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Abstract. This paperdescribeswork in re-structuringa corpusof standardal-
gorithmic knowledgewritten in VDM notation.Algorithms are classifiedand
cataloguedin a tabularstructureaccordingto their formalspecification,oncethis
is subjectto a factorizationwhich identifiestheunderlyingpolynomialstructure
andinductive behaviour.
Eachpolynomialgivesriseto acolumnin thetableandcapturesaparticular“ef-
ficiency” pattern.Rows in the tablecorrespondto classesof problems,e.g. sort,
countetc. “Holes” in the tablecorrespondto (often “new”) algorithmsandcan
befilled in by inter-combiningandshiftingaroundtheelementarycomponentsof
theavailablespecifications.Theseareidentifiedby factorizationtechniquesusing
therelationalhylomorphismcalculus.

Thingsare different fromeach other, andeach canbere-
ducedto verysmallpartsof itself. (Ancientknowledge)

1 Intr oduction

Formalmodellingis a meansof capturingandreasoningabouttheknowledgeembod-
ied in thesolutionto a problem.If performedat the right level of abstraction,usinga
mathematicallytractablenotation,it is a significantsteptowardsreliablesoftwarede-
scriptionableto endurearbitrarytechnologychange.Still thequestionarisesatabstract
level: how muchis “new” in a freshmodelwhencomparedto othersalreadyavailable?
Put in otherwords:whereis theborderlinebetweeninventionandsheerroutine-work
in formalmodelling?

Domainanalyststry to answerthesequestionsby structuringspecificationreposito-
riesaccordingto problemareas.Still it is oftenthecasethatthemodeloneis lookingfor
canonly befoundin anotherproblemarea,oncestrippedfrom its domain-specificter-
minology. Thereis aneedto investigatealternative internalstructuresfor formalmodel
repositoriesableto unveil their mathematicalessenceandspotmodel“intersection”in
a systematicway.

This paperdescribeswork which, in this spirit, tries to re-structurea corpusof
standardalgorithmic knowledgewritten in VDM notation.Algorithms are classified
andcataloguedin atabularstructureaccordingto their formalspecification,oncethis is
subjectto atransformationwhichidentifiestheunderlyinginductive(recursive)pattern.�
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2 Moti vation

Algorithmics is a vastbody of knowledgewhich is hard to graspbecauseit is very
unstructured.Teachingalgorithmdesigntodaycansomehow becomparedto teaching
chemistrybeforeMendeleyev publishedhis periodic table in 1869,whereuponeach
elementeventuallyfound“its place”in asystematicway.

At the industrial level, the formal methodspractitioneris often frustratedby the
difficulty in expressingthecommonalitiesof specswhich “look alike”. As Mendeleyev
andothersdid in thepast,in theirown field of research,softwaretheoristsshouldinvest
in factorizationmethodsableto spotelementary, yet formally meaningfulabstractal-
gorithmicelementswhichcancombinedin several(possiblynovel) waysto build more
andmoreelaboratespecs.

This concerncanbe framedin today’s trendof component-orientedprogramming
andsoftwarereuse.But thereis somethingelseto consider:for themeaningof a com-
ponentaggregationto bepredictedthereis aneedfor calculation.Thisrequiresaformal
notationandcalculus.As amotivation,let usconsideranotherfield of knowledgewhere
factorizationplaysacentralrôle— thatof elementarynumbertheory.

Factorization versuscalculation

“Brute force” arithmeticcalculationssuchas,for instance,
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accurateanderror-prone.At schooloneis taughtanalternative,accurateway, in which
one“understands”thenumbersfirst, by whatis known asprimefactorization,
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andthenperformsthecalculation(by whatmightbecalled“prime factorfusion):
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A famousresultof elementarynumbertheory, theFundamentalTheoremof Arith-
metics, underliesthis method: every integer greaterthan1 canbewritten in theform)+*-,& ).*0/� 
�
�
 ) *.12 where 35456 � andthe ) 4 ’s aredistinctprimes.

Is therea similar fundamentaltheoremapplicableto softwarecodefactorization?
What is the “prime number” equivalent in the softwarefield? We will addressthese
topicsin thesequelundertheadoptionof a formal notationfor softwarespecification
— theISO/IEC13817-1standard(vulg. VDM-SL) [8].



3 Algorithm and data specification

It is widely accepted,sincethe structuredprogrammingdisciplineof the 1970s,that
data precedealgorithmsin softwareconstruction.For instance,the authorof the fol-
lowing explicit specification[9] of the insertionsort algorithmsurelyknows not only
how to inspecta finite list,

doSort: seq of int -> seq of int
doSort(l) ==

if l = [] then []
else let sorted = doSort (tl l) in

insertSorted (hd l, sorted);

but alsohow to build one:

insertSorted: int * seq of int -> seq of int
insertSorted(i,l) ==

cases true :
(l = []) -> [i],
(i <= hd l) -> [i] ˆ l,
others -> [hd l] ˆ insertSorted(i,tl l)

end

However, it is lessobviouswhatkind of data-structurehasinspiredthespecifierof
anothersortingalgorithm,

mergeSort : seq of int -> seq of int
mergeSort (l) ==

cases l :
[] -> l ,
[e] -> l ,
others -> let l1 ˆ l2 in set {l}

be st abs(len l1 - len l2) < 2
in let l_l = mergeSort (l1),

l_r = mergeSort (l2)
in lmerge (l_l, l_r)

end;

which is doublyrecursive despitethefact that thedatait manipulatesis linearly struc-
tured.If sucha datastructureexists,it shouldbehiddenin thealgorithmitself.

Recentresearchin the mathematicsof programminghasprovided further insight
into therôle — eitherreal or virtual — of datastructuringin programconstruction[5,
2]. A largedatabasefile storedon disk is surelya visible, real datastructure.However,
thebinary treewhich silently controlsmergeSort’s doublerecursionis only evident to
the software formalist who knows that real datastructuresmay exist at specification
level which disappear(i.e. becomevirtual) throughoutthe processof softwarerefine-
mentby calculation.

In the remainderof this paperwe will not only seehow to uncover suchinvisible
data-structuresbut will alsoappreciatetheir rôle in algorithmfactorization,while pro-
viding aprimecriterionfor algorithmclassification.First of all, weneedto identify the
classof algorithmswhich will becoveredby theapproach.



3.1 The divide-and-conquergenericalgorithmic pattern

Computinghasto dowith problemsolving.Thegeneralstrategy of approachingacom-
plex problemby a priori splittingit into afinite numberof (lesscomplex) sub-problems
which aresolved independentlyis inherentlyassociatedto theanalyticalpower of the
humanbrain:

Problem
divide (analysis) 78

Sub-problems

solve sub-problems9:
Solution Sub-solutions

combine(synthesis)
;<

The rule is to iterate this schemeuntil the sub-problemsare “mind-sized”. Pattern-
matchingand case-analysis(suchas in insertSorted and mergeSort above) are
particularinstancesof this strategy.

A more expressive situation ariseswherever someof the sub-problems,though
“smaller”, sharethestructureof theoriginalproblemitself. Oneis leadto whathasbe-
comeknown asthedivideandconquergenericalgorithmicstructure.Let = betheclass
of problemsto solve andlet >?= denotetheparticularorganizationof sub-problemsof= inferredby theproblemanalyst.Thedividestepcanbeexpressedby arrow

= @ 4BAC4 @CD 78 >?=
Let E denotethe classof problemsolutions.The dual of divide is the conquerstep,
which consistsof generatingthe solutiononcesolutionsto all the sub-problemshave
beenfound:

= @ 4FAC4 @CD 78
GIH�J A D 9:

>?=

E K�K�KLMH *�NPO DIQ;<
By knowing that the main problemand its sub-problemssharethe same“type”, the
overall RTS0UWVYX steponeis looking for canbe structurally“reused” in solving the sub-
problemsthemselves:

= @ 4FAC4 @CD 78
GPH�J A D 9:

>?= Z GPH�J A D9:
E >?ELMH *[N�O DIQ;<

The notation“ >?RTS0UWVYX ” capturesthe fact that R\S0U]V%X is reusedin a way driven by the> -structureitself — the inductivestep.As wewill seelateron, this notationis notonly
suggestivebut alsofully justifiableon theoreticalgrounds.



A well-known instanceof divide andconquerarisesin compilerdesign,where =
is theparticularlanguageto becompiled, E standsfor binary code, thedivide-stepis
calledparseandtheconquer-stepis calledcode-generation. In thiscase,thefour arrows
in thediagramcanberegardedasmathematicalfunctions.This is not thegeneralcase,
however.

4 Algorithm specificationsasbinary relations

Thefollowing VDM-SL operationspecification

POP() r: A
ext wr stack: Stack
pre not empty(stack)
post stack = pop(stack) and r = top(stack);

builds up on pop and top , two well-known functionsof theubiquitousstack abstract
datatype.It illustratesa commonprocedurein specifying(deterministic)statetransac-
tionson top of functionallibraries.In general,givensomelocal statê`_ , suchtransac-
tionsareexpressedas“pairsof functions”:
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Oneof these(
a
) deliversanoutputandtheother() ) performsa state-transition.In gen-

eral,
a

and) will bepartial functions,asis thecaseof pop andtop above.Thisrequires
somekind of orderedmathematicalstructureat thesemanticslevel.Theadoptionof bi-
naryrelations, whichhasalongtraditionin thepre/postconstructivespecificationstyle
[13,14], is advantageous:a binaryrelationis a singlemathematicaldevice ableto ex-
press

– total/partialfunctions
– predicates,datatypeinvariantsandloop-invariants
– ordersandinductivestructures
– nondeterminism
– vaguenessor under-specification.

The following sectionsetsup somebasicterminologyaboutbinary relations,before
onecanaddresstheissueof relationalfactorization.For a thoroughpresentationof the
wholerelationalcalculusthereaderis referredto [5, 2].



5 Rudimentsof the relational calculus

Let E =k;< denotea binaryrelationon datatypes= (source)and E (target).The
underlyingpartial orderon relationswill be written lnmpo , meaningthat o is either
moredefinedor lessdeterministicthan l . Equalityon relationscanbeestablishedbym -antisymmetry:l 	 orqsltmuowv
ormsl .

Relationscanbecombinedby threebasicoperators:composition( l K o ), converse
( lyx ) andmeet( l{z|o ). Meetcorrespondsto set-theoreticalintersectionandcomposition
is definedin theusualway: _ c l K o}fI~ holdswhereverthereexistssomeb�� = suchthatb o?~-v�_�l b . Everywhere� 	 l K o holds,thereplacementof � by l K o will bereferred

to asa “f actorization”andthatof l K o by � as“fusion”. Every relation E =k;<
admitstwo trivial factorizations,l 	 l K a ^T� and l 	 a ^0� K l where,for every � ,

a ^T�
is theidentityrelationmappingeveryvaluein � ontoitself.Somestandardterminology

arisesfrom this relation:a(endo)relation = =k;< will bereferredto asreflexiveif fa ^0��m�l holdsandascoreflexive if f l�m a ^T� holds.As a rule,subscriptsaredropped
wherever typesareimplicit or easyto infer.

The converseof l is the relation lyx suchthat b c lyxTfM_�q�_�l b . Converseis of
paramountimportancein establishingthe taxonomyof binary relations.Let us first
definetwo derivedoperators,kernel

ker l����M�	 l x K l(1)

andimage (its dual)

img l ���M�	 ker
c l x f(2)

An alternative to (2) is to define img l 	 l K lyx , sinceconversecommuteswith
composition,

c l K o}f�x 	 o}x K lyx andis involutive:
c lyx�f�x 	 l .

Kernelandimageleadto thefollowing taxonomy:a relation l is saidto be

– entire (or total) if f its kernelis reflexive;
– simple (or functional)if f its imageis coreflexive1;
– a function, if f it is bothsimpleandentire.

Functionswill be denotedby lowercaseletters( � , � , etc.) andaresuchthat ��m�l
implies that l is entire and l�m�� implies that l is simple. In general,larger than
entiremeansentire andsmallerthansimplemeanssimple.

Therelationaloperatorsintroducedsofar enjoy a vastnumberof propertieswhich
areomittedat thispoint for thesakeof brevity (see[5] for a thoroughaccount).Instead,
we will focus on their expressive power. For instance,coreflexivesare fragmentsof
theidentity relationandcanbeusedto modelpredicates:the“meaning”of a predicate

_�S0S0U =
�;< is a coreflexive relation � �B�e� � suchthat b � �]�e� � b q�� b that is, therelation

thatmapsevery b which satisfies� ontoitself. In this way, predicateconjunctionboils
1 Simplicity is the dual of entireness.Simplerelationsarealsocalledpartial functions, recall

e.g. top andpop above.



down to coreflexive composition:� ���(v���� � 	 � �]�e� � K � � ��� � . In this context, the following
VDM-SL implict specificationof sorting[9]

ImplSort(l: seq of int) r: seq of int
post IsOrdered(r) and IsPermutation(r,l);

abbreviatesto �`� ) U�o|S��T� ���M�	 �%RT ��.^�X��.XT^ K � � �%RT¡¢X��T�(£¤� b � a S�3'� � , wherepredicateIsPer-

mutation

IsPermutation: seq of int * seq of int -> bool
IsPermutation(l1,l2) ==

forall e in set (elems l1 union elems l2) &
card {i | i in set inds l1 & l1(i) = e} =
card {i | i in set inds l2 & l2(i) = e};

is embeddedas a coreflexive. Which one?It can be checked that it coincideswith
ker R\XT¥ � _ b � , where RTX\¥ � _ b � (“convert a sequenceinto a bag”) is the function which
losesinformationabouttheorderingof a sequence:

seq2bag: seq of int -> map int to nat1
seq2bag(l) ==

{ e |-> card { i | i in set inds l & l(i) = e } |
e in set elems l };

Soonemight havewritten, in thefirst place,

��� ) U¦o|S��T� ���M�	 �YRT ��.^�X��.XT^ K c ker RTXT¥ � _ b �'f
in a “pointfree” specificationstylewhich is fully basedon therelationalgebraandthus
amenableto reasoningandcalculation2. For instance,the fact that �YRT¡¢X��\�
£¤� b � a S�3
definesan equivalencerelationdoesnot requirean explicit logical proof anymore: it
sufficesto know that the kernelof a total functionalwaysis reflexive, symmetricand
transitive 3.

6 A relational approachto divide-and-conquer

The divide-and-conquerschemeintroducedin section3.1 can be formalized in the
aboverelationalframework by regardingthearrows in thediagramasbinaryrelations,

=
� 9:

§ 78 >?=
Z �9:

E >}Ek;<

(3)

2 The move from the pointwiselevel (involving operatorsaswell asvariablesymbols,logical
connectives,quantifiers,etc.) to thepointfreeoneis comparedelsewhere[19] to theLaplace
transformation. The former is moreintuitive but harderto reasonabout,the latter is lessde-
scriptivebut morealgebraicandcompact.As in traditionalmathematics,thereis roomfor both
in formal specification.

3 A relation̈ is symmetricif f ¨s©w¨�ª andtransitive if f ¨¬«P¨u­®¨ .



where o is thedivide relation, l theconqueroneand� thespecificationof interest.
Theequationimplicit in diagram(3) is of theform

� 	 l K c >Y�¯f K o(4)

and is known as a hylo equationor hylo specification4. Prior to discussingsolu-
tions for (4) we needto be more specificabout the meaningof > in the relational
framework. Symbol > is overloaded:>?= meansa (parametric)datatype,e.g. °�= (set

of A in VDM-SL), while >Y� meansa relation >?E >}=Z �;< given somerelation

E =�;< . For instance,°�� will relateevery subsetR of = to thefollowing subset
of E : ±0_ � E�²-³ b¯� R 
 _´� b+µ [5]. Should � be a function � , °�� canbe identified
with theset-comprehension±�� b ² b®� R µ . Technically, we will saythat > is a relator
andassumea numberof properties,namelythat > is monotoneandcommuteswith
composition,converseandtheidentity:

> c l K o}f 	 c >?lyf K c >?o}f(5)

> c l x f 	 c >?lyf x(6)

> a ^ 	 a ^(7)

Also notethe following terminology:every relationof type = >}=k;< will be re-

ferred to as an > -algebra and its converse = k·¶ 78 >?= as an > -coalgebra. = will
be mentionedasthe carrier of both the algebraandthe coalgebra.In the divide-and-
conquerscheme(3), thedivide relationis alwaysa coalgebraandtheconquerrelation
is alwaysanalgebra.

Now we turn to the discussionof how to solve (4). In particular, we look for a
uniqueleastsolution ¸Y� 
 l K c >Y�¯f K o , if it exists.The answerto this concernis in-
herentlyrelatedto the factorizationof the leastsolution itself. Because> commutes
with composition,onecandiscusssuchafactorization.Supposeit makessenseto write� 	 � � K � & , for someintermediatedatatype¹ which is the target of � & and the
sourceof � � . Then(3) canbe expandedin the following diagram,for somesuitable

> -algebra ¹ >}¹º;< :

=
� , 9:

§ 78 >?= Z � ,9:
¹

� / 9:
>?¹º;<
Z � /9:

E >}Ek;<

(8)

4 Hylo (from “ »-¼\½�¾ ”) means“matter”. This choiceof terminologypurportstheideathatevery
pieceof algorithmicknowledge(matter)canbespecifiedby a diagram/equationof this kind
— see[5,2] for details.



A remarkabletheoremof therelationalcalculusestablishesconditionson o , l and� for thecorrespondingfactorizationto make senseanda unique,leastsolutionto be
expressiblein sucha way. For economyof presentationwe cannotdealwith the full
detailsof this result,which canbefoundin theliterature[5, 3,2], andwill addressit in
a fairly intuitiveway.

First of all, o is requiredto be “well-founded” 5. This ensuresthat the “size” of
a sub-problemgeneratedby o is strictly smallerthanits source,i.e. termination.Sec-
ondly, � is requiredto bebijective6 over thedatatypewhich is inductively definedby> , thatis, ¹ 	 ¸�> . If it exists,̧�> is preciselythetypeone“defines”by writing domain
equationsin VDM-SL suchas,for instance,in thefollowingspecificationof “leaf-trees”
of integers:

LTree = Leaf | Node ;
Leaf :: value: int ;
Node :: left: LTree right: LTree ;

In this case,we aredefiningdatatypeLTree astheleastfixpoint of

>·� ���M�	�¿�ÀeÁ ²��¯Â��(9)

(Notetheuseof “ * ” abbreviating therecordstructuredefinedby Node.) However, can
we rely on (9) asdefininga relator?

At this point it is preferableto abandonVDM-SL-syntaxandresortto thestandard

“polynomial” notationfor datatypes.In this notation(9) will be written as >Y� ���M�	a 3Y�ÄÃÅ� � , where� � meansthe sameas � � � and
�

is thestandardbinary relator
associatedto Cartesianproduct:

Æ _ d ^eÇ c l � o}f Æ bed ~�ÇÈq c _�l b f%v c ^`o|~�f(10)

Thecompanionsumrelator( Ã ) worksover disjoint sums =¯ÃÉE 	 ± a & b ² b®� = µËÊ± a � _¤²Ì_ � E µ where
a & are

a � arbitrary(but consistent)disjoint injections,suchasthose
implicit in Leaf andNode in theVDM-SL fragmentabove.Its definition

l¯Ã�o 	 � a & K l d a � K o·�(11)

is basedon abasicrelationalcombinatorwhich capturescaseanalysis,

~���l d o·� cFa & b fÍqÎ~�l b~��]l d o·� cÏa � _�fÍqu~�o|_(12)

5 Note thequotes,which hidesometechnicalsubtleties.Whatneedsto bewell-foundedis the
compositionÐYÑ?«]Ò ª , where ÐYÑ is theso-calledÓ -membershiprelationassociatedto relator̈ .
For the(many) technicaldetailsomittedherethereaderis referredto e.g. [5, 2].

6 A relationis bijective if it is an injective andsurjective function.A relation ¨ is injective if f¨�ª is simpleandsurjectiveif f ¨�ª is entire.



cf. diagram

= 4 , 78
k ÔÕ ÖÖÖÖÖÖ
ÖÖÖÖÖÖ

=¬Ã�E× k?Ø §�Ù9:
E4 /;<

§ÚÛ Ü Ü Ü Ü Ü Ü
Ü Ü Ü Ü Ü Ü

¹
Usingthis notation,thetwo LTree constructorsmk Leaf andmk Node canbe“pack-
aged”togetherin asinglealgebra:

Ý`Þeßeàeà ¿�À`Á Ã ÝeÞeßeà`à � ÝeÞeßeà`à
× á�â ã�äIåMæ Ø á�â ç�èMéPä Ù;<

Accordingto thesemanticsof VDM-SL, thisalgebrais in factabijection(isomorphism)
becauseLTree is a leastfixpoint. In general,a leastfixpoint solution ¸Y� 
 >Y� is given
by exhibiting thecorrespondingisomorphism,oftenbaptized“

a 3 ”:

¸�> > c ¸�>ef4 *;<(13)

Anotherremarkablefact concernsthis algebra
a 3 andstatesthat,given any other

algebra E >?Ek;< , thereis a unique� satisfying� K a 3 	 l K c >Y�¯f . In orderto
expressthisuniqueness,it is commonpracticeto denotesuchasinglesolutionby

c ²Fl¢² f .
This canberead(accordingto thelocal jargon)asthe“inductiveextensionof l , “foldl ” or “catamorphismof l ”. Since l fully determines

c ²Bl¢² f , it sometimesis referred
to asthe “gene” of

c ²Bl¢² f . For instance,the following VDM-SL fragmentcontainstwo
functions,oneaddingup all leavesof a leaf-treeandtheothercountingthem:

addLTree: LTree -> int
addLTree(t) ==

cases t :
mk_Leaf(i) -> i ,
mk_Node(t1,t2) -> addLTree(t1) + addLTree(t2)

end;

countLTree: LTree -> int
countLTree(t) ==

cases t :
mk_Leaf(-) -> 1 ,
mk_Node(t1,t2) -> countLTree(t1) + countLTree(t2)

end;

Convertedto the
c ² ² f notation,thesefunctionsabbreviateto

c ²ê� a ^ d Ã��¦² f and
c ²ê� ! d Ã��´² f , re-

spectively, where
!

denotesthe constantfunction ë a 
 ! . By focussingon the genetic
materialof specsonly, this notationkeepstrackof what is really importantin a speci-
fication.All therestis repetitivesyntaximplicit in theparticular > which underliesthec ² ² f construction.

Suchasyntaxis, in fact,whataVDM-SL practitionerwill inevitably “cut andpaste”
from specto spec.Theoutcomecanbesurprising:replaceid and+ in addLTree by
mk Leaf andmk Node, respectively. Therecursive functionthusdefinedis nothingbut
theidentity functionon LTree andinstantiatestheso-calledreflectionproperty,c ² a 3}² f 	 a ^(14)



a consequenceof theuniquenessof
c ² a 3}² f .

Returningto diagram(8), it shouldbeclearthat the replacementof � by
a 3 turns� � into

c ²�l¢² f . Moreover,
c ²Fo}x�² f existsandits conversebearsthesametypeas� & :

=ì í § ¶ í î ¶ 9:
>?=§ ¶;<
Z ì í § ¶ í î ¶9:

¸�>
ì í k í î 9:

>·¸�>4 *;<
Z ì í k í î9:

E >}Ek;<
The result we are looking for — hereaftermentionedas the hylo-factorization

theorem— establishesthat,undertheaboveconditions, onehas

¸Y� 
 c l K >Y� K o�f 	 c ²�l¢² f K c ²Fo x ² f x(15)

or, renamingo to o x andsimplifying:

¸Y� 
 c l K >Y� K o x f 	 c ²Bl¢² f K c ²�o}² f x(16)

Moreover, this solutionis unique7.
This theoremprovidesanotherperspective on thedivide-and-conquerscheme(3):

whatreallymattersis theparticularchoiceof pattern( > ) for sub-problemorganization,
which inducesinductivetype ¸�> . This canbeleft implicit or bemadeexplicit by hylo-
factorization.In this case,anexplicit data-structureis built whichsavestheoutcomeof
a “one go” dividestep

c ²Fo?² f x andpassesit on to the conquerstep
c ²�l¢² f for processing.

Compilersareexamplesof programswhichwork in this way, becausetheintermediate
data-structure(abstractsyntaxtree)is traversedseveraltimes,andsomakingit explicit
is cost-effective. In general,however, specifiersor programmerstendto “fuse” things
very earlyin design,thusvirtualizing this structure— if they everbecameawareof its
existence.

7 Virtual data structuring

Let usapplytheaboveresultto mergeSort . > , l and o will beinferredby following
(in a ratherlightweight manner)the algorithmpresentedin [11], which coverscase-
basedfunctionalspecificationssuchasmergeSort . For reasonsto beexplainedshortly,
case[] ->l will be removedfrom thespecification.Two casesremain,meaningthat> is a sum of two summands.Terminationis ensuredby case[e] -> l , in which
thesingletonlist function R a 3Y�YU 	 ë�X 
 �]XÌ� occurs.In theothercase,a binaryoperation

7 In thesameway ï ð ¨yð ñ denotesthe uniquesolutionto equationòó©¯¨s«0Ó'òp«�ôöõ ª , notation÷ ÷ ¨yøÌÒ ª¤ù ù oftenabbreviatesï ð ¨yð ñ�«Fï ð�Ò·ð ñ ª whereverthisis theuniquesolutionof òú©w¨�«BÓ5òÅ«ÏÒ ª .
Thus, ï ð ¨yð ñ'© ÷ ÷ ¨yø�ô�õ�ª ù ù .



(lmerge ) is appliedto the outcomeof two recursive calls.Altogether, (4) instantiates
to

�rXP�T�YXTo|S��T� 	 �]R a 3Y�YU d U]�ûX��T�YX K c �rX��\�YXTo|S��T� � �rX��\�YXTo|S��T�\fê� K o
q ± absorptionlaw ��l d o·� K c �ÎÃ�ü�f 	 ��l K � d o K ü�� cf. [5] µ
�rXP�T�YXTo|S��T� 	 �]R a 3Y�YU d U]�ûX��T�YX�� K cÏa ^ËÃw�ûX��T�%XTo|S��T� � �ûX��T�%XTo|S��T�\f K o

So l 	 ��R a 3Y�YU d UW�rX��\�YXÌ� , >`� 	 a ^{ÃÉ� � � and >�� 	ý¿�À`Á Ãû� � � . This unveilsÝ`Þeßeàeà 	 ¸Y� 
ê¿�ÀeÁ Ã�� � � asthevirtual datatypeunderlyingtheoperationof merge-

Sort . Finally, coalgebrao canbeinferredby extracting“what remains”:

S: seq of int -> ( int | seq of int * seq of int )
S(l) ==

cases l :
[e] -> e ,
others -> let l1 ˆ l2 in set {l} be st abs (len l1 - len l2) < 2 in

mk_(l1,l2)
end;

Rathermoreelegantis thefollowing alternativedefinitionof o ,

o 	 �]R a 3Y�%U dM) ~�S�3?~I� x(17)

which usesconverseand“partial concatenation”8:

pconc : seq of int * seq of int -> seq of int
pconc(l1,l2) == l1 ˆ l2
pre abs (len l1 - len l2) < 2 ;

o eitherextractsthe soleelementof a singletoninput list, or splits the input list into
two sublistsof equal(or almostequal)length.Thismeansthat

c ²�o x ² f x buildsan(almost)
balancedtreewhoseleavesaretheitemsto sort,andthis is thetreewhich

c ²Fl¢² f visits to
producetheoutputlist. This will besortedthanksto theeffortsof lmerge :

lmerge: seq of int * seq of int -> seq of int
lmerge(l1,l2) ==

cases mk_(l1,l2):
mk_([],l),mk_(l,[]) -> l,
others -> if hd l1 <= hd l2 then [hd l1] ˆ lmerge(tl l1, l2)

else [hd l2] ˆ lmerge(l1, tl l2)
end ;

In summary, the factorizationof mergeSort helpsin understandingthe “Equal-size,
EasySplit, HardJoin” classificationof thealgorithm[10].

8 Theuseof converseasa specificationdevice is thoroughlydealtwith in reference[17].



Theinspectionof theintermediatetypeof a recursivedefinitioncanalsobeof help
in debugging.Supposeoneis giventhefollowing (simpler)versionof thealgorithm:

mergesort : seq of int -> seq of int
mergesort (l) ==

cases l:
[] -> [],
l1ˆl2 -> lmerge (mergesort(l1), mergesort(l2))

end;

Following the sameprocedureasabove, oneinfers >·� 	 ! Ãû� � asthe underlying
patternof recursion,where

!
is theone-elementdatatypeinhabitedby nil . However,

thereis somethingwrong: ¸Y� 
 ! Ãþ� � is a “shapetree”wherethereis noroomto store
theintegersto sort! In fact,thealgorithmonly terminatesfor l = [] , astheunderlying
coalgebrao 	 �B��� d ˆ � x is not “well-founded”.

This leadsus back to the reasonwhy we didn’t considercase[] ->l above: it
“doesnot belong” to thealgorithmbecausecoalgebra(17) stopsat the singletonsand
neverreaches[] . Socase[] ->l shouldbetreatedoutsidethealgorithm,asin [1] (but
not in [10]). In summary, mergeSort shouldbedefinedover typeconstructorseq1 of

ratherthanseq of .
Sincethepioneeringwork of Darlington[7], sortinghasremainedfertile groundfor

algorithmclassification9 in which factorizationplays its rôle. For instance,the main
distinctionbetweenmergeSortandquickSort

quickSort : seq of int -> seq of int
quickSort (l) ==

cases l:
[] -> [],
-ˆ[x]ˆ- -> quickSort ([y | y in set elems l & y < x]) ˆ [x] ˆ

quickSort ([y | y in set elems l & y > x])
end

residesin thevirtual structureitself, which is a binarysearchtree(̧Y� 
 ! Ã ¿�ÀeÁ � � � )
in

¥�£ a ~�ÿ.o|S��T� 	 c ²Ï�F�C� d a 3?S��.^\� ² f K c ²Ï�B��� dI) a 3?S��.^��M² f x
where

inord: int * (seq of int * seq of int) -> seq of int
inord(x,mk_(l,r)) == l ˆ [x] ˆ r;

pinord: int * (seq of int * seq of int) -> seq of int
pinord(x,mk_(l,r)) == inord(x,mk_(l,r))
pre forall y in set elems l & y < x and forall y in set elems r & y > x;

In summary, quickSortis nothingbut binary-treein-order traversal(conquer)following
the converseof a partial in-order traversal (divide). The latter doesthe hard job of
ensuringthattheintermediatetreeis bi-ordered.ThusquickSort’sclassificationin [10]:
“Equal-size,HardSplit, EasyJoin”.

9 Seee.g. [10,5,1] andthereferencesthere.Reference[5] includesthepointfreecalculationof
somesortingalgorithms.



8 Towards a “periodic” table of algorithms

Table 1 shows a sampleof a repositoryof VDM-SL specificationswhich have been
factoredandclassifiedfor teachingpurposes.Columnsrepresentrecursionpatternsand
rows the typesof the specificationsbeing defined10. Onecanseethat, for instance,� a _�S�3Y3 b ~ a and ^�S�£È_�U¦X � b ~´��S�� a b U arein the samecolumnas �rX��T�%XTo|S��T� , all of them
sharingLTree asthevirtual intermediatedatatype.Becauseof thereflectionlaw (14),
virtual datatypesmayalsooccurasreal (input/output)ones,ase.g. BTree in ) �.X�� a 3��) S0R��� ��.^�X�� .

Therecursionpatternof therightmostcolumnis notdealtwith in thispaper. HTree

(“hierarchicaltree”) is theintermediatedatatypeof two problems,explode(bill of ma-
terials)andtar (file systemarchiving utility) which areshown in [18] to be“abstractly
identical”.

Table1 is not yet the onecontainingthe mostelementary“specificationmatter”.
Factorizationrevealsthatit is meaninglessto gosmallerthanthealgebraandcoalgebra
implicit in the “hylo-formula”

c ²Fl�² f K c ²Fo}x�² f x into which every entry in Table1 canbe
decomposed.So we collect suchspecificationelementsinto anothertable— Table2
below — underthe conventionthatevery o x in the tablemeansthat o is a coalgebra
(or analgebraotherwise).

Table2 is just a prototypeof whata comprehensive tabulationof specificationele-
mentsshouldeventuallybe11. A trainedsoftwareformalistwill not havedifficultiesin
filling in themissingelements,eventuallyentailingtheadditionof new columns(such
ase.g. rosetrees[1]). However small, this tablealreadycontainswhatseemsto bees-
sentialin solvingaproblemby computer:a formal classificationof divideandconquer
recipes.

9 Discussion

Thecolumnin Table1 correspondingto theintermediatetypeof finite lists (̧Y� 
 ! Ã�= �� ) includesmany standardVDM-SL primitiveoperatorsandis morecrowdedthanoth-
ers.Thereasonfor this is two-fold. First of all, many mathematicaloperators(e.g. the
factorialfunction)aredefinedby primitive recursionover ¸Y� 
 ! Ã
� , thenaturalnum-
bers.However, primitiverecursionfalls in aspecialclassof recursionschemata,known
asparamorphisms12. A standardresult[16] establishesthatevery > -paramorphismcan
be convertedinto a � -hylomorphism,where �·� 	 > c ¸�> � �¯f . For >�� 	 ! Ã��
(naturalnumbers)onehas �·� 	 ! Ã c À��eÁ � �¯f , i.e. finite lists of naturalnumbers.
Thisexplainswhy factorial (3	� ) andsquare (3 � ) havebeenarchivedin thiscolumn,the

10 No specialeffort hasbeenput on parameterizationandgenericitybecauseVDM-SL doesnot
fully supportparametricor generictypes.Thereis muchroomfor improvementin this respect,
for instancein expressingsortingparametricallyon theunderlyingordering,in letting anar-
bitrarymonoidto replaceall occurrencesof associative binaryoperatorswith anunit element,
andsoon.

11 Theremarkson lackof genericitymadein footnote10 applyalsoto this table.
12 Paramorphismsgeneralizeprimitive recursion[15] to arbitrary Ó . For instance,thesemantics

of thepopularwc (“word count”) programis a list-paramorphism[19].



Table1. Sampleof a VDM-SL specificationrepository

Ó5ò 
���ò 
���
�� ò 
��þò�� 
���
���ò�� ï�����
�������ò®ñ �� Ó õ���� seq of 
 �! �"$#%# �& �"$#%# '� �"$#%#( õ�)+*-,�� Specifications

õ.�/�0)21�½�½$3 ½$454
#�»5#�õ

õ��/�0)Îõ���� 687 ,��/"9#: ��;<� ½$"�ô=�/3
: ô>1�½�õ.õ��/;�ô

40½$,�1?3@#$A-�/;<� ½$"�ô=�/3õ����0) set of õ����?
 ôöõ 6 #%B
seq of 
C) seq of 
 ô�õ 6 #%"9�ÌÒe½9"$�ôöõ.»-ÒD# 7

E #%"$B5#�Ò+½$"$� 7 ,eô=;5F�Ò+½$"$�
seq of 
C)G1�½�½$3 ½$"94-Ò�# 7

seq of 
C) set of 
 #%3�# E 6
seq of 
�) set of õ.�/�?
 ôöõ�4 6

seq of 
C) Bag of 
 6 # 7IH 1?�/B
seq of 
C)uõ.�/� 3�#�õ
�! �"$#%#J)21�½�½$3 1?�/3��0 �"$#%#
�0 �"$#%#J)sõ���� 45#%K��ML9�0 �"$#%#
�! �"$#$#	)Îôöõ�� �/4545�! �"$#$#

;�½$,eõ��N�0 �"$#%#
�0 �"9#%#	) seq of 
 � ô=K 6�0 �"9#%#	)2�! �"$#%# ôöõ.»5�! �"$#$#
�O �"$#%#J)21�½�½$3 ½$"$45�O �"$#$#

1?�/3��& �"9#%#
�& �"$#%#P)Îõ���� 45#$KQ�RL9�& �"9#%#

�& �"9#%#P) seq of 

KQ"9#%*-"$45#$"ô�õ�*-"$45#%"
KT½ 6 �N*-"$45#%"�& �"9#%#	) seq of seq of 
 �S"9�/;<# 6�& �"9#%#	)2�O �"$#%# ôöõ.»5�O �"$#%#

set of 
C)uõ.�/� ;<�/"94
set of 
C) seq of 
 ÒD#%� H�6 # 7

set of 1�½�½$3T)G1�½�½$3 U V
set of set of 
C) set of 
 45,`õ-ôö½�õ

map
 to �+) set of 
 40½ E
map
 to �W) set of � "9�[õ

set of ï map
 to ��ñ.) map
 to � E #%"$B5#X  �"9#%#P) Bag of 
 #$YZK�3Ï½$45#
A{Ò[) map Ò��N"�ôöõ.B to 
 �N�/"ï�*-�ML9#%"`ñ L9�[õ.½�ô

Notes: 4 * G DPQ<\ê§ H Q<\ correspondsto doSort in themaintext. Bag of � abbreviates
áCåN] �_^ èa`�å ^%b . For the c º Q�DID (productiontree)

and d § (file system)datatypessee[18]. e�f�* H 4 refersto thewell-known Towersof Hanoiproblem.



Table2. Sampleof PeriodicTableof VDM specificationelements

Ó ò 
���ò 
���
��Ëò 
g��òh� 
��i
�� òh� ï����O
����j��òwñ �� Ó õ���� seq of 
 �0 �"$#%# �& �"$#%# '� �"$#%#
Carrier Ó -(co)algebras

1�½�½93 ÷
F øRk ù÷
T øMk ù

÷
F øRl ù÷
T øMm ù

÷
F øMl ù÷
T øMm ù

õ���� ÷ n ø 6 ,�; ù
÷ n ø?� ù½$454 6 ª÷ 
 øMo ùõ��/� 6 ª

÷ ô=4-øM� ù÷ ô=4-øMo ù÷ 
 ø?� ù: ô=1<4�ª
÷ 
 øS1 E ,�3 ù÷ n ø>1?�/454 ù

õ.�/�0o¤õ��/� 4 : �/;?4 ª
seq of 


÷�÷ ù øS;�½�õ 6 ù÷]÷ ù øS"9;�½�õ 6 ù÷]÷ ù ø ˆ ù
÷
6 ôöõ�B53Iø ˆ ù÷

6 ô�õ�B53Iø>K�;�½�õ�; ù÷
6 ô�õ�B53Iø>3 E #%"$B5# ù

÷]÷ ù ø¦ôöõ-½$"$4 ù÷�÷ ù ø>KTôöõ-½$"$4 ù÷]÷ ù øSK�"�½9"$4 ù÷�÷ ù øSK 6 ½$"94 ù
�0 �"$#%# ô�õôöõ�«�ïÏô=4�� 68p ñ
�& �"$#%# ôöõô�õ�«�ïÏô=4���ô=4i� 68p ñ'� �"9#%# ôöõ

set of 

ôöõ 6KTôöõ 6÷ q øMr ùôöõ 6 «�ïÏô=4��is!t���ô=4.ñôöõ 6 «�ïÏô=4��is � ��ô=4.ñ

÷ ¼QY_uwvxY_y�øMr ù ÷ q øS1<K�,�� 6 ù

map
 to �
ôöõ 6KTôöõ 6÷ vQz){y ø E ,eõ.ôö½�õ ùX  �"9#%# #%Y 6 K�3Ïô=� ª

Bag of 
 #$YZ|C½�ôöõ
AÄô=3�#�Ò � 6 K�3Ïô=� ª

map ÒD�S"�ôöõ�B to 
 �S|C½�ôöõï�*-�RL9#%"�ñ L 6 K�3Ïô=� ª
Notes: Someof the (co)algebrasabove areexplainedin the main text. For every inductive type, 4 * denotesthe relevant isomorphism(13).G O L is the successorfunction. Gx}�~ f Ø��S��� ~ ��Ø f � is the swapfunction and � , Ø � / are the two Cartesianproductprojections.� Q H Q�@ and� GIH Q�@ aretheobviousvariantsof 4 * H Q�@ . 4 * G and � 4 * G abbreviate

× � Ø �ÌO \ G Ù and
× � Ø G �ÌO \FÙ , respectively.

� f @C@ Ø@�8� O J and
� �ÌO \ G abbreviateì �·î��\ì 4 @P� ì �·îöî , ì=�¦î���ì 4 @�� ì>��î�î and ��O \ G �\ì 4 @P��� î , respectively. e G � J 4 \ is the coalgebraof e�f�* H 4 . Detailsabouttheentriesin the��º Q�DID

columncanbefoundin [18]. OtherVDM-SL functionsfollow:

cons[@A] : @A* seq of @A-> seq of @A
cons(e,l) == [e] ˆ l;

rcons[@A] : @A* seq of @A-> seq of @A
rcons(e,l) == l ˆ [e];

fibd: nat -> [ nat * nat ]
fibd(n) == if n < 2 then nil else mk_(n-1,n-2);

nats : nat -> [ nat*nat ]
nats(n) == cases n: 0 -> nil, n -> mk_(n,n-1) end;

odds : nat -> [ nat*nat ]
odds(n) == cases n: 0 -> nil, n -> mk_(2*n-1,n-1) end;

dfacd: nat * nat -> (nat | (nat * nat) * (nat * nat))
dfacd(n,m) == let k = (n+m) div 2 in if n=m then n else mk_(mk_(n,k),mk_(k+1,m));



formerasahylo multiplying (thelist of) the 3 -first naturalnumbersandthelatterasthe
onewhichaddsthe 3 -first odd-numbers.

A secondreasonhasto do with thefact thatfinite lists mediatealmostall standard
definitionsin VDM-SL involving finite sets,finite mappingsand(of course)finite lists.
Thefollowing instanceof theusualinductivepatternunderlyingset-basedspecification
illustratesthis:

card[@A] : set of @A-> nat
card(s) ==

cases s:
{} -> 0,
{ e } union s’ -> 1 + card[@A](s’)

end;

Hylo-factorizationyields ~ b �.^ 	 c ²Ï� � d Ã K c ! � a ^+fê�´² f K c ²Ï��� d R ) £¤�P�¦² f x , for >Y� 	 ! Ãþ= � �
and

sput[@A] : @A* set of @A-> set of @A
sput(e,s) == {e} union s
pre not e in set s ;

Finitemappingrecursionis performedby set-inductionovertheargument’sdomainand
soalsofalls in this column.

However, it is apparentthat the samefunctionscould have beendefinedin other
ways, i.e. underdifferent factorizations.For instance,therewould be no problemin
redefiningcard by doublerecursionoverBTree because— onemightsay— addition
is commutative andassociative. The samecanbe said aboutthe specificationwhich
follows

Set2seq[@A] : set of @A-> seq of @A
Set2seq(s) ==

cases s:
{} -> [],
{ e } union s’ -> cons[@A](e,Set2seq[@A](s’))

end;

which is the converseof XTU¦XP�rR — in facta relationandnot a function.The question
arises:whendoesa hylo-equationdefinea function?

Reference[17] presentsconditionsfor the leastsolution to a hylo-equationto be
simple: a simplerelation � canbe expressedasa hylo

c ²F�·² f K c ²Bo?² f x providedthat not
only o}x meetsthestandard requirementson termination,but alsothat � K o¯m � K >��
anddom� 	 rng o hold 13. Moreover, theuniquesolutionto a hylo-equationis entire
whereverbothits algebraandcoalgebraareentire[5].

It canbecheckedthatmoststandardlinear(i.e. “list-based”)specificationsof setor
mappingfunctionssatisfytheserequirements,but thereis roomfor other > to support
thesamedefinition,in particularin presenceof commutativeandassociativeoperators.
This enablesus to startandfill the “holes” in Table1 with alternative specifications,
13 dom  and"$�[õ Ò abbreviateker  �� ô=4 andimg Ò[��ô=4 , respectively.



for instancebasedon BTree or LTree . In termsof algorithmicknowledgethis is good
news: we are“discoveringnew algorithms”14. On formal specificationgrounds,how-
ever, this raisesanold question— what is a (functional)specification?— andassoci-
ateddiscussionon model/property-orientationin formal methods[14]. Isn’t polytypic
i.e. > -independent[12] specificationa possiblecompromise?A properanswerto this
questionfallsoutsidethescopeof thecurrentpaper.

10 Relatedwork

The approachpresentedin this paperunderliesthe way algorithmicsare taught at
Minho,basedonHASKELL in thefirst yearsandonVDM-SL in thefinal ones.A generic
visual programmingtool hasbeendeveloped[6] in GENERIC HASKELL which per-
formshylo-factorizationaccordingto thealgorithmof [11]. Theprospectof building a
web/hypertext interfacefor thewholerepository, allowing for navigation,composition
andanimationof theavailablespecificationelementsis beingconsidered.

Algorithm classificationis relatedto polytypical programming[12]. By grouping
rows in Table1 which performthesame“abstracttask” (e.g. summing,counting,col-
lecting,sorting,etc)andgeneralizingtherelevant“geneticmaterial”onewouldbeable
to identify thegenericfunctionsof librariessuchas,for instance,POLYP.

Hylo-decompositionandcalculationis a subjectof active researchin thediscipline
of constructivealgorithmics [16,11,5,18,2,17]. The main motivation is to develop
programoptimization techniquesby “fusion” and “deforestation”.By contrast,[19]
and the currentpaperpoint towardsthe oppositedirection of “reforestation”,in the
context of programanalysis,reverseengineeringandprogramunderstanding.Oneof
theconcernsof thePURE project(“ProgramUnderstandingby ReverseEngineering”)
is to scaleup this approachfrom functionsand relationsto processesand software
components[4], bearingin mind its industrialapplicationto legacy software.
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