), p. 4
[R,S]C X

{ property (11) }
RCX- it ASCX -iy
{ property (9) — a Galois connection (see p. 21)}
R-i$CX AS-i5CX
{ U universal property}
(R-i5US-i5) C X
ie : { indirection}
[R,S]=R-iSUS-i5

1.3 Calculation of (13),p.5

Wehave F X = A x (1+ X) x (1+X)andthus A x (1+ K) x (1+ K)<2— K . Then

€F = €Ax(+X)x(1+X)
{ 63)}

€4 -mU €14x MU €14x T3

= { G}
lU[L,ex]-mU[L,€x] 73

= { LuX =Xand(52)}
[L,id] - ma U[L,4d] - 73

= { (10), natural-idand L - R= 1 }

ig'ﬂguig'ﬂ;g

1.4 Calculation of (14),p.5

<o €F ‘0

{ (13)}

(15 -m2 Uis - m3) - 0

= { distributivity property of Galois connection lower adjoint (-o) — see p. 21}

o) e
lg -T2 -0Uly-T3-0
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{ pointwise o as a finite mapping comprehension }

ig-ma-{(oc k, k)| k € domo} Ui -7s-{(o k,k)| k € doma}
{ pointwise composition }

{(K',k) | k € domao AK'(i5 - m2) (o k))} U{(K', k) | k € domo A K'(i5 - m3) (0 k))}
{ rule (8) }

{(K',k) | k € doma A (iz k') (m2) (o k)} U {(K', k) | k € domo A (iz k') (73) (0 k)}
{ VDM-SL model of 1 + K }

{(K',k) | k € domo ANk' =ma(o k) #nil} U {(K',k) | k € domo A k' = w3(0 k) # nil}

{ VDM-SL syntax }

{k — o(k).mother | k € set domo A o(k).mother <> nil}
U
{k — o(k).father | k € set domo A o(k).father <> nil}

1.5 Proof of (16), p. 6

[R,S] -1
{ (10)}
(R-i7) U (S -i3)) i

(R-17 1) U (S 143 -i1)

{ keri; =idandig-i; =1}
RUS-L

{ trivia }

R
(The proof of [R, S] - iz = S is similar.)

1.6 Calculation of (17), p. 6

We want to calculate

GenDia 4290 DecTree
as the abstraction function of law (15), that is
dt2gd = (inuF - g)g
for

Ff=idx (id+ f) x (id+ f)

ingr = mk_DecT'ree

{ GX=Ax(2—X)

{ FX=Ax(1+X)x(1+X)

Gf=idx (id— f) =id x (f)

inyc = mk_GenDia
and isomorphism (18):
g = <7T1,7T12,7i’22> . (’Ld X <Aff 1,/\ff 2)) . (Zd X tOt)
= (m1, Ao.((tot o)1, (tot 0)2))
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Let us abbreviate in,r - g to h, that is dt2gd = (h));. Since dt2gd is to be calculated as a G-cata, we have (by
cancellation)

dt2gd-in = h- (id x (dt2gd-))
that is
dt2gd(mk_DecTree(a,)) = h{a,dt2gd- o)
that is (VDM-SL):

dt 2gd(nk_DecTree (a,s)) ==
h(a,{ k |-> dt2gd(s(k)) | k in set doms})
Since (VDM-SL syntax),
g(a,s) == (a,

if 1 in set doms then s(1) else nil,
if 2in set doms then s(2) else nil)

one has (h = inyF - 9)

h(a,s) == nk_GenDi a(a,
if 1in set doms then s(1) else nil,
if 2in set doms then s(2) else nil)

Altogether:

dt 2gd(nk_DecTree(a,s)) ==
nk_GenbDi a( a,
if 1 in set doms then dt2gd(s(1)) else nil,
if 2in set doms then dt2gd(s(2)) else nil);

Note: by construction, dt2gd is an isomorphism because so is g.

1.7 Calculation of (19), p. 7

The reasoning is as follows (fill in the . . .):

EquipDb = Equip — (char™ x N x (Unit = N))

F1 =4d— ...

r = id — <<7T1,7T2>,7T3>
Equip = ((char* x N) x (Unit — IN))

= { associativity:

}

< { Fy :njoi.n. }
ro = unnjoin
(Equip — (char* x N)) x ((Equip x Unit) — IN)
= { data type definitions, t oken parametrized by K’}
(K = (char* x N)) x ((K x (K + K)) = N)
~ { F3=z'dx((idx...)—\id)}
- r3 =4id X ((id x ...) — id)
(K = (char* x N)) x ((K x (2 x K)) = N)
Fy = mkf e
< { ry = ... -mkr }

2K><char*><|N x 2K><2><K><|N

1.8 Proof of (31), p. 8
IsPermutation - cons - (id X IsPermutation)
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{ definition of IsPermutation }
(ker seq2bag) - cons - (id x ker seq2bag)
{ definition of ker seq2bag }
(seq2bag® - seq2bag) - cons - (id X seq2bag® - seq2bag)
{ () is associative and (_)-cancellation (21) }
seq2bag® - (beons - (id x seq2bag)) - (id x seq2bag® - seq2bag)
{ natural-id, (-) is associative and x-functor}
seq2bag® - beons - (id X seq2bag - seq2bag®) - (id X seq2bag)
{ seq2bag is a surjective function }
seq2bag® - beons - (id x id) - (id x seq2bag)
{ natural-id, x-functor-id and (-)-cancellation (21)}
seq2bag® - seq2bag - cons
{ definition of I'sPermutation }

isPermutation - cons

1.9 Proof of (35), p. 11

{k) - in = k- F (id, (k)])
= { in and out are isomorphisms }
{k) = k- F (id, (k)]) - out
= { natural-id and x-absorption }
(k) = k- F ((id x {k]) - (id,id)) - out
= { F-functor }
(k) = k- F (id x (k)) - F (id,id) - out
= { definition of G }
(k) = k- (G (k)) - F (id,id) - out
= { (k) as a G-hylo equation }
(k) = [ &, F (id,id) - out ]
= { hylo factorization }
(k) = (k) - [F (id, id) - out)

1.10 Proof of (36), p. 11

Let f = id in the mutual-recursion law:

=

g-in=k-F(id,g) (id, g) = ({h, k))

{ paramorphisms (34) }

id-in=h-F{id,g) _ ,. -
{ o = (id, g) = ((h, )

{leth=1in-Fm }

id-in = (in-Fm)-F{id,g) _ ,. Yy
{ 9= (k) = (id, g) = ((in - F w1, k))

{ id-in = h-F {(id, g)
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{ substitution of g and functor F }
in =in = (id, (kD)) = ((in - Fmy, k)|
= { Leibnitz }
my - (id, (k) = mo - ((in - Fmy, k)

{ cancellation }

(k) = ma - ((in - Fmy, k))

1.11 Proof of (44), p. 13
Let X =idin (43):

c~—" idCR\S=R-idCS

{ natural-id and definition of a reflexive relation }

R\ Sisreflexive = RC S

1.12 Proof of (45), p. 13

R is transitive
{ definition of transitive R }

R-RCR
{ 43)}
RCR\R

1.13 Calculation of (46), p. 13

Diagram:

PB~— p

\/

From (47):
a(e\€)e = (VbbeEa=beEc)
that is, € \ € is nothing but set-theoretic inclusion (C).

1.14 Proof of (48), p. 13

Note that pre-S —» 4y - S, io-! is total. Diagram:

B A
i;T lid
B+1 A

pre-s—ii-S , ia-!
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Proof:
Sk - (pre-S — i1 -5, ia-))
{3}
i - (pre-S — i1 - S, i) - (domS) C S
{ (38) and [pre-S] = dom S }
i1 - ((i1 - S) - dom S U (iy-! - (id — dom S))) - (domS) C S
{ distributivity property of Galois connection lower adjoint (-dom S) — see p. 21}
(i$ - i1 - S - (dom S) - (dom S)) U (i$ - ia-! - (id — dom S) - (dom S)) C S
= { S-(domS) =S ;i isentire and injective ; id — X and X are each other complements }

id-SU (i iz - 1) C S

= {L1L-X=1}
SulLCS

= {LUX =X}
SCS

{ reflexivity}

1.15 Calculation of (49), p. 13
Diagram:

Find a A—-B
lelems°-mkr

B
idT
B<—— (Ax B)*

Findl a

B—l—lm(AxB)*

Calculation:

finda = (a€)-elems-m* — iy - (Findl a) , ia-!

{ introduce a belongs = (a €) - elems}

(a belongs) - m* — i1 - (Findl a) , ia-!

{ definition of belongs}

{([1=) —E, ((a=)-hd — 1, (abelongs) - tl)) - m* — iy - (Findl a) , ia-!

= { natural-hd, natural-t/}

{([1=) —E, ((a=) -7 -hd — T, (abelongs) - m* - tl)) — i1 - (Findl a) , 12!
{ [F] = L, [1] = 4d, then properties (40) and (41) }

=) — i, (=) -m - — 11 - (Findl a) , (a belongs) - m™ - tl — 41 - (Flindl a) , iy-!
! hd Findl bel *.tl Findl !

1l

{ “then” ~ and “else” ~ clauses of definition of Findl}
([1=) —i2!, (a=)-m1-hd — iy - 72 - hd, (a belongs) - m* - tl — i1 - (Findl a) - tl | ia-!- 8l
{ (42) for S = tl etc}

=) — 1, a=)-T1 " —> 11 " Ty " , (la belongs) - T~ —> 11 - indl a) , i2-!) -t
o] hd ; hd bel * i1+ (Findl ja-1) - Bl
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{ definition of find (49) }
([1=) — 2!, (@a=) -7 -hd — iy -7 - hd, (find a) - tl
= { propetyP— R, (Q — S, T)=(id-P-Q) —T,(P—R, S}
M~=([]=1Va=m(hdl)) — (finda)-tl, ([] =) — iz, 41 - 72 - hd

So we have obtained a tail-recursive definition of find from which the proposed whi | e-loop can be encoded.
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Relational Operatorsas Galois Conections

(fX)CY=XC(gY)

Description f=g g=ft Obs.

converse ()° (-)°

left-division (‘R) ( /R)

right-division (R (R\)

shunting rule D (f°) NB: f is a function
“converse”

shunting rule -1°) -f) NB: f is a function

range rng (-T) lower C restricted to coreflexives
domain dom (T9) lower C restricted to coreflexives
implication (RN ) (R=) Note that (R=) = (-RU )
difference (_.—R) (RU)

definition FX={Y|XCgY} | gY=U{X|fXCY}

distributive

property fXUY)=(X)u(fY) | g(XNY)=(gX)N(gY)
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