Chapter 1

An Intr oduction to Pointfr ee
Programming

Everybodyis familiar with the conceptof a functionsincethe schooldesk. The func-
tionalintuition traverseamathematicérom endto endbecausé hasa solid semantics
rootedon awell-known mathematicasystem— theclass‘all” setsandset-theoretical
functions.

Functionalprogramminditerally means‘programmingwith functions”. Program-
ming languagesuchasLisP or HASKELL allow usto programwith functions.How-
ever, the functionalintuition is far morereachingthanproducingcodewhich runson
a computer Sincethe pioneeringwork of JohnMcCarthy— theinventorof Lisp —
in the early 1960s,0ne knows that otherbrancheof programmingcanbe structured,
or expressedunctionally The ideaof producingprogramsby calculation thatis to
say that of calculatingefficient programsout of abstractjnefficient oneshasa long
traditionin functionalprogramming.

Thisbookis structuredcaroundtheideathatfunctionalprogrammingcanbeusedas
a basisfor teachingorogrammingasa whole,from the successofunctionn — n + 1
to largeinformationsystemdesign.

This chapterprovidesa light-weightintroductionto the theory of functional pro-
gramming.lts emphasiss on explaininghow to construcinew functionsout of other
functionsusing a minimal setof predefinedunctional combinators.This leadsto a
programmingstylewhich s pointfreein the sensehatfunctiondescriptionslispense
with variablegdefinitionpointg.

Many technicalissuesaredeliberatelyignoredanddeferredo laterchaptersMost
programmingxampleswill beprovidedin theHASKELL functionalprogrammindan-
guage.AppendixA includesthe listings of someHASKELL moduleswhich comple-
mentthe HuGs StandardPreludg(whichis basedrery closelyonthe Standad Prelude
for HAsSKELL 1.4.)andhelpto “animate”themainconceptsntroducedn this chapter
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4 CHAPTER1. AN INTRODUCTION TO POINTFREEPROGRAMMING

1.1 Intr oducingfunctions and types
Thedefinitionof afunction
f: A—B (1.1)

canberegardedasakind of “process”abstractionit is a“black box” which produces
anoutputonceit is suppliedwith aninput:

z(e A) — f —— fxz(e B)

Fromanothewiewpoint, f canberegardedasakind of “contract”: it commitsitself
to producinga B-valueprovidedit is suppliedwith an A-value. How is suchavalue
produced?n mary situationsonewishesto ignoreit becaus®neis justusingfunction
f. In othershowever, onemaywantto inspectheinternalsof the“black box” in order
to know thefunction’scomputatiorrule. For instance,

succ N——N

def
sucen € n+1

expresseshe computatiorrule of the successofunction — the function succwhich
finds“the next naturalnumber’— in termsof naturalnumberadditionandof natural
numberl. Whatwe abose meantby a “contract” correspondso the signatue of the
function,whichis expressedy arrov N = N in thecaseof succandwhich, by

theway, canbesharedby otherfunctions,e.g. sqn def 2.

In programmingerminologyonesaysthatsuccandsghavethesameétype”. Types
play a prominentrdle in functional programming(asthey do in otherprogramming
paradigms).Informally, they provide the “glue”, or interfacing material,for putting
functionstogetherto obtain more complex functions. Formally, a “type checking”
disciplinecanbeexpressedn termsof compositionatuleswhich checkfor functional
expressionwellformedness.

It hasbecomestandardto use arravs to denotefunction signaturesor function
types,recall (1.1). In this book the following variantswill be usedinterchangeably
to denotethe fact that function f acceptsargumentsof type A and producesesults

oftypeB: f: B——A,f: A——B, B=—2— A or A—L—p. This

correspondgo writing f :: a -> b in the HAsSKELL functional programming
languagewheretype variablesaredenotedby lowercasdetters. A will bereferredto
asthedomainof f and B will bereferredto asthecodomainof f. Both A andB are
symbolswhich denotesetsof values very oftencalledtypes
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1.2 Functional application

Whatdo we wantfunctionsfor? If we askthis questionto a physicianor engineetthe
answelis very likely to be: onewantsfunctionsfor modellingandreasoningboutthe
behaiour of realthings.

For instance function distance = 60 x t could be written by a schoolphysics
studento modelthedistancg(in, say kilometers)a carwill drive (perhour)ataverage
speed0km/hour. Whenquestionedbouthow farthecarhasgonein 2.5hours,such
amodelprovidesanimmediateanswer;just evaluatedistance2.5 to obtain150km.

Sowe geta ndve purposeof functions: we wantthemto be appliedto aguments
in orderto obtainresults. Functionalapplicationis denotedby juxtapositione.g. f a

for B - ! A anda € A, andassociate® theleft: f x y denoteg f x) y ratherthan
f(zy).

1.3 Functional equality and composition

Application is not everythingwe wantto do with functions. Very soonour physics
studentwill be ableto talk aboutpropertiesof the distancemodel, for instancethat

property
distancd2 x t) = 2 x (distance) (1.2)

holds.Lateron, we couldlearnfrom heror him thatthe samepropertycanberestated

asdistancdtwicet) = twice (distance), by introducingfunction twicez ©9 x 2.
Or evensimply as

distance twice = twice = distance 1.3)

(7]

where" =" denotedunction-arrav chaining,assuggestedthy drawing

R 2WCe g (1.4)

distanc%

R

distance

twice

wherebothspaceandtime aremodelledby realnumbers.

Thistrivial exampleillustratessomerelevantfacetsof thefunctionalprogramming
paradigm. Which versionof the property presentecabove is “better"? the version
explicity mentioningvariablet andrequiring parenthesegl.2)? the versionhiding
variablet but resortingto functiontwice (1.3)?or evendrawing (1.4)?

Expression(1.3)is clearlymorecompactthan(1.2). Thetrendfor notationecon-
omy and compactnesgs well-known throughoutthe history of mathematics.In the
16th century for instance algebristswould write 12.cup.18.cep.27.cop.17 for what
is nowadayswrittenas12x® + 1822 + 27z + 17. We mayfind suchsyncopatedhotation
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odd,but shouldnotforgetthatatits timeit wasreplacingevenmoreobscurexpression
denotations.

Why do peoplelook for compactnotations?A compactnotationleadsto shorter
documentglesslinesof codein programming)n which patternsareeasierto identify
andtoreasorabout.Propertiecanbestatedn clearcut,one-linelongequationsvhich
areeasyto memorize.And diagramssuchas(1.4) canbe easilydravn which enable
usto visualizemathsin a graphicaformat.

Somepeoplewill alguethatsuchcompactpointfree” notation(thatis, thenotation
which hidesvariables,or function “definition points”) is too cryptic to be useful as
a practicalprogrammingmedium. In fact, pointfreeprogramminganguagesuchas
Iversons ApL or Backus'FPhave beenmorerespectedhanlovedby theprogrammers
community Virtually all commerciaprogrammindanguagesequirevariablesandso
implementthe moretraditional“pointwise” notation.

Throughouthis bookwe will adoptboth,dependingiponthecontext. Ourchosen
programmingmedium— HASKELL — blendsthe pointwiseand pointfreeprogram-
ming stylesin a quite successfulvay. In orderto switch from oneto the other, we
needtwo “bridges”: onelifting equalityto the functionallevel andthe other lifting
application.

Concerningequality notethatthe® =" signin (1.2)differsfrom thatin (1.3): while
theformer stateghattwo realnumbersarethe samenumber the latter stateghattwo

R - IR functionsarethe samefunction. Formally, we will saythattwo functions
f,9: B= A areequalif they agreeat pointwise-level, thatis
f=g iff YVa€eA:fa =B ga (1.5)

where=pg denotesequalityat B-level.
Concerningapplication,the pointfree style replacest by the more genericcon-
ceptof functional compositionsuggestedby function-arrav chaining: wherever two

9 4 isthesameas

functionsaresuchthatthe targettype of oneof them,say B

the sourcetype of the other say ¢ S B , thenanotherfunction canbe defined,

C S A — calledthe compositiorof f andg, or “ f afterg” — which“glues” f

andg together:

(f9)a € f(ga) (1.6)

This situationis picturedby thefollowing arrov-diagram

A (1.7)

B
f‘; %y
C

or by block-diagram
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o« — g 7% f b flga)

Thereforethetype-ruleassociatedio functionalcompositioncanbe expressedsfol-
lows:

-1 ¢

c—2—4
B2 4

]

Compositionis certainlythe mostbasicof all functionalcombinatorslt is thefirst
kind of “glue” which comesto mind whenprogrammersieedto combine,or chain
functions(or processesjo obtainmore elaboratefunctions(or processes). This is
becausef oneof its mostrelevantproperties,

(f=g9)*h = f+(g-h) (1.8)
which shareghe patternof, for instance
(a+b)+c = a+(+c)

andso is calledthe associativeproperty of composition. This enablesus to move
parenthesearoundn pointfreeexpressiongnvolving functionalcompositionspr even
to omit them,for instanceby writing f = g * h = i asanabbreiationof ((f = g) = h) =4,
orof (f =(g = h)) =i, orof f=((g+h)=i), etc. For a chainof n-mary function
compositionghenotation()}-, f; will beacceptabla@sabbreiationof fi = -« « f,.

1.4 Identity functions

How free are we to fulfill the “give mean A and| will give you a B” contractof
equation(1.1)? In generalthe choiceof f is not unique. Somefs will do aslittle
aspossiblewhile otherswill laboriouslycomputenon-trivial outputs. At one of the
extremeswe find functionswhich “do nothing”for us,thatis, theadded-alueof their
outputwhencomparedo theirinputamountgo nothing:

fa=a

11t evenhasa placein scriptlanguagesuchasUNix’s,wheref | g istheshellcounterparbf g = f,
for appropriatéprocesses’f andg.



8 CHAPTER1. AN INTRODUCTION TO POINTFREEPROGRAMMING

In thiscaseB = A, of courseand f is saidto betheidentityfunctionon A:

ida : A=—A
. def (19)
idga = a

Notethateverytype X “has”its identityidx. Subscriptsvill beomittedwherever

implicit in the contet. For instancethe arrow notation IN < “ N saesusfrom
writing idn, etc. So,we will oftenreferto “the” identity functionratherthanto “an
identity function.

How usefulareidentity functions?At first sight,they look fairly uninterestingBut
theinterplaybetweercompositiorandidentity, capturedoy thefollowing equation,

frid=id-~f=Ff (1.10)
will beappreciatedateron. This propertyshareghe patternof, for instance,
a+0=04+a=a

This is why we saythatid is the unit of composition.In adiagram,(1.10)lookslike
this:

A 4 (1.11)
ft f
B~——B

Notethegraphicaknalogyof diagramg1.4)and(1.11). Diagramsof thiskind arevery
commonandexpressmportantpropertiesof functions,aswe shallseefurtheron.

1.5 Constantfunctions

Oppositeo theidentity functions which donotloseary information,we find functions
whichloseall (or almostall) information.Regardles®f theirinput, the outputof these
functionsis alwaysthe samevalue.

Let C' be a nonemptydatadomainandlet andc € C. Thenwe definethe every-
whete ¢ functionasfollows, for arbitrary A:

i A——C
def (1.12)

[}

e f = ¢ (1.13)
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andis depictedby adiagramsimilarto (1.11):
c
cC——A
Lf
z B
Notethat,strictly speakingsymbolc denoteswo differentfunctionsin diagram(1.14):

one,which we shouldhave written ¢ 4, acceptdnputsfrom A while the other which
we shouldhave written ¢, acceptsnputsfrom B:

(1.14)

id

C -

cg*f = ca (1.15)

This propertywill bereferredto asthe constantfusionproperty
As with identity functions,subscriptswill beomittedwhereverimplicit in thecon-
text.

Exercisel.1 TheHuGs StandardPreludeprovidesfor constanfunctions:youwrite const ¢ for ¢. Check
that HUGS assignghe sametype to expressiond . const ¢ andconst (f c), foreveryf andc.
Whatelsecanyou sayaboutthesefunctionalexpressions3ustify

O

1.6 Monics and epics

Identity functionsandconstanfunctionsarethelimit pointsof thefunctionalspectrum
with respecto informationpreseration. All the otherfunctionsarein between:they
lose “some” information, which is regardedas uninterestingfor somereason. This
remarksupportsthe following aphorismabouta facetof functionalprogramming:it
is the art of transformingor losinginformationin a controlledandpreciseway. That
is to say the art of constructinghe exactobsenationof datawhich fits in a particular
contet or requirement.

How do functionsloseinformation?Basicallyin two differentways: they maybe
“blind” enoughto confusedifferentinputs, by mappingthem onto the sameoutput,
or they may ignore valuesof their codomain. For instance¢ confusesall inputsby
mappingthemall ontoc. Moreover, it ignoresall valuesof its codomairapartfrom c.

Functionswhich do not confuseinputsare called monics(or injective functions)

andobey the following property: B S A is monicif, for every pair of functions

A-rh’—kc,iff-h:f-kthenh:k,cf.diagram

h
B«rf—A(?C

(f is “cancellableontheleft”).
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It is easyto checkthat“the” identity functionis monic,

id h=id k=>h=k

“ { by (1.10)}
h=k=h=k

© { predicatdogic}
TRUE

andthatary constanfunctionc is notmonic:

c*h=ck=>h=k
“ { by (1.15)}
c=c=>h=k
& { functionequalityis reflexive}
TRUE=>h =k
“ { predicatdogic}
h=k
Sotheimplicationdoesnotholdin generalonly if h = k).
Functionswhich do notignorevaluesof their codomairarecalledepics(or surjec-
tive functions)andobey the following property: A S B is epicif, for every pair

of functions ¢ L A,if h= f=k« fthenh = k, cf. diagram
LI

(f is “cancellableontheright™).
As expectedjdentity functionsareepic:

hvid=k id=>h=k

o { by (1.10)}
h=k=>h=k

<—> { predicatdogic}
TRUE

Exercisel.2 Underwhatcircumstancess a constanfunctionepic?Justify
O
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1.7 Isos

A function B < ! A whichisbothmonicandepicis saidto beiso (anisomorphism,
-1

or abijective function). In this situation, f alwayshasaninverse B

is suchthat

=~ A4 , which

froft=idg A flef=ida (1.16)

(i.e. f isinvertible).

Isomorphismsare very importantfunctionsbecausehey corvert datafrom one
“format”, say A, to anotherformat, say B, without losing information. So f andand
f~1 arefaithful protocolsbetweerthetwo formatsA and B. Of course theseformats
containthe same*amount” of information, althoughthe samedataadoptsa different
“shape”in eachof them. In mathematicspnesaysthat A is isomorphicto B andone
writes A = B to expresghisfact.

Isomorphicdatadomainsareregardedas“abstractly’the same.Notethat,in gen-
eral,thereis awide rangeof isosbetweertwo isomorphicdatadomains.For instance,
let Weekday bethe setof weekdays,

Weekday =
{Sunday, Monday, Tuesday, W ednesday, Thursday, Friday, Saturday}

andlet symbol7 denotethe set{1, 2, 3,4, 5,6, 7}, which is theinitial sggmentof IN
containingexactly seven elements.The following function f, which associategach
weekdaywith its “ordinal” number

f : Weekday —— 7
f Monday =1
fTuesday = 2
fWednesday = 3
fThursday = 4

f Friday =5
f Saturday = 6
fSunday =7

is iso (guessf~1). Clearly fd = i means'‘d is the i-th day of the week”. But note

thatfunctiongd def rem(f d,7) + 1is alsoaniso betweeriWeekday and7. While f
regardsM onday thefirst day of theweek,g placesSunday in thatposition. Both f
andg arewitnesse®f isomorphism

Weekday = 7 (1.17)

Finally, notethatall classe®f functionsreferredto sofar— constantsidentities,
epics,monicsandisos— areclosedundercompositionthatis, thecompositiorof two
constantss a constantthe compositiorof two epicsis epic, etc.
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1.8 Gluing functionswhich do not compose— products

Functioncompositionhasbeenpresentedbove asthe basisfor gluing functionsto-
getherin orderto build more complex functions. However, not every two functions
canbe gluedtogetherby composition. For instance functionsf : A C and
g: B~ ¢ do notcomposewith eachotherbecausehe domainof oneof them
is notthe codomairof theother However, both f andg sharethe samedomainC. So,
somethingwe cando aboutgluing f andg togetheris to draw a diagramexpressing

thisfact,somethindik e
A B
N
c

Becausef andg sharethe samedomain,their outputscanbe paired,thatis, we
may write orderedpair (f ¢, g ¢) for eachc € C. Suchpairsbelongto the Cartesian
productof A and B, thatis, to the set

AxB ¥ {(a,b)| ac ANbE B}

Sowe maythink of the operationwhich pairsthe outputsof f andg asanew function
combinatorf, g) definedasfollows:

(f,9) : C——AxB
(f.9)e = (fege)

Functioncombinator{f, g) is pronounced f split g” (or “pair f andg”) andcan
bedepictedby thefollowing “block”, or “dataflow” diagram:

(1.18)

[ = 1Tc

Function{f, g) keepstheinformationof both f andg in the sameway Cartesiarprod-
uct A x B keepstheinformationof A andB. So,in thesameway A dataor B data
canberetrievedfrom A x B datavia theimplicit projectionsr; or 7,

2

A—"" AxB

B (1.19)
definedby

mi(a,b) =a and ma(a,b) =b
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f andg canberetrievedfrom (f, g) via the sameprojections:

T =(f,g)=Ff and m «(f,9)=g (1.20)

This fact (or pair of facts)will be referredto asthe x-cancellationpropertyandis
illustratedin thefollowing diagranmwhich putsthingstogether:

A—"AxB2~-pB (1.21)

N>/
c

In summarythetype-ruleassociatedb the “split” combinatoris expressedy

f

A= c
9
B——0C

AxB \,(f,g) c

A split ariseswherever two functionsdo not composebut sharethe samedomain.
Whataboutgluing two functionswhichfail sucharequisite e.g.

!

A‘,
B:

c

’ p

L2

The(f, g) splitcombinatiordoesnotwork ary more.Butawayto “unify” thedomains
of f andg, C' andD respectiely, is to regardthemastargetsof the projectionsr; and
my of C' x D. Thatis to say expression( f = m;,g = m2) is well-typed,having domain
C x D andcodomainA x B. It corresponds$o the “parallel” applicationof f andg
whichis suggestedby the following data-flav diagram:

c —» f — fc

d — g — gd

Functionalcombination{f = 71, g * m2) appearsery often anddeseresspecial
notation— it will beexpressedy f x g. So,by definition,we have

fxg € (fem,gem) (1.22)
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whichis pronouncedproductof f andg” andhastyping-rule
a-l¢

52 p (1.23)
Fxg

Ax B CxD

Note the overloadingof symbol“ x”, which is usedto denoteboth Cartesiarproduct
andfunctionalproduct. The adoptionof this notationwill befully justifiedlateron.

What s the interplay amongfunctional combinatorsf = g (composition),(f, g)
(split) andf x g (product)? Compositiorandsplit relateto eachothervia thefollowing
property known as x-fusion

m ™2

AT AxBToB  lgmel=lg-Lhef) (029
| g<g’h)/’ /
C hlf

d

D

Thisshavsthatsplitis right-distributivewith respecto composition Left-distributivity
doesnot hold but thereis somethingve cansayaboutf = (g, h) in casef =i x j:

(i % 4) * (g, h)
{ by (1.22)}

(i #m1,J = m2) *{g,h)

= { by x-fusion(1.24)

((=m1) = (g,h), (4§ = m2) = (g, 1))
{ by (1.8)}

(i* (w1 = {g,h)),J * (w2 * (g, 1))
{ by x-cancellatior(1.20)}

(ivg,jh)

The law we have just derivedis known as x-absorption (The intuition behindthis
terminologyis that“ split absorbsx”, asa specialkind of fusion.) It is aconsequence
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of x-fusionand x-cancellatiorandis depictedasfollows:

m 2

A= AxB B (ixj)=(g,h)=(i~g,j=h) (1.25)
z’ ixj/" _7\
D—DxE2~F

Wﬂ

C

Thisdiagramprovidesuswith two furtherresultsaboutproductsandprojectionsivhich
canbeeasilyjustified:
irm = m (i X)) (1.26)
jrme = mar(ix}j) (1.27)

Two specialpropertieof f x g arepresentechext. Thefirst oneexpresses kind
of “bi-distribution” of x with respecto composition:

(grh)x(i=j) = (g9xi)=(hx]) (1.28)

We will referto this propertyasthe x-functorproperty. The otherproperty whichwe
will referto asthe x-functorid property, hasto do with identity functions:

ida xidp = idaxs (1.29)

Thesetwo propertieswill be identifiedasthe functorial propertiesof product. This
choiceof terminologywill be explainedlateron.

Let us finally analysethe particularsituationin which a split is built involving
projectionsr; andrs only. Theseexhibit interestingoropertiesfor instancgm , o) =
id. This propertyis known as x -reflexion andis depictedasfollows:

x B =~ B <7T1,7T2):’1:d,4><3 (130)

A=—""4 :
MB /

Ax B

w2

Whatabout(r,, 71 )? This correspondso adiagram

B——BxA=—4
AxB

which looks very muchthe sameif submittedto a 180° clockwiserotation(A and B
swapwith eachother). This suggestshatswap (the namewe adoptfor {my, 7)) is its
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own inverse ascanbe checledeasilyasfollows:

swap * swap

{ by definitionswap % (s, m1)}
(ma, ™) = swap
= { by x-fusion(1.24)
(my = swap, 1 * swap)
= { definitionof swap twice}
(w2 = (ma,m1), M * (72, 71))
= { by x-cancellation(1.20)}
(my,m2)
= { by x-reflexion (1.30)}
id

Therefore swap is iso andestablisheshefollowing isomorphism
AxB = BxA (1.31)

whichis known asthe commutativepropertyof product.

The“productdatatype” x B is essentialo informationprocessingndis available
in virtually every programminganguage.ln HASKELL onewrites (A,B) to denote
A x B, for A and B two predefinediatatypesfst to denoter; andsnd to denote
5. In the C programmindanguagehis datatypes calledthe“struct datatype”,

struct  {

A first;

B second;
b

while in PAscAL it is calledthe“recorddatatype”

record
first: A;
second: B
end;

Isomorphism(1.31) canbere-interpretedn this context asa guaranteg¢hatonedoes
notlose(or gain) anythingin swappingfieldsin recod datatypes C or PASCAL pro-
grammersknow alsothat record-fieldnestinghasthe samestatus thatis to saythat,
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for instancedatatype

record record
F. A F: record
S: record F. A
F. B; is abstractlythesameas S: B
S: C; end,
end S: C;
end; end;

In fact,thisis anothemwell-known isomorphismknown astheassociativeproperty
of product:

Ax(BxC) =2 (AxB)xC (1.32)

Thisis establishedy A x (B x C) £2 (A x B) x C , whichis pronouncedas-
sociateto theright” andis definedby

assocr & (my =1, (me = w1, 72)) (1.33)

SectionA.1 in theappendidists anextensionto the HuGs StandardPreludecalled
Set.hs , which makesisomorphismssuchas swap and assocr available. In this
module,the concretesyntaxchoserfor (f, g) issplit  f g andtheonechoserfor
fxgisf >< g.

Exercisel.3 Shav thatassocr isisoby conjecturingts inverseassocl andproving thatfunctionalequality
assocr * assocl = id holds.
O

Exercisel.4 Use(1.22)to prove propertieg1.28)and(1.29).
O

1.9 Gluing functions which do not compose— coprod-
ucts

The split functional combinatorarosein the previous sectionas a kind of glue for

combiningtwo functionswhichdo notcomposéut sharehesamedomain.The“dual”

situationof two non-composabléunctions f : (C < A andg : C-= B
which however sharethe samecodomainis depictedn

AXC/B
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It is clearthatthe kind of glue we needin this caseshouldmalke it possibleto apply
f in casewe areon the“ A-side” or to apply g in casewe areon the “ B-side” of the
diagram.Let uswrite [ f, g | to denotethe new kind of combinator Its codomainwill
beC. Whataboutits domain?

We needto describethe datatypewhich is “eitheran A or a B”. SinceA and B
aresets,we may think of A U B assucha datatype. This works in caseA and B
aredisjoint sets,but wherever the intersectiond N B is non-emptyit is undecidable
whetheravaluez € AN B isan“A-value”or a“B-value”. In thelimit, if A = B
thenA U B = A = B, thatis to say we have notinventeda new datatypeatall. These
difficultiescanbe circumventedby resortingto disjointuniort

i1 1o

A =~ A+ B = B

The valuesof A + B can be thoughtof as “copies” of A or B valueswhich are
“stamped”with differenttagsin orderto guaranteehat valueswhich are simultane-
ouslyin A and B do not get mixed up. The taggingfunctionsi; andi, arecalled
injections

Z.1 a = (t17 a) ’ i2 b= (t27 b) (134)

Knowing theexactvaluesof tagst, andt, is notessentiato understandingheconcept
of adisjoint union. It suficesto know thati; andi, tagdifferently andconsistently
For instancethefollowing realizationsof A + B in the C programmindanguage,

struct  {
int tag; /* 1,2 *
union {
A ifA;
B ifB;
} data;
1
orin PASCAL,
record
case
tag: integer
of x =
1. (P:A);
2:  (S:B)
end;

adoptintegertags. In the HuGs StandardPrelude which is basedvery closelyon the
Standad Preludefor HASKELL 1.4.,the A + B datatypds realizedby

data Either a b = Left a | Right b

So,Left andRight canbethoughtof astheinjectionsi; andi, in thisrealization.
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At this level of abstractiondisjointunion A + B is calledthe copmoductof A and
B, ontop of whichwe definethe new combinatoq f, g ] (pronouncedeither f or g”)
asfollows:

[f,9] + A+B c w5
def r=i1a = fa 1.35
[f.9]z = { :L':Z;b = gb

As we did for productswe canexpressall thisin a singlediagram:

i1

A—" 4+B2 B (1.36)

S

C

It is interestingto notehow similar this diagramis to the onedrawvn for products—
onejust hasto reversethe arrows, replaceprojectionsby injectionsandthe split arrow
by the either one. This expresseshe factthat productand coproductare dual math-
ematicalconstructgcomparewith sine and cosinein trigopnometry). This duality is
of a greatconceptuakconomybecauseverythingwe cansayaboutproductA x B
canberephrasedo coproduct4d + B. Forinstancewe mayintroducethe sumof two
functionsf + g asthenotiondualto productf x g:

f+g9 E livsfizeg] (1.37)

Thefollowing list of +-laws provideseloquentevidenceof this duality:

+-cancellation:

A—"A+B2 B  [ghlvii=g,[gh] ia=h (138
x \’[ g/,h b
o
+-reflexion:
A—2 A4+B2 B [i1,i2] = idass (1.39)
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+-fusion :

frloh]=[f"g,fh] (1.40)

+-absorption :
A—"a4BE2 B (g h]*G+i)=[g ih+j] (L41)

J
D——D+FE-—F

2
x

o

i ‘ i+j

Jh
g A

+-functor :

(grh)+(i+j)=(9+i) *(h+]) (142)

+-functor-id :

ida +idp = idasp (1.43)

In summarythetyping-rulesof the eitherandsumcombinatorsareasfollows:

f /

c——A4A c~——A4A
c——B p-. B (1.44)
o 4B c+DI A4B

Exercisel.5 By analogy(duality) with swap, shaw that[ i2,¢; ] is its own inverseandsothatfact
A+B = B+ A (1.45)

holds.
]

Exercisel.6 Dualize(1.33),thatis, write theiso which witnessegact
A+(B+C) = (A+B)+C (1.46)
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from right to left. Usetheeither syntaxavailablefrom the HuGs StandardPreludeto encodethisisoin
HASKELL.
O

1.10 Mixing productsand coproducts

Datatypeconstructionsd x B and A + B have beenintroducedabove as devices
requiredfor expressinghecodomairof splits(A x B) orthedomainof eithers (A+ B).
Thereforeafunctionmappingvaluesof acoproduci{sayA + B) to valuesof aproduct
(sayA’ x B') canbeexpressedlternatvely asaneitheror asasplit. In thefirst case,
bothcomponent®f the eithercombinatoraresplits In thelatter, bothcomponent®f
thesplit combinatorareeithers.

This exchangeof formatin definingsuchfunctionsis known asthe exchange law.
It stateghefunctionalequalitywhich follows:

[{f,9), (k)] = ([f,h][9,k]) (1.47)
It canbe checled by type-inferencethat both the left-hand side and the right-hand

side expressionf this equalityhave type B x D < A+ C , for B S A,

D-2Y 4, Bt -candp-t—(.

An exampleof afunctionwhichis in theexchange-la formatis isomorphism

Ax (B+0) =245 (A% B)+ (AxC) (1.48)
(pronouncesndistr as“un-distribute-right”)whichis definedby
undistr < [id x iy,id x iz | (1.49)
andwitnesseshefactthatproductdistributesthroughcoproduct:
Ax(B+C) = (AxB)+(Ax() (1.50)

In this context, suppose¢hatwe know of threefunctions p S A, E-2-B

and F—"— . By (1.44)weinfer E + F ot B + C . Then,by (1.23)weinfer

Dx(E—I—F)M

Ax (B+0) (1.51)
So, it makes senseto combineproductsand sumsof functionsand the expressions
which denotesuchcombinationshave the same“shape” (or symbolic pattern)asthe
expressionsvhich denotetheir domainandrange— the... x (--- + - --) “shape”in
this example. In fact,if we abstract sucha patternvia somesymbol,sayF — thatis,
if we define

Flo,8,7) € ax(B+7)
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. F(f.9,h)
— thenwe canwrite F(D,E, F) = F(A, B,C) for (1.51).

This kind of abstractiorworksfor every combinationof productsandcoproducts.
For instanceif we now abstractheright-handsideof (1.48)via pattern

G(a,B8,7) E (axf)+(axy)

wehave G(f,g,h) = (f x g) + (f x h), afunctionwhichmapsG(4, B,C) = (A x
B)+(AxC)ontoG(D, E,F) = (D x E)+ (D x F). All thiscanbeputin adiagram

F(4, B,C) “2%¢'" G(4, B, C)

F(f,9:h) G(f,9,h)

\

F(D,E, F) G(D,E, F)
which unfoldsto
Ax (B+C)“2% (4 x B) + (A x O) (1.52)

Fx(g+h)

J (fxg)+(fxh)
D x (E+F) (DxE)+ (D xF)

oncethe F and G patternsare instantiated. An interestingtopic which stemsfrom
(completing)this diagramwill bediscussedh the next section.

Exercisel.7 Apply theexchange law to undistr.
O

Exercise1.8 Completethe“?”s in diagram

[m/
?

[k,9]

andthensolwve theimplicit equatiorfor z andy.
|

?

id+idx f

1%

?

Exercisel.9 Repeaexercisel.8with respecto diagram

i
5 MDD
id+idx f

?
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1.11 Natural properties

Letusresumeliscussioraboutundistr andthetwo otherfunctionsin diagram(1.52).
Whataboutusingundistr itself to closethis diagram atthe bottom?Note thatdefini-
tion (1.49)worksfor D, E andF in thesamewayit doesfor A, B andC'. (Indeedthe
particularchoiceof symbols4, B andC' in (1.48)wasratherarbitrary) Thereforewe
get:

Ax (B+C)“24 (4 x B) + (A x O)

fx(g+h) | (fxg)+(fxh)

1%

Dx (E+F) < (DxE)+ (D xF)

undistr
which expresses veryimportantpropertyof undistr:
(f x(g+ h)) ~undistr = undistr = ((f x g) + (f x h)) (1.53)

Thisis calledthe natural propertyof undistr. Thiskind of property(oftencalled
freeinsteadof natural) is notaprivilegeof undistr. As amatterof fact,everyfunction
interfacingpatternsuchasF or G aborewill exhibit its own natural property Further
more,we have alreadyquotednatural propertieswithout mentioningit. Recall(1.10),
for instance.This property(establishingd asthe unit of composition)s, afterall, the
natural propertyof ¢d. In this casewe have F & = Ga = «, ascanbeeasilyobsened
in diagram(1.11).

In generalhatural propertiesaredescribedy diagramsn which two “copies” of
theoperatomf interestaredravn ashorizontalarrovs:

A FA=2—GA  (Ffleé=¢-Gf) (1.54)
f‘ Ff” /Gf
B FB’?GB

Notethat f is universallyquantified thatis to say thenatural propertyholdsfor every
f: B A.

Diagram (1.54) correspondgo unary patternskF and G. As we have seenwith
undistr, otherfunctions(g,h etc) comeinto play for multiary patterns. A very
importantrole will be assignedhroughoutthis book to theseF, G, etc. “shapes”or
patternswvhich aresharedoy pointfreefunctionalexpressionsandby theirdomainand
codomainexpressionsFrom chapter2 onwardswe will referto themby their proper
name— “functor” — which is standardn mathematic&ndcomputerscience.Then
we will alsoexplain the namesassignedo propertiessuchas, for instance(1.28) or
(1.42).

Exercise 1.10 Shaw that(1.26)and (1.27)are natural properties. Dualizetheseproperties.Hint: recall
diagram(1.41).
O
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Exercisel.11 Establishthe natural propertiesf the swap (1.31)andassocr (1.33)isomorphisms.
O

1.12 Universal properties

Functionalconstructs f, gy and[ £, g ] (andtheirderivativesf x g andf + g ) provide
goodi llustration aboutwhat is meantby a program combinatorin a compositional
approacho programming:the combinatoris put forward equippedwith anusefulset
of propertieswhich enableprogrammergo transformprograms,reasonaboutthem
and perform useful calculations. This raisesa programmingmethodolgy which is
scientificandstable.

Suchpropertiesbearstandardnamessuchas cancellation reflexion, fusion ab-
sortionetc. Wheredo thesecomefrom? As arule, for eachcombinatoito be defined
onehasto definesuitableconstructionsat “interface™-level 2, e.g. A x B andA + B.
Theseare not chosenor inventedat random: eachis definedin a way suchthat the
associatecdombinatoris uniquely defined. This is assureddy a so-calleduniveisal
propertyfrom which the otherscanderived.

Take productA x B, for instance.lts universalpropertystateshat, for eachpair

of arronvs A <f— C and B L C , thereexistsanarrov A x B ﬂ C such
that
_ mk=f
b=t @ {00 (1.55)

holds— recalldiagram(1.21)—forall A x B < e, Thisequialencestateghat

{f, g) istheuniquearrow satisfyingthe propertyontheright. In fact,read(1.55)in the
= directionandlet k be (f, g). Thenm; = {f,g) = f andns = (f,g) = g will hold,
meaninghat(f, g) effectively obeysthepropertyontheright. In otherwords,we have
derived x-cancellation(1.20). Reading(1.55)in the <= directionwe understandhat,
if somek satisfiessuchpropertiesthenit “hasto be” the samearrow as{f, g).

It is easyto seeotherpropertiesof (f, g) arisingfrom (1.55). For instance for
k = id we get x-reflexion (1.30),

id= ()= { ™02
© { by (1.10)}
i=(rgef 72
“ { by substitutiorof f andg }

id= <7T1,7T2)

2In the currentcontext, programs‘are” functionsandprograminterfaces‘are” the datatypesnvolvedin
functionalsignatures.
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andfor k = (i, j) = h weget x-fusion(1.24):

i h= oo { 70 =

“ { compositionis associatie (1.8)}

i) h= oo { G0

“ { by x-cancellatior(justderived) }
. i=h=f
JJ) v h=(f, ¢
i) h=tra e { 02

“ { by substitutionof f andg }
(i,5) *h = (i = h,j = h)
It will take aboutthe sameeffort to derive split structuralequality
Qi =tra) & {2 (1.56)

from universalproperty(1.55)— justlet k = (i, j).
Similaramgumentscanbe built aroundcoproducts universalproperty

_ k . il = f
from which structuralequalityof eithers canbeinferred,
. i=f
J1=10 < . 1.58
lil=109] & { {27 (1.58)

aswell asthe otherpropertiesve know aboutthis combinator

Exercisel.12 Derive +-cancellatior(1.38),+-reflexion (1.39)and+-fusion(1.40)from universalproperty
(1.57).
O

1.13 Guards and McCarthy’s conditional

Most functionalprogrammindanguagesndnotationscaterfor pointwiseconditional
expression®f theform
if (px) then (gz) else (hx)

meaning

pr = gz
-(pz) = hz
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for somegivenpredicateBool < P A, sométhen’-function B —-— 4 andsome

_h

“else”-function B A . Bool is the primitive datatypecontainingtruth values
FALSE andTRUE.
Cansuchexpressionsbe written in the pointfreestyle? They can, provided we

introducethe so-called'McCarthy conditional’functionalform
p—=9,h

whichis definedby

p=gh € [gh]p? (1.59)

a definitionwe canunderstangrovided we know the meaningof the “p?” construct.

Wecall A+ A LI A aguar, or better the guardassociatedio a given predicate

Bool —— A . Everypredicatep givesbirth to its own guardp? which, atpoint-level,

is definedasfollows:

pa = 1a
(Pa = { ~(pa) = isa (1.60)
In asenseguardp? is more“informative” thanp alone:it providesinformationabout
the outcomeof testingp on someinputa, encodedn termsof the coproducinjections
(41 for atrue outcomeands,, for afalseoutcomeyespectrely) withoutlosingtheinput
a itself.

Thefollowing fact,whichwe will referto asMcCarthy’s conditionalfusionlaw, is
aconsequencef +-fusion(1.40):

f=(p—=gh) = p>frg,frh (1.61)

We shallintroduceanddefineinstance®f predicatep aslongasthey areneededA
particularlyimportantassumptiorof ournotationshould however, bementionedatthis

point: weassumehat,for everydatatyped, theequalitypredicateBool —— A x A
is definedin a way which guaranteeshreebasicproperties:reflexivity (a =4 a for
every a), transitvity (a =4 bandb =4 cimpliesa =4 ¢) andsymmetry(a =4 b iff
b =4 a). Subscriptd in =4 will bedroppedvhereserimplicit in the context.

In HASKELL programmingthe equalitypredicatefor atype becomesvailableby
declaringthe type asaninstanceof classEq, which exportsequalitypredicatg(==) .
This doesnot, however, guaranteghe reflexive, transitve and symmetryproperties,
which needto be provedby dedicatednathematicaarguments.

Exercise1.13 Prove thatthefollowing equalitybetweertwo conditionalexpressions
k(if px then fx else hz,if px then gz else ix)
= if px then k(fz,g9x) else k(hz,iz)
holdsby rewriting it in the pointfreestyle (usingthe McCarthys conditionalcombinator)andapplyingthe

exchange law (1.47),amongothers.
|
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Exercisel1.14 Prove law (1.61).
O

1.14 Gluing functions which do not compose— expo-
nentials

Now thatwe have madethedistinctionbetweerthe pointfreeandpointwisefunctional
notationgreasonablyleat it is instructive to revisit sectionl.2 andidentify functional
applicationasthe “bridge” betweerthe pointfreeandpointwiseworlds. However, we
shouldsay“a bridge” ratherthan“the bridge”, for in this sectionwe enrichsuchan
interfacewith anotherbridge” whichis very relevantto programming.

Supposewe are given the taskto combinetwo functions B S Cx A and
g9

D= A . It is clearthatnoneof the combinationsf = g, (f,g) or[ f,¢g] is well-
typed.So, f andg cannotbe puttogethedirectly — they requiresomeextra interfac-
ing.

Note that ( f, g) would be well-definedin casethe C' componenbf f’'s domain
couldbesomehav “ignored”. Supposein fact,thatin someparticularcontext thefirst
argumentof f happengo be“irrelevant”, or to befrozento somec € C. It is easyto
derive anew function

fc : A——B
fea ¥ f(c,a)

from f which combinesicely with g via the split combinator:{ ., g) is well-defined
and bearstype B x D = A . For instance,supposehatC' = A and f is the

=

equalitypredicate= on A. Then Bool
values:

A is the“equalto ¢” predicateon A

def

=.a a=c (1.62)

As anotherexample,recall function twice (1.3) which could be definedas x5 using
thenew notation.

However, we needto be more carefulaboutwhatis meantby f.. Suchasfunc-
tional applicationexpressionf, interfaceshe pointfreeandthe pointwiselevels— it

involvesafunction(f) andavalue(c). But,for B —= ! C x A , thereis amajordis-
tinctionbetweenf ¢ and f, — while theformerdenotesivalueof type B, i.e. f ¢ € B,
fe denotesafunctionof type B = A . Wewill saythatf. € B4 by introducinga
new datatypeconstructwhichwe will call the exponentiai

BA ¥ (gl g: B—— 4} (1.63)
Thereare strongreasondo adoptthe B4 notationin detrimentof the more obvious
B + Aor A — B alternatves,aswe shallseeshortly.
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The B4 exponentialdatatypés therefora@nhabitedby functionsfrom A to B, that
is to say functionaldeclaratiory : B < A meanghesameasg € B4. Andwhat
do we want functionsfor? We wantto apply them. Soit is naturalto introducethe
applyoperator

ap: B—2_pBAx A

ap(f,a) = fa
which appliesafunction f to anargumenta.

Backto genericbinaryfunction B < ! C x A, let usnow think of the opera-

tion which, for every ¢ € C, producesf. € B#. This canbe regardedasa function
of signature pA < C which expresseg asakind of C-indexedfamily of func-

tions of signature 4 —— B . We will denotesucha functionby f (readf as* f
transposed”)Intuitively, we want f and f to berelatedto eachotherby thefollowing
property:

fle,a) = (fela (1.64)

Given ¢ and a, both expressionsienotethe samevalue. But, in a sense,f is more
tolerantthan f: while thelatteris binaryandrequiresbothargumentgc, a) to become
availablebeforeapplicationthe formeris happy to be providedwith ¢ first andwith a
lateron, if actuallyrequiredby the evaluationprocess.

Similarly to A x B and A + B, exponential B4 is characterizedy a universal

property
k=f ¢ f=ap-(kxid) (1.65)
from which laws for cancellationreflexion andfusioncanbederived:

Exponentialscancellation:

BA BAx A~"—B f=ap+ (F x id) (1.66)
?’ ?de/\ [
C CxA

Exponentialsreflexion:

ap

BA BAXxA——RB ap = idga (1.67)

idga xsz/’ %

BA BAx A

idga
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Exponentialsfusion :

BA BAx A~—B g (fxid)=g*f (1.68)
j gxid y
C Cx A

9" (fxid)

f]\ fxid'/
D Dx A

Notethatthecancellatioraw is nothingbut fact(1.64)writtenin the pointfreestyle.
In orderto presenthe absorptioriaw for exponentialsve needto introducea new
functionalcombinatowhich we will write as f4. Its type-ruleis asfollows:

c—L B
o4 L pa
Fixing A and C = ! B, f4 is the function which acceptssomeinput function
B-2 4 asargumentandproducegunction f = g asresult.So f4 is the“compose

with f” functionalcombinator:

(fYg € fug (1.69)

Now we arereadyto understandhelaws which follow:

Exponentialsabsorption :

DA DAx AL —~Dp frg=f*"3 (1.70)
fA/ f“‘xz’d/’ f’

BA BAxAZ—~B

o - /

C CxA

Exponentials-functor:

(g )4 =g* 1A (1.71)

Exponentials-functor-id :

id* = id (1.72)
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To concludethis sectionwe needto explain why we have adoptedthe apparently
esotericB4 notationfor the “function from A to B” datatype. Let usintroducethe
following operator

curryf 7 (1.73)

which mapsa function f to its transposef. This operatoy which is very familiar to
functionalprogrammersmapsfunctionsin somefunctionspaceB€ >4 to functionsin
(B4)C. Its inverse(known asthe uncurryfunction)alsoexists. In the HuGs Standard
Preludewe find themdeclaredasfollows:

curry T ((ab) > ¢) > (a > b -> ¢
cury f x vy =f (xy)
uncurry o (@ > b ->1c¢ -> (ab) -=> )

f (fst p) (snd p)

From (1.73)it is obvious seethatwriting f or curry f is a matterof taste,the latter
beingmorein the tradition of functionalprogramming.For instance the fusion law
(1.68)canbere-writtenas

uncurry f p

curry(g = (f x id)) = curryg » f

andsoon.
It is known from mathematicshat curry and uncurryareisoswitnessingthe fol-
lowing isomorphismwhichis atthe coreof thetheoryof functionalprogramming:
c
)

B4 ~ (A (1.74)

Fact(1.74)clearlyresemblesiwell known equalityconcerninghumericexponentials,
be*e = (b)°. But otherknown factsaboutnumericexponentialse.g. a’*¢ = a® x a¢
or (b x ¢)* = b x ¢ find their counterparin functionalexponentialsThecounterpart
of theformer,

AB+C = gB y 4C (1.75)

arisesfrom the uniquenessf the either combination:every pair of functions(f, g) €
AB x AC leadsto auniquefunction[ f, g ] € AB+¢ andvice-versagveryfunctionin
AB+C istheeitherof somefunctionin A® andof anotherin A“.

The function exponentialscounterparbf the secondfactaboutnumericexponen-
tialsaboveis

(B x )" = BA x c4 (1.76)

This canbejustifiedby asimilaragumentconcerninghe uniquenessf the split com-
binator(f, g).

Whataboutotherfactsvalid for numericexponentialssuchasa® = 1 and1® = 1?
We needto know what(0 and 1 meanasdatatypes. Suchelementarydatatypesare
presentedh the sectionwhichfollows.

Exercise 1.15 Load moduleSet.hs (cf. sectionA.1) into the HUGS interpreterand checkthe typesas-
signedto thefollowing functionalexpressions:
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curry ap
o> ap . (f ><id)
uncurry . curry

Whichof thesds functionallyequivalentto theuncurry  functionandwhy? Whichof thesearefunctionally
equialentto identity functions?Justify
O

1.15 Elementary datatypes

Sofar we have talked mostly aboutarbitrary datatypesepresentedby capital letters
A, B, etc.(lowercasen, b, etc.in the HASKELL illustrations).We alsomentionedR,
Bool andN and,in particular thefactthatwe canassociatéo eachnaturalnumbern
its initial sgmentn = {1,2,...,n}. We extendthisto Ny by statingd = {} and,for
n>0n+1={n+1}Un.

Initial segmentscanbeidentifiedwith enumeratedypesandareregardedasprim-
itive datatypesn our notation. We adoptthe corventionthat primitive datatypesare
written in the sansserif font andso, strictly speakingn is distinctfrom n: thelatter
denotesa haturalnumbemwhile the formerdenotesa datatype.

Datatype O

Amongsuchenumeratetlypes,0 is the smallestbecausét is empty Thisis the Void
datatypen HASKELL, which hasno constructorat all. Datatype0 (which we tendto
write simplyas0) maynotseenvery“useful” in practicebutit is of theoreticainterest.
For instanceit is easyto checkthatthefollowing “obvious” propertieshold:

A+0 A (1.77)
Ax0 =2 0 (1.78)

IR

Datatype 1

Next in the sequencef initial sggmentswe find 1, which is singletonset{1}. How
usefulis this datatype?Note thatevery datatyped containingexactly oneelementis
isomorphicto {1}, eg. A = {NIL}, A = {0}, A = {1}, A = {FALSE}, etc. We
representhis classof singletontypesby 1.

Recallthatisomorphicdatatypedave the sameexpressve powver andso are“ab-
stractlyidentical”. So,the actualchoiceof inhabitantfor datatypel is irrelevant,and
we canreplaceary particularsingletonsetby anothewithoutlosinginformation. This
is evidentfrom thefollowing relevantfactsinvolving 1:

1

Ax1 A (1.79)
A0 =~ 1 (1.80)

We canread(1.79)informally asfollows: if thesecondtcomponenof arecord(“struct”)
cannotchangethenit is uselesandcanbeignored.Selectorr; is, in this context, an
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iso mappingthe left-handside of (1.79)to its right-handside. Its inverseis (id, c)
wherec is a particularchoiceof inhabitantfor datatypel. Concerning(1.80), A° de-
notesthesetof all functionsfrom theemptysetto someA. Whatdoes(1.80)mean?t
simplytells usthatthereis only onefunctionin sucha set— theemptyfunctionmap-
ping “no” valueat all. This factconfirmsour choiceof notationonceagain(compare
with a® = 1 in anumericcontext).

Next, we maywonderaboutfacts

1A

Al

IR

1 (1.81)
A (1.82)

1%

whicharethefunctionalexponentiatiorcounterpartef 12 = 1 anda' = a. Fact(1.81)
is valid: it meanghatthereis only onefunctionmappingA to somesingletonset{c}
— theconstanfunctionc. Thereis no roomfor anotherfunctionin 14 becausenly
c is availableasoutputvalue. Fact(1.82)is alsovalid: all functionsin A are(single
valued)constanfunctionsandthereareas mary constantfunctionsin sucha setas
thereareelementsn A.

In summarywhenreferringto datatypel wewill meananarbitrarysingletontype,
andthereis a uniqueiso (andits inverse)betweentwo suchsingletontypes. The
HASKELL representate of 1 is datatype() , calledthe unit type which containsex-
actlyconstructof) . It mayseenconfusingo denotehetypeandits uniqueinhabitant
by the samesymbolbut it is not, sinceHASKELL keepgrackof typesandconstructors
in separatsymbolsets.

Finally, whatcanwe sayaboutl + A? Everyfunction B S 1+ A observing

this type is boundto be aneither [ by, g ] for by € B and B < Y 4. Thisis very

similar to the handlingof a pointerin C or PAscAL: we “pull arope” andeitherwe
getnothing(1) or we getsomethingusefulof type A. In sucha programmingcontext
“nothing” abore meansa predefinedralueNiL. This analogysupportsour preference
in the sequelfor NIL ascanonicalinhabitantof datatypel. In fact, we will referto
1+ A (or A + 1) asthe“pointerto A” datatype.This correspondso the Maybe type
constructoof theHuGs StandardPrelude

Datatype 2

Let usinspectthe 1 4+ 1 instanceof the “pointer” constructiorjust mentionedabove.

Any obsenation B < ! 1+ 1 canbedecomposeth two constanfunctions: f =
[b1,b2]. Now supposdhat B = {b;,b,} (for b; # b2). Thenl + 1 = B will hold,
for whaterer choiceof inhabitants; andb,. Sowe arein a situationsimilarto 1: we
will usesymbol?2 to representhe abstractlassof all suchBs containingexactly two
elementsThereforewe canwrite:

141 = 2

Of course,Bool = {TRUE, FALSE} andinitial sggment2 = {1,2} arein this ab-
stractclass. In the sequelwe will shav somepreferencdor the particularchoiceof



1.16. FINITARY PRODUCTSAND COPRODUCTS 33

inhabitantsh; = TRUE andby = FALSE, which enablesusto usesymbol2 in places
whereBool is expected.

Exercisel.16 RelateHASKELL expressions

either  (split (const  True) id) (split (const False) id)
and

\f->(f True, f False)

to thefollowing isomorphismsnvolving genericelementarytype2:

A+ A (1.83)
A? (1.84)

2X A
Ax A

IR 1R

Apply theexchange law (1.47)to thefirst expressiorabove.
O

1.16 Finitary productsand coproducts

In sectionl.8it wassuggestethatproductcouldberegardedastheabstractiorbehind
data-structuringrimitivessuchasstruct  in C or record in PAscAL. Similarly,
coproductsveresuggesteih sectionl.9asabstractounterpart®f C unionsor Pas-
CAL variantrecords.For afinite A, exponentialB4 couldbe realizedasan array in
ary of thesdanguagesTheseanalogiesarecapturedn tablel.1.

In the sameway C struct sandunion s may containfinitely mary entries,as
mayPASCAL (variant)recordsproductA x B extendgo finitary product4; x...x A,,
forn € N, alsodenotedby IT?_, A;, to which asmary projectionsr; areassociateas
thenumbern of factorsinvolved. Of course splitsbecomen-ary aswell

<f17"'7fn>: Al X...XAn&B

for f; . A; = B,i=1,n.

Dually, coproductd + B is extensibleto thefinitary sumA;, +---+ 4,,,forn € N,
alsodenotedby 27:1 A;, to whichasmary injectionsi; areassignedisthe number
n of termsinvolved. Similarly, eitheis becomen-ary

[f17"->fn]: A1++An—-B

forfi: B=—A4;,i=1,n.

Datatypen

Next after2, we maythink of 3 asrepresentinghe abstractlassof all datatypeson-
taining exactly threeelements.Generalizingwe may think of n asrepresentinghe
abstractlassof all datatypegontainingexactlyn elementsOf coursejnitial sggment
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[[ Abstract notation | PASCAL | C/C++ | Description |
record struct  {

P: A A first;
AxB S: B B second; Records
end; |
record struct  {
case int tag; /* 1,2 *
tag: integer union {
A+ B of x = A ifA; Variantrecords
1. (P:A); B ifB;
2:  (SB) } data;
end; ;
BA array[A] of B B ..[A] Arrays
1+ A “A A .. Pointers

Tablel.1: Abstractnotationversugprogramminganguagedata-structures.

n will bein this abstractlass. (Recall(1.17),for instance:both Weekday and7 are
abstractlyrepresentetly 7.) Therefore,

n o= 1+4---+1

and

X
b
IR

(1.85)

+
'
IR

(1.86)

hold.

Exercise1.17 Onthebasisof tablel.1,encodeundistr (1.49)in C or PASCAL. Compareyour codewith
the HASKELL pointfreeandpointwiseequivalents.
O

1.17 Initial andterminal datatypes

All propertiesstudiedfor binary splits andbinary eithers extendto the finitary case.
For the particularsituationn = 1, we will have (f) = [f] = f andm = i1 = id,

of course.For the particularsituationn = 0, finitary products‘degenerate’to 1 and
finitary coproductsdegenerateto 0. Sodiagramg1.21)and(1.36)arereducedo

o 0

c c

The standarchotationfor the emptysplit ) is !, wheresubscriptC' canbe omitted
if implicit in the context. By the way, this is preciselythe only functionin 1¢, recall
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(1.81). Dually, the standardhotationfor the emptyeither|[ ] is ?¢, wheresubscriptC
canalsobeomitted. By theway, thisis preciselytheonly functionin C, recall(1.80).
In summarywe may think of 0 and1 as,in a sensethe “extremes”of thewhole
datatypespectrum. For this reasonthey arecalledinitial andterminal respectiely.
We concludethis subjectwith the presentatiorof their main propertieswhich, aswe
have said,areinstance®f propertiesve have statedfor productsandcoproducts.

Initial datatype reflexion:

To=1do
)
0

?0 = idg (1.87)
Initial datatype fusion:
0 f*74="m (1.88)
AN
A ? B
Terminal datatypereflexion:
!1:id1
N L = idy (1.89)
Terminal datatype fusion :
Iae f=Ip (1.90)

B

f

B

Exercise1.18 Particularizethe exchange law (1.47)to emptyproductsandemptycoproductsi.e. 1 and0.
O

1.18 Sumsand productsin HASKELL

We concludehis chaptemwith ananalysisof themainprimitive availablein HASKELL
for creatingdatatypesthedata declarationSupposave declare

data Costumerld = P Int | CC Int
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meaningto say that, for somecompauy, a client is identified either by its passport
numberor by its creditcardnumber if ary. Whatdoesthis pieceof syntaxprecisely
mean?

If we enquirethe HUGS interpreteraboutwhatheknows aboutCostumerld , the
replywill containthefollowing information:

Main> :i Costumerld
-- type constructor
data Costumerld

-- constructors:
P : Int -> Costumerld
CC: Int -> Costumerld

In generaljet A and B betwo known datatypesVia declaration

data C=ClA| C2B (1.92)

oneobtainsfrom HUGS anew datatype” equippedwith constructorsC 91 4 and

o -1

B, in facttheonly onesavailablefor constructingraluesof C:

A B
C

This diagramleadsto anobviousinstanceof coproductdiagram(1.36),

io

< B

|reve]

C

b
b
+
&

C1

describinghatadata declaratiorin HASKELL meangheeither of its constructors.

Becausé¢herearenoothermeando build C data,it followsthatC is isomorphicto
A+ B. So[ C1,C2] hasaninverse sayinv, whichis suchthatinv = [ C1,C2 ] = id.
How do we calculateinv? Let us first think of the genericsituationof a function

D :Jc C which obsenesdatatypeC"
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Thisis anopportunityfor +-fusion(1.40),wherebywe obtain
f*[C1,C2] = [f+Cl,f-C2]

Thereforethe obserationwill befully describedrovidedwe explainhow f behaes
with respecto C'1 — cf. f = C1 — andwith respecto C2 —cf. f = C2. Thisis what
is behindthetypical inductivestructureof pointwise f, whichwill be madeof two and
only two clauses:

f:C ~D
f(Cla)=...
F(C2b) =...

Let ususethisin calculatingtheinverseinv of [ C1,C2]:

inv = [C1,C2] =1id

& { by +-fusion(1.40)}
[inv = Cl,inv = C2] =1id
“ { by +-reflexion (1.39)}
[inv * Cl,inv » C2] = [i1,i2]
~ { eitheruniquenes$1.58)}

inv * Cl =iy ANinv = C2 =iy
Therefore:

inv: C -~ A+ B
inv(Cla) =1i1a
nv(C2a) =i2b

In summaryC'1 is a“renaming”of injectioniy, C2 is a“renaming”of injectioni, and
C'is “renamed’replicaof A + B:

[C1,02]
< A+ B

[ C1,C2]iscalledthealgebraof datatypeC andits inverseinv is calledthecoalgebra
of C. Thealgebracontainsthe constructor®f C'1 andC2 of type C, thatis, it is used
to “build” C-values.In the oppositedirection,co-algebranv enablesisto “destroy”
or obsenre valuesof C':
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Algebra/coalgebraalsoariseaboutproductdatatypesFor instance supposéahatone
wishesto describelatatypePoint inhabitedby pairs(zq, yo), (1, 1) etc.of Cartesian
coordinate®f agiventype,say A. Although A x A equippedvith projectionsry, s
“is” sucha datatype ponemay be interestedn a suitablynamedreplicaof A x A in
which points are built explicitly by someconstructor(say Point) and obsened by
dedicatedselectorgsayz andy):

2

A—"AxA2 -4 (1.92)

N

Point

Thisrisesanalgebra(Point) andacoalgebrg(z, y)) for datatypePoint:

(z,y)
Point/;\AxA
Point
In HASKELL onewrites
data Point a = Point { x = a y : a}

warnedby thefactthatPoint is deliveredin curriedform:
Point @ a -> a -> Point a

Finally, whatis the “pointer”-equivalentin HASKELL? Thiscorrespondso A =1
in (1.91)andto thefollowing HASKELL declaration:

data C=Cl( | C2B

Note that HASKELL allows for a moreprogramming-orientedlternatve in this case,
in whichtheunittype() iseliminated:

data C=Cl| C28B

Thedifferences thathereC1 denotesaninhabitantof C' (andsoaclausef(C1a) =

...isrewrittento f C'1 = .. .) whileabove C1 denotes (constantfunction ¢ CL

Isomorphisn(1.82)helpsin comparinghesetwo alternatve situations.

1.19 Exercises

Exercise1.19 Let A and B betwo disjointdatatypesthatis, A N B = § holds.Shaw thatisomorphism
AUB =~ A+ B (1.93)
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holds. Hint: define AUB ~——— A+ B asi = [emba,embp | for embs a = a andembp b = b,

andfind its inverse.By theway, why didn’t we define: simply as: def [ida,idB ]?
O

Exercisel.20 Letdistr (read:‘distributeright’) bethebijectionwhichwitnessessomorphismA x (B +
C) =~ Ax B+ AxC. Fill inthe“. .."in thediagramwhich follows sothatit describesijection distl
(red: ‘distributeleft’) whichwitnessessomorphism(B + C) x A~ B x A+ C x A:

swap distr

(B+C)x A - —=BxA+CxA
—_— -
distl

O
Exercisel.21 In the contet of exercisel.20,shav that

[g:h]xf = [gxfhx[]~distl (1.94)
holds.
m]

Exercisel.22 Let C _const CcA bethefunctionof exercisel.l1, thatis, const ¢ = ¢ . Whichfactis

expressedy thefollowing diagramfeaturingconst?

consf CA

“|

BA

c

f

B

-
const

Write it at point-level anddescribét by your own words.
O

Exercise1.23 Establistthe differencebetweerthefollowing two declarationsn HASKELL,
data D= Dl1A| D2BC

and
data E = E1 A| E2 (B,C)

for A, BandCary threepredefinedypes.Are D and E isomorphic?If so,canyou specifyandencodethe
correspondingsomorphism?
O
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1.20 Bibliography notes

Almost two decadesago JohnBackusread,in his Turing Award Lecture,a revolu-
tionary paper[Bac7g. This paperproclaimedconventionalcommand-orientegro-
gramminglanguage®bsoletebecausef their inefficiency arising from retaining,at
a high-level, the so-called'memoryaccesdottleneck’of the underlyingcomputation
model— the well-known von Neumanrarchitecture. Alternatively, the (at the time
alreadymature)functionalprogrammingstyle wasput forward for two mainreasons.
Firstly, becausef its potentialfor concurrentandparallelcomputation.Secondly—
andBackusemphasisvasreally put onthis—, becausef its strongalgebraidasis.

Backusalgebra of (functional) programswas providential in alerting computer
programmershat computedanguagesloneareinsuficient, andthat only languages
which exhibit an algebra for reasoningaboutthe objectsthey purportto describewill
beusefulin thelong run.

Theimpactof Backusfirst argumentin the computingscienceandcomputetarchi-
tecturecommunitieswas considerablein particularif assesseth quality ratherthan
quantityandin additionto the almostcontemporanstructued programmingtrend?.
By contrast,his secondargumentfor changingcomputerprogrammingwas by and
largeignored,andonly the so-calledalgebra of programmingresearchminoritiespur-
suedin this direction. However, the advancesin this areathroughoutthe last two
decadesare impressie and can be fully appreciatedy readinga textbook written
relatively recentlyby Bird andde Moor [BdM97]. A comprehensie review of the
voluminousliteratureavailablein this areacanalsobefoundin this book.

Althoughthe needfor a pointfreealgebraof programmingwasfirst identified by
Backus,perhapsnfluencedby Iversons ApL growing popularityin the USA at that
time, theideaof reasoningindusingmathematic$o transformprogramss mucholder
andcanbetracedto thetimesof McCarthyswork onthefoundationf computepro-
grammingMcC63], of Floyd'swork on programmeaningFlo67] andof Patersorand
Hewitt's compaative schematolgy [PH7(. Work of the so-calledprogramtransfor
mationschoolasalreadyery expressiein themid 1970s seefor instanceeferences
[BD77].

The mathematicadequatdor the effective integration of theserelatedbut inde-
pendentines of thoughtwasprovidedby the cateyorial approactof ManesandArbib
compiledin atextbook[MA86] which hasvery stronglyinfluencedthe lastdecadeof
20thcenturytheoreticacomputerscience.

A so-calledMPC (“Mathematicsof ProgramConstruction”}communityhasbeen
amongthe mostactivein producinganintegratedoody of knowledgeonthealgebraof
programmingwhich hasfound in functional programmingan eloquentand paradig-
matic medium. Functionalprogramminghasa tradition of absorbingfresh results
from theoreticalcomputerscience algebraand cateyory theory Languagesuchas
HASKELL [Bir98] have beencompetingo integratethe mostrecentdevelopmentsand
thereforeareexcellentprototypingvehiclesin courseson programcalculation,ashap-
penswith this book.

3EventheC programmindanguagendthe UNIx operatingsystemyith theirimplicit functionalflavour,
may beregardedassubtleoutcomeof the“going functional”trend.



