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Functions are not enough

Partiality:

Functions such astl, /, hd (and many others!) are
partial
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Functions are not enough

IS not only partial

but also nondeterministic

gets{a,b} = (a,{b}) V gets{a,b} = (b,{a})
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Specifications as “pr operties”

= Specification of square root:

(sqrt x)* =z

that Is
sq - sqrt = id

(= sgrt has left inverse sq)
= Specification of sort:

' =sortl < (IsOrderedl’) A IsPermutation(l’,])
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Relational approach

Need to model
= total/partial functions
m hondeterminism

= properties, datatype invariants and
loop-invariants

= orders and inductive structures
= vagueness or under -specification
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Relational approach

Need to model
= total/partial functions
m hondeterminism

m properties, datatype invariants and
loop-invariants

= orders and inductive structures
= vagueness or under -specification

= adoption of binary relations, which have a long
tradition in the . ..
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Pre/post specification style
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Pre/post specification layout

where

Precond : A — 2
Postcond : BxX A — 2

leads to the binar y relation approach:

Postcond € 224 < Postcond C B x A
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Relations as Arrows

= From now on, an arrow

R
B -~ A

means a binary relation from A (source) to B
(target) and write bRa to denote that pair (b, a)
IS In R.
= Ordering on relations:
RCS = bRa= bSa

R C S means that R Is either less defined or
more deterministic than S.
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Basic relational combinator s

. S R
Given C - B and B - A
= Composition S - RIS S.t.

c(S-R)a

holds wherever there exists some b € B such
that ¢Sb A bRa.

m Converse R°
a(R°)b = bRa

m Meet RN S — recall set-theoretical intersection
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Basic Relation Calculus

Composition Is associative:
R-(S-T)=(R-9)-T
Composition Is monotonic:

RCS
TCcuyu
(R-T)C(S5-U)

|dentity
R-id=1id-R=R
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Relational Equality

“Ping-pong” rule:
R=5 = RCSASCR

Indirect proof:

R=S = VX (XCR=XCY)
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Meet and converse

N-universal

X C(RNS) = (X CR)A(X CS)

Converse

Involution : (R°)°=R
Order-preserving: RC S=R"CS°
Contravariance: (R-S5)°=5° R’

Converse distributes over N (proof in next slide):

(RNS)° = R°N S°
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Elegant (indirect) proofs

X CR°NS°
{ N-universal}

(X C R°) A (X C 8°)

{ involution}

(X° C R)A(X°CS)

{ N-universal}

X° C (RN S)

{ involution}
X C(RNS)°
thus { indirection}
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Dedekind’ s rule
also known as the modular law:
(R-S)NT C R-(SN(R°-T))
Dually (apply converses and rename):
(R-S)NT C (RN (T-5%)-S
Symmetrical equivalent statement:
(R-S)NT C (RN(T-858%)-(SN(R°-T))

= “weak right-distribution of meet over composition”.
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Properties (A)
= N-cancellation — from X = R N.S In N-universal
Infer:
RNSCR N RNSCS
= N-abbreviation:
RCS = R=RNS
= N-idempotency:

RNR = R
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Properties (B)

N IS commutative:
RNS = SNR
N IS assoclative:

RN(SNT)

]
E
»
2
»
~

N-fusion:

T-(RNS)
(RNS)-T

IONe
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Orders and their taxonomy (A)

R .
An order (or endo-relation) A - Als

reflexive: Iff idy C R
coreflexive: Iff B C idy

transitive: f R-RC R
anti-symmetric: Iff RONR® Cidy
symmetric: iff RC R°(=R=R")
connected: fRUR =T

T . . .
where A - A Is the largest relation of its type.
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Order taxonom y (B)

m Preorders are reflexive and transitive orders.
= Partial orders are anti-symmetric preorders

= Linear orders are connected partial orders
= Equiv alences are symmetric preorders

m Predicates are coreflexive orderg.: the

“meaning” of a predicate Bool - Alsa
coreflexive relation [¢] such that

pa = afo]a

1.e, It maps every a which validates ¢ onto itself.
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Order taxonom y (C)

/”'\

symmetric reflexi /ysmve anti-symmetric connected
/preorder
equivalence partial order

linear
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Meaning of Pre/post specs

means

Spec © postcond - Precond

where Precond 1s the coreflexive equivalent of Pr e-
cond.
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Derived combinator s

R _ ker R _
m Kernel of B - Als A - A defined by

def

ker R =R -R
R _ Img R _

= Image of B -~ Als B - B defined by
ingdéfR-Ro

= Duality:

ker (R°) = IimgR
img (R°) = ker R
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Turning Implicit specifications...

Sorting in VDM-SL notation:

where
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. Into relational models

... abbreviates to

Sort & |1sOrdered] - IsPermutation
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. Into relational models

. abbreviates to

Sort & [IsOrdered] - (ker seq2bag)

assuming
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. Into relational models

. abbreviates to

ort = |1sOraerea| - (Ker seq2bag
Sort & [IsOrdered] - (k 2bag)

assuming

| sPer nut at 1 on equivalence < ker f Is always re-
flexive, symmetric and transitive.
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Properties of kernel and image

Order-preservation:

RCS = ker RCkerS
RCS = imgRCimgsS

Symmetry:

(ker R)° = ker R
(img R)° = img R

Also:
RCR-kerR (=imgR-R)
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Entireness and simplicity

An entire (or total) relation Is such that its kernel is
reflexive:

Risentire = id Cker R

A simple (or functional) relation is such that its
Image Is coreflexive:

Rissimple = imgR C id

Simplicity is the dual of entireness. Simple relations
are also called partial functions .
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(Total) functions

Functions are both simple and entire relations,
usually denoted by lowercase letters f:

dC f°-f N f-f°Cud
? _].” f f f C 1
entire simple

Thus:

f C R= R Is entire
R C f= Ris simple

In general, “larger than entire means entire” and
“smaller than simple means simple”
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Surjectiveness and Injectiveness

More taxonomy:
= RIs surjective Iff R°Is entire
= Ris injective Iff R°Is simple
Facts:

ker R = id
Img R = ud

R Is entire and Injective
R Is simple and surjective
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Bijections

f Is bijective Iff it Is an Injective and surjective
function (thus simple and entire)

/
B - A bijective = ker f =idANIimg f = id
In this case

id=f"-f A f-f°=id
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Kernel of a function

Kernel of a total function Is an equivalence: it is
symmetric, reflexive and transitive:
a'(ker fa

{kerf=f1)
Ja”.(a' f°a”) A (a" = fa)

{ converse of a function, pointwise }
Jda”.(a" = fa') N (a" = fa)

{ equality is transitive }

fa' = fa
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Properties of corefle xives

For any 7' and coreflexive R:

R-TCT
' - RCT

Coreflexives are symmetric and transitive:
R=R"=R-R=RnNid
Meet of two coreflexives is composition:

RNS=R-S
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