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Abstract. This paperdescribesvork in re-structuringa corpusof standardal-

gorithmic knowledge written in VDM notation. Algorithms are classifiedand
cataloguedn atakular structureaccordingto their formal specificationpncethis
is subjectto a factorizationwhich identifiesthe underlyingpolynomialstructure
andinductive behaiour.

Eachpolynomialgivesriseto acolumnin thetableandcapturesa particular“ef-

ficiengy” pattern.Rows in the tablecorrespondo classef problems.e.g. sort,
countetc. “Holes” in the table correspondo (often “new”) algorithmsandcan
befilled in by inter-combiningandshifting aroundthe elementarncomponentsf

theavailablespecificationsTheseareidentifiedby factorizationtechniquesising
therelationalhylomorphismcalculus.

Thingsare differentfromead other and ead canbere-
ducedto verysmallpartsof itself. (Ancientknowledge)

1 Intr oduction

Formal modellingis a meansof capturingandreasoningaboutthe knowledgeembod-
ied in the solutionto a problem.If performedat the right level of abstractionusinga
mathematicallytractablenotation,it is a significantsteptowardsreliable software de-
scriptionableto endurearbitrarytechnologychange Still the questiorarisesatabstract
level: how muchis “new” in afreshmodelwhencomparedo othersalreadyavailable?
Putin otherwords:whereis the borderlinebetweeninventionandsheeroutine-work
in formalmodelling?

Domainanalystdry to answetthesequestiondy structuringspecificatiorreposito-
riesaccordingo problemareassStill it is oftenthecasethatthemodeloneis looking for
canonly befoundin anotherproblemarea,oncestrippedfrom its domain-specifi¢er-
minology. Thereis a needto investigatealternatve internalstructuregor formal model
repositoriesaableto unveil their mathematicaéssencandspotmodel“intersection”in
asystematiavay.

This paperdescribesvork which, in this spirit, tries to re-structurea corpusof
standardalgorithmic knowledgewritten in VDM notation. Algorithms are classified
andcataloguedn atahkular structureaccordingo their formal specificationpncethisis
subjectto atransformatiorwhichidentifiestheunderlyinginductive (recursie) pattern.
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2 Motivation

Algorithmics is a vastbody of knowledgewhich is hardto graspbecausat is very
unstructuredTeachingalgorithmdesigntodaycansomehav be comparedo teaching
chemistrybefore Mendelg/ev publishedhis periodictable in 1869, whereuponeach
elementeventuallyfound“its place”in asystematiavay.

At the industrial level, the formal methodspractitioneris often frustratedby the
difficulty in expressinghecommonalitieof specswvhich “look alike”. As Mendeleev
andothersdid in the past,in their own field of researchsoftwaretheoristsshouldinvest
in factorizationmethodsableto spotelementaryyet formally meaningfulabstracial-
gorithmicelementsvhich cancombinedn several(possiblynovel) waysto build more
andmoreelaboratespecs.

This concerncanbe framedin today's trendof component-orientegrogramming
andsoftwarereuse But thereis somethingelseto considerfor the meaningof a com-
ponentaggreyationto bepredictedhereis aneedfor calculation Thisrequiresaformal
notationandcalculus As amotivation,let usconsideanotheffield of knowledgewhere
factorizationplaysa centralrble — thatof elementarynumbertheory

Factorization versuscalculation

“Brute force” arithmeticcalculationssuchas,for instance,%‘ = 0.9545454 . . . arein-
accurateanderrorprone.At schooloneis taughtanalternatie, accuratevay, in which
one“understandsthe numberdirst, by whatis known asprimefactorization

756 =22 x 33 x T
792 = 23 x 32 x 11

andthenperformsthe calculation(by whatmight be called“prime factorfusion):

756 22 x33x7

792 T 23x32x 11
=22x23x3¥x32x7x117!
=2"1x3x7x11"!
21
T 22

A famousresultof elementarynumbertheory the Fundamentalrheoemof Arith-
metics underliesthis method: everyinteger greaterthan 1 canbe written in the form
py'py? ... p.* wheen; > 0 andthep;’saredistinctprimes.

Is therea similar fundamentatheorem applicableto software codefactorization?
What is the “prime number” equivalentin the software field? We will addresghese
topicsin the sequelunderthe adoptionof a formal notationfor software specification
— thelSO/IEC13817-1standardvulg. VDM-sL) [8].



3 Algorithm and data specification

It is widely acceptedsincethe structuredprogrammingdiscipline of the 1970s,that
data precedealgorithmsin software constructionFor instance the authorof the fol-
lowing explicit specification9] of the insertionsort algorithmsurelyknows not only
how to inspectafinite list,

doSort:  seq of int -> seq of int
doSort(l) ==
if 1 = then [
else let sorted = doSort (tI I) in
insertSorted (hd I, sorted);

but alsohow to build one:

insertSorted: int * seq of int -> seq of int
insertSorted(i,l) ==
cases true :
=D > i,
i <=hdl) > 1] -~ 1|
others -> [hd 1] ~ insertSorted(i,tl 1)

end

However, it is lessobviouswhatkind of data-structuréasinspiredthe specifierof
anothersortingalgorithm,

mergeSort : seq of int -> seq of int
mergeSort () ==
cases | :
n =1,
le] > 1,
others -> let 11 ~ 12 in set {I}
be st abs(len 11 - len [2) < 2
in let || = mergeSort (11),
I_r = mergeSort (12)
in Imerge (I, I_r
end;

which is doubly recursie despitethe factthatthe datait manipulatess linearly struc-
tured.If sucha datastructureexists,it shouldbe hiddenin thealgorithmitself.

Recentresearchn the mathematicof programminghas provided further insight
into the rble — eitherreal or virtual — of datastructuringin programconstruction{5,
2]. A largedatabaséile storedon diskis surelya visible, real datastructure However,
the binary treewhich silently controlsmeigeSorts doublerecursionis only evidentto
the software formalist who knows that real datastructuresmay exist at specification
level which disappeali.e. becomevirtual) throughoutthe procesf softwarerefine-
mentby calculation.

In the remainderof this paperwe will not only seehow to uncover suchinvisible
data-structurebut will alsoappreciateheir rdle in algorithmfactorizationwhile pro-
viding a prime criterionfor algorithmclassificationFirst of all, we needto identify the
classof algorithmswhichwill be coveredby theapproach.



3.1 Thedivide-and-conquergenericalgorithmic pattern

Computinghasto dowith problemsolving. Thegeneraktrateyy of approaching.com-
plex problemby a priori splittingit into afinite numberof (lesscomple<) sub-problems
which are solved independentlys inherentlyassociatedo the analyticalpower of the
humanbrain:

divide (analysis)
Problem Sub-problems

solve sub-problems

Solution - - Sub-solutions
combine(synthesis)

The rule is to iteratethis schemeuntil the sub-problemsare “mind-sized”. Pattern-
matchingand case-analysigsuchasin insertSorted and mergeSort above) are
particularinstance®f this stratay.

A more expressie situation ariseswherever some of the sub-problemsthough
“smaller”, sharethe structureof the original problemitself. Oneis leadto whathasbe-
comeknown asthedivideandconquergenericalgorithmicstructureLet A betheclass
of problemsto solve andlet F A denotethe particularorganizationof sub-problem®f
A inferredby the problemanalyst.The divide stepcanbe expressedy arron

A—2 L E g
Let B denotethe classof problemsolutions.The dual of divide is the conquerstep,
which consistsof generatinghe solutiononcesolutionsto all the sub-problemsave
beenfound:

divide

hN

FA

solve

-~

&

conquer T
By knowing that the main problemandits sub-problemsharethe same“type”, the
overall solve steponeis looking for canbe structurally“reused”in solving the sub-
problemshemseles:

A divide FA

solvel lFsolve

B conquer F B
The notation“F solve” captureshe fact that solve is reusedin a way driven by the
F-structureitself — theinductivestep.As we will seelateron, this notationis notonly
suggestie but alsofully justifiableontheoreticalgrounds.



A well-known instanceof divide and conquerarisesin compilerdesign,where A
is the particularlanguageto be compiled, B standsfor binary codeg the divide-stepis
calledparseandtheconquerstepis calledcode-gneation. In this casethefour arrovs
in thediagramcanbe regardedasmathematicafunctions.This is notthe generakase,
however.

4 Algorithm specificationsasbinary relations

Thefollowing VDM-SL operationspecification

POP() n A

ext wr stack:  Stack

pre not empty(stack)

post stack = pop(stack) and r = top(stack);

builds up on pop andtop , two well-known functionsof the ubiquitousstad abstract
datatypelt illustratesa commonprocedurean specifying(deterministic)statetransac-
tionson top of functionallibraries.In general givensomelocal statedb, suchtransac-
tionsareexpresseas“pairs of functions”:

————————————————

“ i 4i> o =1i(a,db)

db’ = p(a,db)

Oneof these(i) deliversanoutputandthe other(p) performsa state-transitionln gen-
eral,: andp will bepartial functions,asis thecaseof pop andtop above.Thisrequires
somekind of orderedmathematicastructureatthe semanticsevel. The adoptionof bi-

nary relations which hasalongtraditionin the pre/postconstructve specificatiorstyle
[13,14], is advantageousa binaryrelationis a singlemathematicatievice ableto ex-

press

— total/partialfunctions
predicatesgatatypenvariantsandloop-invariants
ordersandinductive structures

nondeterminism

vaguenessr underspecification.

The following sectionsetsup somebasicterminologyaboutbinary relations,before
onecanaddresgheissueof relationalfactorization For a thoroughpresentatiorof the
wholerelationalcalculusthereadetis referredto [5, 2].



5 Rudiments of the relational calculus

Let B <2 A denotea binaryrelationon datatypesA (source)and B (target). The
underlyingpartial orderon relationswill bewritten R C S, meaningthat S is either
moredefinedor lessdeterministicthan R. Equality on relationscanbe establishedy
C-antisymmetryR=S=RC SAS CR.

Relationscanbe combinedby threebasicoperatorscomposition(R - .S), corverse
(R°) andmeet(RN.S). Meetcorrespondso set-theoreticahtersectiorandcomposition
is definedin theusualway: b(R - S)c holdswhereverthereexistssomes € A suchthat
aScNbRa. Everywherel' = R- S holds,thereplacementf 7' by R - S will bereferred

to asa “factorization"andthatof R - S by T' as“fusion”. Everyrelation B DRI
admitstwo trivial factorizationsR = R-id4 andR = idp - R where for every X, id x
is theidentity relationmappingeveryvaluein X ontoitself. Somestandarderminology

arisedrom thisrelation:a (endo)relation A <2 A will bereferredto asreflexiveiff
id4 C R holdsandascoreflexiveiff R C id 4 holds.As arule, subscriptsaredropped
wherevertypesareimplicit or easyto infer.

The corverseof R is the relation R° suchthata(R°)b = bRa. Corverseis of
paramountiimportancein establishingthe taxonomyof binary relations.Let us first
definetwo derived operatorskernel

(1) kerR R°. R

andimage (its dual)
) img R ' ker(R°)

An alternatve to (2) is to defineimgR = R - R°, since corversecommuteswith
composition(R - S)° = S° - R° andis involutive: (R°)° = R.
Kernelandimageleadto thefollowing taxonomy:arelation R is saidto be

— entire (or total) iff its kernelis reflexive;
— simple (or functional)iff its imageis corefleive *;
— afunction, iff it is bothsimpleandentire.

Functionswill be denotedby lowercasdetters(f, g, etc) andaresuchthat f C R
impliesthat R is entire and R C f impliesthat R is simple In general larger than
entire meansentire andsmallerthansimplemeanssimple
Therelationaloperatorgntroducedsofar enjoy a vastnumberof propertieswvhich
areomittedatthis pointfor the sale of brevity (se€g[5] for athoroughaccount)lnstead,
we will focuson their expressve power. For instance coreflivesare fragmentsof
theidentity relationandcanbe usedto modelpredicatesthe “meaning” of a predicate

bool <% A isacoreflive relation[¢] suchthata[¢]a = ¢ a thatis, therelation
thatmapsevery a which satisfiesp ontoitself. In this way, predicateconjunctionboils

! Simplicity is the dual of entirenessSimplerelationsare alsocalled partial functions recall
e.g.top andpop above.



down to coreflexive composition:[¢ A ¥] = [¢] - [¢]. In this context, the following
VDM-sL implict specificatiorof sorting[9]

ImplSort(l: seq of int) r seq of int
post IsOrdered(r) and IsPermutation(r,l);

abbreviatesto ImplSort L IsOrdered- [1sPermutation], wherepredicatdsPer-
mutation

IsPermutation: seq of int * seq of int -> bool
IsPermutation(11,12) ==
forall e in set (elems 11 wunion elems [2) &
card {i | i in set inds 11 & I1(i) = e} =
card {i | i in set inds 12 & I2(i) = e}

is embeddedhs a coreflive. Which one?It can be checled that it coincideswith
kerseq2bag, whereseq2bag (“convert a sequencénto a bag”) is the function which
losesinformationaboutthe orderingof a sequence:

seq2bag: seq of int -> mapint to natl
seq2bag(l) ==
{el|]> cad { i | i in set inds | & I(i) =e} |
e in set elems | };

Soonemight have written, in thefirst place,

ImplSort < IsOrdered - (kerseq2bag)

in a“pointfree” specificatiorstylewhichis fully basedntherelationalgebraandthus
amenableo reasoningand calculation?. For instance the fact that s Permutation
definesan equivalencerelation doesnot requirean explicit logical proof arymore: it
sufficesto know thatthe kernelof a total function alwaysis reflexive, symmetricand
transitive 3.

6 A relational approachto divide-and-conquer

The divide-and-conqueschemeintroducedin section3.1 can be formalizedin the
above relationalframework by regardingthearrowsin thediagramasbinaryrelations,

©) A—S5Fa

S

B<TFB

2 The move from the pointwiselevel (involving operatorsaswell asvariablesymbols logical
connectves,quantifiers,etc) to the pointfreeoneis comparecelsavhere[19] to the Laplace
transformation The formeris moreintuitive but harderto reasonabout,the latter is lessde-
scriptive but morealgebraicandcompactAsin traditionalmathematicshereis roomfor both
in formal specification.

3 A relation R is symmetriciff R = R° andtransitveiff R - R C R.



whereS is thedivide relation, R theconquerneand X the specificatiorof interest.
Theequationmplicit in diagram(3) is of theform

4) X=R-(FX)-S

andis known as a hylo equationor hylo specification®. Prior to discussingsolu-
tions for (4) we needto be more specificaboutthe meaningof F in the relational
framework. SymbolF is overloadedf A meansa (parametricdatatypeg.g. P A (set

of Ain VDM-sL), while F X meansa relation F B LX Fa given somerelation

B <>— 4 .Forinstance? X will relateevery subsets of A to thefollowing subset
of B: {b € B|3a € s.bXa} [5]. Should X be a function f, Pf canbe identified
with the set-comprehensiofif a | a € s}. Technically we will saythatF is arelator

and assumea numberof properties,namelythat F is monotoneand commuteswith

compositioncorverseandtheidentity:

) F(R-S)=(FR)-(FS)
(6) F(R°) = (FR)°
(7) Fid =id

Also notethefollowing terminology:every relationof type A <% F A will bere-

ferredto as an F-algebra andits corverse A ' _FA asan F-coalgebra. A will
be mentionedasthe carrier of both the algebraandthe coalgebraln the divide-and-
conquerschemd3), the divide relationis alwaysa coalgebraandthe conquerrelation
is alwaysanalgebra.

Now we turn to the discussionof how to solve (4). In particulay we look for a
uniqueleastsolutionuX.R - (F X) - S, if it exists. The answerto this concernis in-
herentlyrelatedto the factorizationof the leastsolutionitself. Becausec commutes
with compositionpnecandiscusssuchafactorization Supposét makessenseo write
X = X, - Xi, for someintermediatedatatypeC which is the target of X; andthe
sourceof X,. Then(3) canbe expandedn the following diagram,for somesuitable

F-algebraC <— FC':

®) A—25FA

Xll lm

C=<—FC

T
Xo l lF Xo
B <T FB
4 Hylo (from “voc”) means‘matter”. This choiceof terminologypurportstheideathatevery

pieceof algorithmicknowledge (matter) canbe specifiedby a diagram/equationf this kind
— seeg[5, 2] for details.



A remarkableheoremof therelationalcalculusestablishesonditionson S, R and
T for the correspondindactorizationto make senseanda unique,leastsolutionto be
expressiblein sucha way. For economyof presentatiorwe cannotdeal with the full
detailsof this result,which canbe foundin theliterature[5, 3, 2], andwill addresst in
afairly intuitive way.

First of all, S is requiredto be “well-founded °. This ensureghat the “size” of
a sub-problengeneratedy S is strictly smallerthanits sourcej.e. termination.Sec-
ondly, T is requiredto be bijective® over the datatypewhich is inductively definedby
F, thatis, C' = uF. If it exists, uF is preciselythetype one“defines”by writing domain
equationsn VDM-sL suchas,for instancein thefollowing specificatiorof “leaf-trees”
of integers:

LTree = Leaf | Node ;
Leaf : value: int
Node :: left: LTree right: LTree ;

In this casewe aredefiningdatatype_Tree astheleastfixpoint of
def .
9) FX = int | XxX

(Notethe useof “*” abbresiating the recordstructuredefinedby Node.) However, can
werely on (9) asdefiningarelator?

At this pointit is preferableto abandorl bm-sL-syntaxandresortto the standard

“polynomial” notationfor datatypeslin this notation(9) will be written asF X def
int + X2, where X2 meanshe sameas X x X and x is the standardbinary relator
associatetio Cartesiarproduct:

(10) (b,d)(R x S){a,c) = (bRa) A (dSc)

The companionsumrelator(+) works over disjointsumsA + B = {ija|a € A} U
{i2b|b € B} wherei; arei, arbitrary(but consistentjlisjointinjections,suchasthose
implicit in Leaf andNode in theVVDM-sL fragmentabove. Its definition

(11) R+ S =[i1-R,iz- 5]
is basedbn abasicrelationalcombinatomwhich capturecaseanalysis,

(12) c[R, S](i1 a) = cRa
¢[R, S](i2 b) = ¢Sb
5 Notethe guoteswhich hide sometechnicalsubtletiesWhat needsto be well-foundedis the
compositioneg -S°, wherecg is theso-calledF-membeshiprelationassociatedo relator R.
For the (mary) technicaldetailsomittedherethereadeiis referredto e.g. [5, 2].
® A relationis bijectiveif it is aninjective andsurjective function. A relation R is injectiveiff
R° is simpleandsurjectiveiff R° is entire.



cf. diagram

i1 2

A+ B

> l[R,S] g

Usingthis notation,thetwo LTree constructorsnk Leaf andmkNode canbe “pack-
aged”togetherin asinglealgebra:

[mk_Leaf,mk_Node]
LTree <— int 4+ LTree X LTree

Accordingto thesemantic®f VDM-sL, thisalgebrais in factabijection(isomorphism)
becauséTree is aleastfixpoint. In generalaleastfixpoint solution X .F X is given
by exhibiting the correspondingsomorphismpftenbaptized‘in”:

(13) pF <2 F(uF)

Anotherremarkablefact concernghis algebrain and statesthat, given ary other

algebra B % FpB,thereis auniqueX satisfyingX - in = R - (F X). In orderto
expresshis uniquenesst is commonpracticeto denotesucha singlesolutionby ( R)).

This canberead(accordingto thelocal jargon)asthe “inductive extensionof R, “fold

R” or “catamorphisnmof R”. SinceR fully determineg|R)), it sometimesds referred
to asthe “gene” of (R|). For instancethe following VDM-sL fragmentcontainstwo
functions,oneaddingup all leavesof aleaf-treeandthe othercountingthem:

addLTree: LTree -> int
addLTree(t) ==
cases t :
mk_Leaf(i) >0,
mk_Node(t1,t2) -> addLTree(tl) + addLTree(t2)
end;

countLTree: LTree -> int
countLTree(t) ==
cases t :
mk_Leaf(-) -> 1,
mk_Node(t1,t2) -> countLTree(tl) + countLTree(t2)
end;

Corvertedto the (|-|) notation,thesefunctionsabbreviateto ([id, +])) and([L, +]), re-
spectiely, where1 denotesthe constantfunction Ai.1. By focussingon the genetic
material of spec=only, this notationkeepstrack of whatis really importantin a speci-
fication.All therestis repetitive syntaximplicit in the particularF which underliesthe
(-) construction.

Suchasyntaxis, in fact,whataVDM-sL practitionerwill inevitably “cut andpaste”
from specto spec.The outcomecanbe surprising:replaceid and+ in addLTree by
mk Leaf andmkNode, respectiely. Therecursve functionthusdefinedis nothingbut
theidentity functiononLTree andinstantiateshe so-calledreflectionproperty

(14) (in|) = id



aconsequencef theuniquenessf (jin|).
Returningto diagram(8), it shouldbe clearthatthe replacemenbf 7' by in turns
X, into (R|). Moreover, (S°]) existsandits corversebearshe sametypeas X :

A< F4

(S°)°l lF(SO)o

pF <2 F uF

(R)l lF(R)

B<TFB

The result we are looking for — hereaftermentionedas the hylo-factorization
theorem— establishe¢hat,underthe above conditions onehas

(15) puX.(R-FX-S)=(R)-(S°)°
or, renamingsS to S° andsimplifying:
(16) pX.(R-FX-S°) =(R)-(9)°

Moreover, this solutionis unique’.

This theoremprovidesanotherperspecire on the divide-and-conquescheme(3):
whatreally matterds the particularchoiceof pattern(F) for sub-problenorganization,
whichinducesinductivetype pF. This canbeleft implicit or be madeexplicit by hylo-
factorizationln this case anexplicit data-structurés built which savesthe outcomeof
a“one go” divide step(|S|)° andpassest on to the conquerstep( R for processing.
Compilersareexamplesof programswhich work in this way, becaus¢heintermediate
data-structuréabstracsyntaxtree)is traversedseveraltimes,andsomakingit explicit
is cost-efective. In generalhowever, specifiersor programmerdendto “fuse” things
very earlyin design thusvirtualizing this structure— if they everbecameawareof its
existence.

7 Virtual data structuring

Let usapplytheabove resultto mergeSort . F, R and.S will beinferredby following
(in a ratherlightweight manner)the algorithm presentedn [11], which coverscase-
basedunctionalspecificationsuchasmergeSort . Forreasons$o beexplainedshortly,
case] ->I will beremovedfrom the specification.Two casegemain,meaningthat
F is a sum of two summandsTerminationis ensuredby casele] -> |, in which
the singletonlist function singl = Me.[e] occurs.In the othercase a binary operation

" In the sameway (R denoteshe uniquesolutionto equationX = R - F X - in°, notation
[ R, S° ] oftenabbreiates( R|)-(S)° whereverthisis theuniquesolutionof X = R-F X -S°.
Thus,(R) = [ R,in°].



(Imerge ) is appliedto the outcomeof two recursve calls. Altogether (4) instantiates
to

mergeSort = [singl,lmerge - (mergeSort x mergeSort)| - S
= { absorptionaw [R,S] - (T'+U)=[R-T,S-U] cf.[5] }
mergeSort = [singl,lmerge] - (id + mergeSort x mergeSort) - S
So R = [singl,lmerge], Ff = id+ f x f andFX = int + X x X. This urveils

LTree = uX.int + X x X asthevirtual datatypeunderlyingtheoperationof merge-
Sort . Finally, coalgebraS canbeinferredby extracting“what remains”:

S: seq of int -> ( int | seq of int * seq of int )
S(l) ==
cases | :
[e] > e,
others -> let 1 " I2 in set {I} be st abs (len 11 - len 12) < 2 in
mk_(11,12)
end;

Rathemoreelegantis the following alternatve definitionof .S,
a7 S = [singl, pconc]’

which usescorverseand“partial concatenation®:

pconc : seq of int * seq of int -> seq of int
pconc(l1,12) = 11 " 12
pre abs (len 1 - len 12) < 2 ;

S eitherextractsthe sole elementof a singletoninput list, or splits the input list into
two sublistsof equal(or aimostequal)length. Thismeanghat(.S°))° builds an(almost)
balancedreewhoseleavesaretheitemsto sort,andthisis thetreewhich ( R)) visitsto
producethe outputlist. Thiswill be sortedthanksto the efforts of Imerge :

Imerge: seq of int * seq of int -> seq of int

Imerge(I1,12) ==
cases mk_(11,12):
mk_([],1),mk_(1,0) >,
others > if hd 11 <= hd 12 then [hd 1] ~ Imerge(tl 11, 12)
else [hd 2] ~ Imerge(l1, i 12)
end ;

In summary the factorizationof mergeSort helpsin understandinghe “Equal-size,
EasySplit, Hard Join” classificatiorof the algorithm[10].

8 Theuseof corverseasa specificatiordevice is thoroughlydealtwith in referencd17].



Theinspectionof theintermediateype of arecursve definitioncanalsobe of help
in delugging.Supposeneis giventhefollowing (simpler)versionof the algorithm:

mergesort : seq of int -> seq of int
mergesort () ==
cases I
>

11712 > Imerge (mergesort(I1), mergesort(12))
end;

Following the sameprocedureasabove, oneinfersF X = 1 + X2 asthe underlying
patternof recursionwherel is the one-elementlatatypeinhabitedby nil . However,
thereis somethingvrong: 1 .X.1 + X 2 is a“shapetree” wherethereis noroomto store
theintegersto sort! In fact,the algorithmonly terminatedor | =[] , astheunderlying
coalgebraS = [[],”]° is not“well-founded”.

This leadsus back to the reasonwhy we didn’t considercase[] ->I above: it
“doesnot belong”to the algorithmbecauseoalgebrg17) stopsat the singletonsand
neverreache$] .Socasg] ->I shouldbetreatedoutsidethealgorithm,asin [1] (but
notin [10]). In summarymergeSort shouldbedefinedovertypeconstructoseql of
ratherthanseq of .

Sincethepioneeringwvork of Darlington[7], sortinghasremainedertile groundfor
algorithmclassification® in which factorizationplaysits role. For instance the main
distinctionbetweermegeSortandquickSort

quickSort  : seq of int -> seq of int
quickSort n ==
cases |
0 >
-IX)°- -> quickSort Iy | yin set elems | &y <x]) ~ [x] ~

quickSort Iy | yin set elems | &y > x])
end

residedn thevirtual structureitself, whichis a binary searchtree(u.X.1 + int x X?)
in
quickSort = ([[],inord])) - ([[], pinord])°

where

inord: int * (seq of int * seq of int) -> seq of int

inord(x,mk_(l,r)) =1 " Ix "~

pinord: int * (seq of int * seq of int) -> seq of int

pinord(x,mk_(l,r)) == inord(x,mk_(l,r))

pre forall y in set elems | &y < x and forall y in set elems r &y > X;

In summaryquidkSortis nothingbut binary-treen-order traversal(conquer)following
the corverseof a partial in-order traversal (divide). The latter doesthe hard job of
ensuringhattheintermediatdreeis bi-ordered ThusquidkSorts classificatiorin [10]:
“Equal-size Hard Split, EasyJoin”.
9 Seee.g. [10,5,1] andthereferenceshere.Referencd5] includesthe pointfreecalculationof
somesortingalgorithms.



8 Towards a“periodic” table of algorithms

Table 1 shavs a sampleof a repositoryof VDbM-sL specificationswvhich have been
factoredandclassifiedfor teachingpurposesColumnsrepresentecursiorpatternsand
rows the typesof the specificationsbeing defined!®. One can seethat, for instance,
fibonnaci anddouble Factorial arein the samecolumnasmergeSort, all of them
sharingLTree asthevirtual intermediatedatatypeBecausef thereflectionlaw (14),
virtual datatypesnay alsooccurasreal (input/output)ones,ase.g. BTree in pre/in/
postOrder.

Therecursiorpatternof therightmostcolumnis not dealtwith in this paperHTree
(“hierarchicaltree”) is theintermediatedatatypeof two problems explode(bill of ma-
terials)andtar (file systemarchiing utility) which areshown in [18] to be“abstractly
identical”.

Table 1 is not yet the one containingthe most elementary‘'specificationmatter”.
Factorizatiorrevealsthatit is meaninglesso go smallerthanthe algebraandcoalgebra
implicit in the “hylo-formula” (R]) - (S°)° into which every entryin Table1 canbe
decomposedSo we collect suchspecificationelementsnto anothertable— Table 2
belov — underthe corventionthatevery S° in the tablemeansthat S is a coalgebra
(or analgebraotherwise).

Table?2 is just a prototypeof whata comprehensie tabulation of specificatiorele-
mentsshouldeventuallybe . A trainedsoftwareformalistwill nothave difficultiesin
filling in the missingelementseventuallyentailingthe additionof new columns(such
ase.g. rosetrees[1]). However small, this tablealreadycontainswhatseemdgo be es-
sentialin solvinga problemby computer:aformal classificatiorof divideandconquer
recipes.

9 Discussion

Thecolumnin Tablel correspondindo theintermediataypeof finite lists (1 X.1+ A x
X) includesmary standard/ DMm-sL primitive operatorsandis morecrowdedthanoth-
ers.Thereasorfor thisis two-fold. First of all, mary mathematicabperatorge.g. the
factorialfunction)aredefinedby primitive recursionover 4 X.1 + X, thenaturalnum-
bers.However, primitiverecursiorfallsin aspecialclassof recursionschemataknown
asparamorphisms?. A standardesult[16] establishethatevery F-paramorphisntan
be corvertedinto a G-hylomorphismwhereGX = F(uF x X). ForFX = 1+ X
(naturalnumbersjonehasGX = 1+ (nat x X), i.e. finite lists of naturalnumbers.
This explainswhy factorial (n!) andsquae (n2) have beenarchivedin this column,the

10 No specialeffort hasbeenput on parameterizatioand genericitybecause/pm-sL doesnot
fully supportparametrior generictypes.Thereis muchroomfor improvementin thisrespect,
for instancein expressingsorting parametricallyon the underlyingordering,in letting anar-
bitrary monoidto replaceall occurrencesf associatie binary operatorsvith anunit element,
andsoon.

11 Theremarkson lack of genericitymadein footnote10 applyalsoto this table.

12 paramorphismgeneralizerimitive recursion[15] to arbitraryF. For instancethe semantics
of thepopularwc (“word count”) programis alist-paramorphisnjl9].



Table 1. Sampleof aVDM-sL specificatiorrepository

FX I+ X[1+AxX A+ X? 1+AXx X?[(BxA+BxX)
uF nat | seqof A LTree BTree HTree
In — Out Specifications
nat — bool odd
even
nat — nat square fibonnaci
factorial |doubleFactorial
nat — set of natl inseg
seq of A —seqof A missggigrt mergeSort quickSort
seq of A — bool ordSeq
seq of A —set of A elems
seq of A — set of natl inds
seq of A — Bagof A seq2bag
seq of A — nat len
LTree — bool bal LT ree
LTree — nat depthLTree
. addLTree
LTree—int countLTree
LTree —seq of A tips
LTree — LTree invLTree
BTree — bool ZZ?E;:Z:
BTree — nat depthBTree
preOrder
BTree — seq of A inOrder
postOrder
BTree — seq of seq of A traces
BTree — BTree tnvBTree
set of A— nat card
set of A—seqof A Set2seq
set of bool — bool ;
set of set of A—set of A dunion
mapAto B — set of A dom
mapAto B — set of B ran
set of (mapAto B) — mapAto B merge
PTree — Bagof A explode
FS — mapStringto A tar
(Other) hanoi

Notes:insertSort correspond$o doSort in themaintext. Bag of A abbreviatesmapAto natl. Forthe PTree (productiontree)
andF'S (file system)datatypesee[18]. hanoi refersto thewell-known Towersof Hanoiproblem.




Table 2. Sampleof Periodic Tableof VDM specificatiorelements

FX 1+X 1+AxX A+ X? 1+4AxX? [(BxA+BxX)*
nF nat seq of A LTree BTree HTree
Carrier F-(co)algebras
[F, ] [F, V] [E, V]
bool T T Al [T, A
0. 1] lid, +]
odds® id, x 1, bmul
nat 0, suc] 1, 4] h’ 7& [[Q, badd]]
nats® fibd®
nat * nat dfacd’®
Qoeons] | faingt] | e
seq of A [[1, rcons] [singl, pconc] [[_,pmord]
111,71 [singl, lmerge] (L], prord]
L (1], psord]
in
Llree in - (id + sw)
in
Bl'ree in - (id + id X sw)
HTree in
mns
pins
set of A [0, U] Az{z}, U] [0, bputs]
ins - (id + m X id)
ins - (id + w2 X id)
mns
mapAto B pins
[{—}, munion]
PTree exsplit®
Bagof A exjoin
FileS tsplit®
mapStringto A tjoin
(Other) hsplit®

Notes: Someof the (co)algebrasabore are explainedin the main text. For every inductive type, in. denotesthe relevant isomorphism(13).
suc is the successofunction. sw(a, b) = (b, a) is the swapfunctionand,, w2 arethe two Cartesianproductprojections.prord and
psord aretheobviousvariantsof inord. ins andpins abbreviate [(, puts] and[0, sput], respectiely. badd, bmul andbputs abbreviate

(+) - (id x (+)), (%) - (id x (%)) andputs -

HTree columncanbefoundin [18]. OtherVbm-sL functionsfollow:

seq of @A-> seq of

0 -> nil,

0 -> nil,

@A-> seq of @A

@A

nil  else mk_(n-1,n-2);

]

]

| (nat * nat)

cons[@A] @A* seq of
cons(e,l) =le] " I
rconsj[@A] :  @A*
rcons(e,l) =1 " [e]
fibd: npat -> [ nat * nat ]
fibd(n) == if n < 2 then
nats nat -> [ nat*nat
nats(n) == cases n:

odds : nat -> [ nat*nat
odds(n) == cases n:
dfacd: nat * nat -> (nat
dfacd(n,m) == let

k = (n+m) div 2 in if

n -> mk_(n,n-1)

n -> mk_(2*n-1,n-1)

* (nat
n=m then n else

end;

end;

* npat))

(id x U), respectiely. hsplit is the coalgebraof hanoi. Detailsaboutthe entriesin the

mk_(mk_(n,k),mk_(k+1,m));



formerasahylo multiplying (thelist of) then-first naturalnumbersandthelatterasthe
onewhich addsthen-first odd-numbers.

A secondreasorhasto do with thefactthatfinite lists mediatealmostall standard
definitionsin VDM-sL involving finite sets finite mappingsand(of coursefinite lists.
Thefollowing instanceof theusualinductive patternunderlyingset-basedpecification
illustratesthis:

card[@A] : set of @A-> nat

card(s) ==
cases s:
$ >0
{ e} union s -> 1 + card[@A](s)
end;

Hylo-factorizatioryieldscard = ([0, +- (1 x id)]])- ([0, sput])°, for FX =1+ A x X
and

sput{@A] : @A* set of @A-> set of @A
sput(e,s) == {e} wunion s
pre not e in set s ;

Finite mappingrecursions performedoy set-inductiorovertheargumentsdomainand
soalsofallsin this column.

However, it is apparenthat the samefunctionscould have beendefinedin other
ways, i.e. underdifferentfactorizationsFor instance therewould be no problemin
redefiningcard by doublerecursionoverBTree because— onemightsay— addition
is commutatve and associatie. The samecan be said aboutthe specificationwhich
follows

Set2seq[@A] : set of @A-> seq of @A
Set2seq(s) ==
cases s:

g4 >0
{ e} union s -> cons[@A](e,Set2seq[@A](s"))
end;

which is the corverseof elems — in facta relationandnot a function. The question
ariseswhendoesa hylo-equatiordefinea function?

Referencg17] presentxonditionsfor the leastsolutionto a hylo-equationto be
simple a simplerelation7" canbe expressedasa hylo ( f|) - (S))° providedthat not
only S° meetghe standad requirermentson termination,but alsothat?" - S C f - FT’
anddomT = rngsS hold *3. Moreover, the uniquesolutionto a hylo-equatioris entire
whereverbothits algebraandcoalgebrareentire[5].

It canbechecledthatmoststandardinear (i.e. “list-based”)specification®f setor
mappingfunctionssatisfytheserequirementshut thereis roomfor otherF to support
thesamedefinition,in particularin presencef commutatve andassociatie operators.
This enableausto startandfill the “holes” in Table 1 with alternative specifications,

18 domT andransS abbreiate kerT N id andimg S N id, respectiely.



for instancebasedon BTree orLTree . In termsof algorithmicknowledgethisis good
news: we are“discovering new algorithms”*4. On formal specificationgrounds how-

ever, thisraisesanold question— whatis a (functional) specification?— andassoci-
ateddiscussioron model/poperty-orientationin formal methodg14]. Isn’t polytypic
i.e. F-independen{l12] specificationa possiblecompromiseA properanswerto this
questiorfalls outsidethe scopeof the currentpaper

10 Relatedwork

The approachpresentedn this paperunderliesthe way algorithmicsare taught at
Minho, basedbn HASKELL in thefirstyearsandonVDbM-sL in thefinal ones A generic
visual programmingtool hasbeendeveloped[6] in GENERIC HASKELL which per
formshylo-factorizatioraccordingto the algorithmof [11]. The prospecbf building a
web/hypertat interfacefor the whole repository allowing for navigation,composition
andanimationof the availablespecificatiorelementss beingconsidered.

Algorithm classificationis relatedto polytypical programming[12]. By grouping
rows in Table1 which performthe same*abstracttask” (e.g. summing,counting,col-
lecting,sorting,etc)andgeneralizingherelevant“geneticmaterial”onewould beable
to identify the genericfunctionsof librariessuchas,for instance PoLy P.

Hylo-decompositiorandcalculationis a subjectof active researchn the discipline
of constructivealgorithmics[16,11,5,18,2,17]. The main motivation is to develop
programoptimizationtechniquesby “fusion” and “deforestation”.By contrast,[19]
and the currentpaperpoint towardsthe oppositedirection of “reforestation”,in the
context of programanalysis,reverseengineeringand programunderstandingOne of
theconcernof the PURE project(“ProgramUnderstandindpy ReverseEngineering”)
is to scaleup this approachfrom functionsand relationsto processesnd software
component$4], bearingin mind its industrialapplicationto legagy software.
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