
Chapter 1

An Intr oduction to Pointfr ee
Programming

Everybodyis familiar with theconceptof a functionsincetheschooldesk.Thefunc-
tional intuition traversesmathematicsfrom endto endbecauseit hasa solidsemantics
rootedonawell-known mathematicalsystem— theclass“all” setsandset-theoretical
functions.

Functionalprogrammingliterally means“programmingwith functions”.Program-
ming languagessuchasL ISP or HASKELL allow usto programwith functions.How-
ever, the functionalintuition is far morereachingthanproducingcodewhich runson
a computer. Sincethepioneeringwork of JohnMcCarthy— theinventorof L ISP —
in theearly1960s,oneknows thatotherbranchesof programmingcanbestructured,
or expressedfunctionally. The ideaof producingprogramsby calculation, that is to
say, that of calculatingefficient programsout of abstract,inefficient oneshasa long
traditionin functionalprogramming.

Thisbookis structuredaroundtheideathatfunctionalprogrammingcanbeusedas
a basisfor teachingprogrammingasa whole,from thesuccessorfunction ����������
to largeinformationsystemdesign.

This chapterprovidesa light-weight introductionto the theoryof functionalpro-
gramming.Its emphasisis on explaininghow to constructnew functionsout of other
functionsusinga minimal setof predefinedfunctionalcombinators.This leadsto a
programmingstylewhich is point freein thesensethatfunctiondescriptionsdispense
with variables(definitionpoints).

Many technicalissuesaredeliberatelyignoredanddeferredto laterchapters.Most
programmingexampleswill beprovidedin theHASKELL functionalprogramminglan-
guage.AppendixA includesthe listingsof someHASKELL moduleswhich comple-
menttheHUGS StandardPrelude(whichis basedverycloselyontheStandardPrelude
for HASKELL 1.4.)andhelpto “animate”themainconceptsintroducedin thischapter.
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4 CHAPTER1. AN INTRODUCTIONTO POINTFREEPROGRAMMING

1.1 Intr oducing functions and types

Thedefinitionof a function 	�

� �� �
(1.1)

canberegardedasa kind of “process”abstraction:it is a “black box” whichproduces
anoutputonceit is suppliedwith aninput:

	� ������ ��� 	 ����� ���

Fromanotherviewpoint,
	

canberegardedasakindof “contract”: it commitsitself
to producinga

�
-valueprovidedit is suppliedwith an

�
-value. How is sucha value

produced?In many situationsonewishesto ignoreit becauseoneis justusingfunction	
. In others,however, onemaywantto inspecttheinternalsof the“black box” in order

to know thefunction’scomputationrule. For instance,

succ

 � � �� � �

succ� � �"!# �$�%�
expressesthe computationrule of the successorfunction — the functionsuccwhich
finds“the next naturalnumber”— in termsof naturalnumberadditionandof natural
number � . Whatwe above meantby a “contract” correspondsto thesignature of the
function,which is expressedby arrow

� � �� � �
in thecaseof succandwhich,by

theway, canbesharedby otherfunctions,e.g. sq �&�'�"!# �)( .
In programmingterminologyonesaysthatsuccandsqhavethesame“type”. Types

play a prominentrôle in functionalprogramming(as they do in otherprogramming
paradigms).Informally, they provide the “glue”, or interfacingmaterial,for putting
functionstogetherto obtain more complex functions. Formally, a “type checking”
disciplinecanbeexpressedin termsof compositionalruleswhichcheckfor functional
expressionwellformedness.

It hasbecomestandardto usearrows to denotefunction signaturesor function
types,recall (1.1). In this book the following variantswill be usedinterchangeably
to denotethe fact that function

	
acceptsargumentsof type

�
andproducesresults

of type
�

:
	*
 � �+, ,

	-
 � �� �
,

� �.+, or
� . �� �

. This
correspondsto writing f :: a -> b in the HASKELL functional programming
language,wheretypevariablesaredenotedby lowercaseletters.

�
will bereferredto

asthedomainof
	

and
�

will bereferredto asthecodomainof
	

. Both
�

and
�

are
symbolswhichdenotesetsof values,veryoftencalledtypes.
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1.2 Functional application

Whatdo we wantfunctionsfor? If we askthis questionto a physicianor engineerthe
answeris very likely to be:onewantsfunctionsfor modellingandreasoningaboutthe
behaviour of realthings.

For instance,function distance/ #103254 / could be written by a schoolphysics
studentto modelthedistance(in, say, kilometers)acarwill drive(perhour)ataverage
speed0623798;:6<>=@?BA . Whenquestionedabouthow farthecarhasgonein 2.5hours,such
amodelprovidesanimmediateanswer:justevaluatedistanceCED F to obtain � F 2G7H8 .

Sowe geta näıve purposeof functions:we wantthemto beappliedto arguments
in orderto obtainresults.Functionalapplicationis denotedby juxtaposition,e.g.

	JI
for

� �.+, and
I � �

, andassociatesto theleft:
	 �LK denotes� 	 � � K ratherthan	 �M�LK � .

1.3 Functional equality and composition

Application is not everythingwe want to do with functions. Very soonour physics
studentwill be able to talk aboutpropertiesof the distancemodel, for instancethat
property

distance� C 4 / � # C 4 � distance/ � (1.2)

holds.Lateron,wecouldlearnfrom heror him thatthesamepropertycanberestated

asdistance� twice / � # twice � distance/ � , by introducingfunctiontwice � �'�"!# C 4 � .
Or evensimplyas

distance. twice # twice. distance (1.3)

where“.” denotesfunction-arrow chaining,assuggestedby drawing

� N
distanceOP

� Ntwice+,
distanceOP� N � N

twice
+,

(1.4)

wherebothspaceandtimearemodelledby realnumbers.
This trivial exampleillustratessomerelevantfacetsof thefunctionalprogramming

paradigm. Which versionof the propertypresentedabove is “better”? the version
explicitly mentioningvariable / andrequiringparentheses(1.2)? the versionhiding
variable/ but resortingto function /RQLSRTVU (1.3)?or evendrawing (1.4)?

Expression(1.3) is clearlymorecompactthan(1.2). Thetrendfor notationecon-
omy andcompactnessis well-known throughoutthe history of mathematics.In the
16thcentury, for instance,algebristswould write 12.cu.̃p.18.ce.p̃.27.co.p̃.17 for what
is nowadayswrittenas � C �XWE��� Y6�X(E� CGZ �[��� Z . Wemayfind suchsyncopatednotation
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odd,but shouldnotforgetthatat its timeit wasreplacingevenmoreobscureexpression
denotations.

Why do peoplelook for compactnotations?A compactnotationleadsto shorter
documents(lesslinesof codein programming)in whichpatternsareeasierto identify
andto reasonabout.Propertiescanbestatedin clear-cut,one-linelongequationswhich
areeasyto memorize.And diagramssuchas(1.4) canbeeasilydrawn which enable
usto visualizemathsin a graphicalformat.

Somepeoplewill arguethatsuchcompact“pointfree”notation(thatis, thenotation
which hidesvariables,or function “definition points”) is too cryptic to be usefulas
a practicalprogrammingmedium. In fact,pointfreeprogramminglanguagessuchas
Iverson’sAPL or Backus’FPhavebeenmorerespectedthanlovedby theprogrammers
community. Virtually all commercialprogramminglanguagesrequirevariablesandso
implementthemoretraditional“pointwise” notation.

Throughoutthisbookwewill adoptboth,dependinguponthecontext. Ourchosen
programmingmedium— HASKELL — blendsthepointwiseandpointfreeprogram-
ming stylesin a quite successfulway. In order to switch from oneto the other, we
needtwo “bridges”: one lifting equality to the functional level andthe other lifting
application.

Concerningequality, notethatthe“ # ” signin (1.2)differsfrom thatin (1.3): while
theformerstatesthattwo realnumbersarethesamenumber, thelatterstatesthattwo� N � N+, functionsarethesamefunction.Formally, wewill saythattwo functions	B\�]$
 � �+, areequalif they agreeatpointwise-level, thatis	 # ]

iff ^ I � � 
G	_I #�` ][I
(1.5)

where# ` denotesequalityat
�

-level.
Concerningapplication,the pointfreestyle replacesit by the more genericcon-

ceptof functionalcompositionsuggestedby function-arrow chaining: wherever two

functionsaresuchthatthetargettypeof oneof them,say
� �a+, is thesameas

the sourcetype of the other, say b �.+, , thenanotherfunctioncanbe defined,b �. .a+, — calledthecompositionof
	

and
]
, or “

	
after

]
” — which “glues”

	
and

]
together:

� 	 . ] � I �'�"!# 	 � ]cI �
(1.6)

Thissituationis picturedby thefollowing arrow-diagram

�. OP
�a+,

. .ade f f f f f f
f

b
(1.7)

or by block-diagram
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� ]I �][I 	 � 	 � ]cI �

Therefore,thetype-ruleassociatedto functionalcompositioncanbeexpressedasfol-
lows: � b.+,b �a+,� �. .a+,

Compositionis certainlythemostbasicof all functionalcombinators.It is thefirst
kind of “glue” which comesto mind whenprogrammersneedto combine,or chain
functions(or processes)to obtainmoreelaboratefunctions(or processes)1. This is
becauseof oneof its mostrelevantproperties,� 	 . ] � . < # 	 . � ] . < � (1.8)

whichsharesthepatternof, for instance� I �hg � � T # I ���igj� T �
and so is called the associativepropertyof composition. This enablesus to move
parenthesesaroundin pointfreeexpressionsinvolving functionalcompositions,or even
to omit them,for instanceby writing

	 . ] . < . S asanabbreviationof �k� 	 . ] � . < � . S ,
or of � 	 . � ] . < ��� . S , or of

	 . �k� ] . < � . S � , etc. For a chainof � -many function
compositionsthenotation lnmoqp�r 	 o will beacceptableasabbreviationof

	 r . s's s . 	 m .

1.4 Identity functions

How free arewe to fulfill the “give me an
�

and I will give you a
�

” contractof
equation(1.1)? In general,the choiceof

	
is not unique. Some

	
s will do as little

aspossiblewhile otherswill laboriouslycomputenon-trivial outputs. At oneof the
extremes,wefind functionswhich“do nothing” for us,thatis, theadded-valueof their
outputwhencomparedto their inputamountsto nothing:	JI # I

1It evenhasa placein script languagessuchasUNIX’s,wheref | g is theshellcounterpartof t . u ,
for appropriate“processes”u and t .
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In thiscase
� # �

, of course,and
	

is saidto bethe identityfunctionon
�

:

S"vGw 
 � �+,SRv w I � �"!# I (1.9)

Notethateverytype x “has” its identity S"vGy . Subscriptswill beomittedwherever

implicit in the context. For instance,the arrow notation
� � � �o{z+, savesus from

writing SRv9| } , etc.. So,we will oftenrefer to “the” identity functionratherthanto “an”
identity function.

How usefulareidentityfunctions?At first sight,they look fairly uninteresting.But
theinterplaybetweencompositionandidentity, capturedby thefollowing equation,	 . SRv # S"v . 	 # 	

(1.10)

will beappreciatedlateron. Thispropertysharesthepatternof, for instance,I � 2~#�2 � I # I
This is why we saythat SRv is theunit of composition.In a diagram,(1.10)looks like
this: �. OP

�oqz+, .OP� �oqz+,
(1.11)

Notethegraphicalanalogyof diagrams(1.4)and(1.11).Diagramsof thiskind arevery
commonandexpressimportantpropertiesof functions,asweshallseefurtheron.

1.5 Constant functions

Oppositeto theidentityfunctions,whichdonotloseany information,wefind functions
whichloseall (or almostall) information.Regardlessof their input,theoutputof these
functionsis alwaysthesamevalue.

Let b bea nonemptydatadomainandlet and T � b . Thenwe definetheevery-
where T functionasfollows,for arbitrary

�
:

T 
 � �� bT I � �"!# T (1.12)

Thefollowing propertydefinesconstantfunctionsatpointfreelevel,

T . 	 # T (1.13)
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andis depictedby a diagramsimilar to (1.11):

boqz OP
��+, .OPb ��+,

(1.14)

Notethat,strictlyspeaking,symbolT denotestwo differentfunctionsin diagram(1.14):
one,which we shouldhave written T w , acceptsinputsfrom

�
while theother, which

weshouldhavewritten T ` , acceptsinputsfrom
�

:

T ` . 	 # T w (1.15)

Thispropertywill bereferredto astheconstant-fusionproperty.
As with identity functions,subscriptswill beomittedwherever implicit in thecon-

text.

Exercise1.1 TheHUGSStandardPreludeprovidesfor constantfunctions:youwriteconst c for � . Check

that HUGS assignsthe sametype to expressionsf . const c andconst (f c) , for every f andc .

Whatelsecanyousayaboutthesefunctionalexpressions?Justify.�

1.6 Monics and epics

Identityfunctionsandconstantfunctionsarethelimit pointsof thefunctionalspectrum
with respectto informationpreservation. All theotherfunctionsarein between:they
lose “some” information,which is regardedas uninterestingfor somereason. This
remarksupportsthe following aphorismabouta facetof functionalprogramming:it
is theart of transformingor losing informationin a controlledandpreciseway. That
is to say, theart of constructingtheexactobservationof datawhich fits in a particular
context or requirement.

How do functionsloseinformation?Basicallyin two differentways: they maybe
“blind” enoughto confusedifferent inputs,by mappingthemonto the sameoutput,
or they may ignorevaluesof their codomain.For instance,T confusesall inputsby
mappingthemall onto T . Moreover, it ignoresall valuesof its codomainapartfrom T .

Functionswhich do not confuseinputsarecalledmonics(or injective functions)

andobey thefollowing property:
� �.+, is monicif, for every pair of functions� b�6� �+, , if

	 . <$# 	 . 7 then <�#�7 , cf. diagram

� �.+, b�+, �+,
(
	

is “cancellableon theleft”).
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It is easyto checkthat“the” identity functionis monic,

SRv . <�# SRv . 7��1<�#�7� � by (1.10)�<�#�7���<�#�7� � predicatelogic �
TRUE

andthatany constantfunction T is notmonic:

T . <�# T . 7���<�#�7� � by (1.15)�T # T �1<�#�7� � functionequalityis reflexive�
TRUE ��<�#�7� � predicatelogic �<�#�7

Sotheimplicationdoesnothold in general(only if <�#�7 ).
Functionswhichdonot ignorevaluesof theircodomainarecalledepics(or surjec-

tive functions)andobey thefollowing property:
� �.+, is epic if, for everypair

of functions b ��6� �+, , if < . 	 #�7 . 	
then <�#�7 , cf. diagram

b ��+, �+, �.+,
(
	

is “cancellableon theright”).
As expected,identity functionsareepic:< . SRv #�7 . SRv �1<�#�7� � by (1.10)�<�#�7���<�#�7� � predicatelogic �

TRUE

Exercise1.2 Underwhatcircumstancesis aconstantfunctionepic?Justify.�
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1.7 Isos

A function
� �.+, whichisbothmonicandepicissaidtobeiso(anisomorphism,

or a bijective function). In this situation,
	

alwayshasan inverse
� .6�G� �� �

, which
is suchthat 	 . 	�� r # SRv ` � 	�� r . 	 # SRv w (1.16)

(i.e.
	

is invertible).
Isomorphismsare very importantfunctionsbecausethey convert datafrom one

“format”, say
�

, to anotherformat,say
�

, without losing information. So
	

andand	 � r
arefaithful protocolsbetweenthetwo formats

�
and

�
. Of course,theseformats

containthesame“amount” of information,althoughthesamedataadoptsa different
“shape”in eachof them. In mathematics,onesaysthat

�
is isomorphicto

�
andone

writes
���# �

to expressthis fact.
Isomorphicdatadomainsareregardedas“abstractly”thesame.Notethat,in gen-

eral,thereis a widerangeof isosbetweentwo isomorphicdatadomains.For instance,
let ���'�6� �G�V� bethesetof weekdays,

���'�6� �G�V� #�@� ? � v I K \�� = � v I K \�� ? U �¡v I K \£¢ U@v � U � v I K \�� <>?XA �¡v I K \k¤ A SRv I K \ � I / ?>A v I K �
andlet symbol ¥ denotethe set � � \ C \£¦E\�§X\ F \ 0 \ ZG� , which is the initial segmentof

� �
containingexactly sevenelements.The following function

	
, which associateseach

weekdaywith its “ordinal” number,	¨
 ��� �©� �G�V� �� ¥	�� = � v I K # �	_� ? U@�¡v I K # C	�¢ U@v � U �¡v I K # ¦	_� <>?XA �¡v I K # §	�¤ A S"v I K # F	 � I / ?XA v I K #�0	 � ? � v I K # Z
is iso (guess

	 � r
). Clearly,

	 v # S means“ v is the S -th dayof theweek”. But note

thatfunction
] v �'�"!#ªA U 8 � 	 v \ Z � ��� is alsoaniso between���'�6� �G�V� and ¥ . While

	
regards

� = � v I K thefirst dayof theweek,
]

places� ? � v I K in thatposition. Both
	

and
]

arewitnessesof isomorphism

��� �©� �G�'� �# ¥ (1.17)

Finally, notethatall classesof functionsreferredto sofar — constants,identities,
epics,monicsandisos— areclosedundercomposition,thatis, thecompositionof two
constantsis a constant,thecompositionof two epicsis epic,etc.



12 CHAPTER1. AN INTRODUCTIONTO POINTFREEPROGRAMMING

1.8 Gluing functionswhich donot compose— products

Functioncompositionhasbeenpresentedabove asthe basisfor gluing functionsto-
getherin orderto build morecomplex functions. However, not every two functions
canbe gluedtogetherby composition.For instance,functions

	«
 � b+, and]¬
 � b+, do not composewith eachotherbecausethedomainof oneof them
is not thecodomainof theother. However, both

	
and

]
sharethesamedomainb . So,

somethingwe cando aboutgluing
	

and
]

togetheris to draw a diagramexpressing
this fact,somethinglike � �

b.­® ¯ ¯ ¯ ¯ ¯ ¯ ¯ a ° ±fffffff
Because

	
and

]
sharethe samedomain,their outputscanbe paired,that is, we

maywrite orderedpair � 	 T \�] T � for each T � b . Suchpairsbelongto the Cartesian
productof

�
and

�
, thatis, to theset� 4 � �'�"!# � � IX\ g �j² I � � � g_� � �

Sowemaythink of theoperationwhichpairstheoutputsof
	

and
]

asa new function
combinator³ 	B\�]E´ definedasfollows:

³ 	B\�]9´ 
 b �� � 4 �
³ 	B\�]E´ T � �"!# � 	 T \�] T � (1.18)

Functioncombinator³ 	B\�]E´ is pronounced“
	

split
]
” (or “pair

	
and

]
”) andcan

bedepictedby thefollowing “block”, or “dataflow” diagram:

T
�
�

	
]

�
�
	 T
] T

Function ³ 	B\�]9´ keepstheinformationof both
	

and
]

in thesamewayCartesianprod-
uct

� 4 �
keepsthe informationof

�
and

�
. So, in thesameway

�
dataor

�
data

canberetrievedfrom
� 4 �

datavia theimplicit projectionsµ r or µ ( ,� � 4 �¶ �+, ¶@· �� �
(1.19)

definedby

µ r � IB\ g � # I
and µ ( � IB\ g � # g
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and

]
canberetrievedfrom ³ 	B\�]9´ via thesameprojections:

µ r . ³ 	B\�]9´ # 	
and µ ( . ³ 	B\�]9´ # ]

(1.20)

This fact (or pair of facts)will be referredto as the 4 -cancellationpropertyand is
illustratedin thefollowing diagramwhichputsthingstogether:� � 4 �¶ �+, ¶ · �� �

b.¸¹ º º º º º º º º º» . � aV¼¾½ ¿ a À ÁÂÂÂÂÂÂÂÂÂ
(1.21)

In summary, thetype-ruleassociatedto the“split” combinatoris expressedby

� b.+,� ba+,� 4 � b» . � aÃ¼+,
A split ariseswherever two functionsdo not composebut sharethesamedomain.

Whataboutgluing two functionswhich fail sucharequisite,e.g.

� b.+,� Äa+, D D'DÆÅ
The ³ 	B\�]E´ split combinationdoesnotworkany more.But awayto “unify” thedomains
of

	
and

]
, b and

Ä
respectively, is to regardthemastargetsof theprojectionsµ r andµ ( of b 4 Ä

. Thatis to say, expression³ 	 . µ r \�] . µ ( ´ is well-typed,having domainb 4 Ä
andcodomain

� 4 �
. It correspondsto the“parallel” applicationof

	
and

]
which is suggestedby thefollowing data-flow diagram:

T
v

�
�

	
]

�
�
	 T
] v

Functionalcombination ³ 	 . µ r \�] . µ ( ´ appearsvery often anddeservesspecial
notation— it will beexpressedby

	 4 ]
. So,by definition,wehave	 4 ] � �"!# ³ 	 . µ r \�] . µ ( ´ (1.22)
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which is pronounced“productof
	

and
]
” andhastyping-rule

� b.+,� Äa+,� 4 � b 4 Ä.9Ç a+, (1.23)

Note theoverloadingof symbol“ 4 ”, which is usedto denotebothCartesianproduct
andfunctionalproduct.Theadoptionof thisnotationwill befully justifiedlateron.

What is the interplayamongfunctionalcombinators
	 . ]

(composition), ³ 	B\�]9´
(split) and

	 4 ]
(product)? Compositionandsplit relateto eachothervia thefollowing

property, known as 4 -fusion:

� � 4 �¶ �+, ¶@· �� �
ba¸¹ º º º º º º º º º» a � � ¼ ½ ¿ � À ÁÂÂÂÂÂÂÂÂÂ
Ä

a ..
ÈÉ Ê Ê Ê Ê Ê Ê Ê Ê Ê Ê Ê Ê Ê Ê Ê. ½ ¿

� ..
ËÍÌÎÎÎÎÎÎÎÎÎÎÎÎÎÎÎ

³ ]Ï\ < ´ . 	 # ³ ] . 	B\ < . 	Ð´
(1.24)

Thisshowsthatsplit is right-distributivewith respecttocomposition.Left-distributivity
doesnotholdbut thereis somethingwecansayabout

	 . ³ ]B\ < ´ in case
	 # S 4ÒÑ :

� S 4ÒÑ � . ³ ]Ï\ < ´# � by (1.22)�³ÍS . µ r \ Ñ . µ ( ´ . ³ ]Ï\ < ´# � by 4 -fusion(1.24)�³ � S . µ r � . ³ ]B\ < ´V\ � Ñ . µ ( � . ³ ]Ï\ < ´�´# � by (1.8)�³ÍS . � µ r . ³ ]Ï\ < ´ � \ Ñ . � µ ( . ³ ]B\ < ´ � ´# � by 4 -cancellation(1.20)�³ÍS . ]Ï\ Ñ . < ´
The law we have just derived is known as 4 -absorption. (The intuition behindthis
terminologyis that“split absorbs4 ”, asa specialkind of fusion.) It is a consequence
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of 4 -fusionand 4 -cancellationandis depictedasfollows:� � 4 �¶ �+, ¶@· �� �
Äo ½ ¿ Ä 45Ó¶ �+, ¶ · ��o ÇGÔ ½ ¿ Ó

Ô ½ ¿

ba¸¹ Õ Õ Õ Õ Õ Õ Õ Õ Õ» a � � ¼ ½ ¿ � À ÁÂÂÂÂÂÂÂÂÂ

� S 4ÒÑ � . ³ ]B\ < ´ # ³MS . ]B\ Ñ . < ´ (1.25)

Thisdiagramprovidesuswith two furtherresultsaboutproductsandprojectionswhich
canbeeasilyjustified:

S . µ r # µ r . � S 4ÒÑ � (1.26)Ñ . µ ( # µ ( . � S 4ÒÑ � (1.27)

Two specialpropertiesof
	 4 ]

arepresentednext. Thefirst oneexpressesa kind
of “bi-distribution” of 4 with respectto composition:� ] . < � 4 � S . Ñ � # � ] 4 S � . � <�4ÖÑ � (1.28)

We will referto thispropertyasthe 4 -functorproperty. Theotherproperty, whichwe
will referto asthe 4 -functor-id property, hasto dowith identity functions:

SRv w 4 SRv ` # SRv w Ç ` (1.29)

Thesetwo propertieswill be identifiedasthe functorial propertiesof product. This
choiceof terminologywill beexplainedlateron.

Let us finally analysethe particularsituationin which a split is built involving
projectionsµ r andµ ( only. Theseexhibit interestingproperties,for instance³Íµ r \ µ ( ´ #SRv . Thispropertyis known as 4 -reflexionandis depictedasfollows:� � 4 �¶ �+, ¶ · �� �

� 4 �¶ �×Ø º º º º º º º º ºo{zÃÙXÚ Û ½ ¿ ¶ · ÜÆÝÂÂÂÂÂÂÂÂÂ
³Mµ r \ µ ( ´ # SRv w Ç ` (1.30)

Whatabout ³Íµ ( \ µ r ´ ? Thiscorrespondsto adiagram� � 4 �¶ �+, ¶@· �� �
� 4 �¶@·×Ø º º º º º º º º º» ¶¡· � ¶ � ¼ ½ ¿ ¶ � ÜÆÝÂÂÂÂÂÂÂÂÂ

which looksvery muchthesameif submittedto a � Y 2GÞ clockwiserotation(
�

and
�

swapwith eachother).Thissuggeststhat �'Q I ß
(thenameweadoptfor ³Íµ ( \ µ r ´ ) is its
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own inverse,ascanbecheckedeasilyasfollows:

�'Q I ß . � Q I¡ß
# � by definition � Q I¡ß �'�"!# ³Mµ ( \ µ r ´ �³Mµ ( \ µ r ´ . �'Q I ß
# � by 4 -fusion(1.24)�³Mµ ( . � Q I¡ßà\ µ r . � Q I¡ßÏ´
# � definitionof � Q I¡ß

twice�³Mµ ( . ³Mµ ( \ µ r ´Ã\ µ r . ³Íµ ( \ µ r ´�´# � by 4 -cancellation(1.20)�³Mµ r \ µ ( ´# � by 4 -reflexion (1.30)�S"v
Therefore,�'Q I ß

is isoandestablishesthefollowing isomorphism� 4 � �# � 4 �
(1.31)

which is known asthecommutativepropertyof product.

The“productdatatype”
� 4 �

isessentialto informationprocessingandis available
in virtually every programminglanguage.In HASKELL onewrites (A,B) to denote� 4 �

, for
�

and
�

two predefineddatatypes,fst to denoteµ r andsnd to denoteµ ( . In theC programminglanguagethisdatatypeis calledthe“structdatatype”,

struct �
A first;
B second;� ;

while in PASCAL it is calledthe“recorddatatype”:

record
first: A;
second: B

end;

Isomorphism(1.31)canbe re-interpretedin this context asa guaranteethatonedoes
not lose(or gain) anythingin swappingfieldsin record datatypes. C or PASCAL pro-
grammersknow alsothat record-fieldnestinghasthe samestatus,that is to saythat,
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for instance,datatype

record
F: A;
S: record

F: B;
S: C;

end
end;

is abstractlythesameas

record
F: record

F: A;
S: B

end;
S: C;

end;

In fact,this is anotherwell-known isomorphism,known astheassociativeproperty
of product: � 4 � � 4 b �á�# � � 4 �
� 4 b (1.32)

This is establishedby
� 4 � � 4 b � � � 4 �
� 4 bâVã�ã Þ �"ä+, , which is pronounced“as-

sociateto theright” andis definedbyI �@� = T A �'�"!# ³iµ r . µ r \ ³Íµ ( . µ r \ µ ( ´�´ (1.33)

SectionA.1 in theappendixlistsanextensionto theHUGS StandardPrelude, called
Set.hs , which makes isomorphismssuchas � Q I¡ß

and
I �¡� = T A available. In this

module,theconcretesyntaxchosenfor ³ 	B\�]9´ is split f g andtheonechosenfor	 4 ]
is f >< g.

Exercise1.3 Show that å æ£æ�ç��Rè is isoby conjecturingits inverseå æ£æ�ç���é andproving thatfunctionalequalityå¡ækækç��Rè . å¡ækækç���é6ê&ëíì holds.�
Exercise1.4 Use(1.22)to prove properties(1.28)and(1.29).�
1.9 Gluing functions which do not compose— coprod-

ucts

The split functional combinatorarosein the previous sectionas a kind of glue for
combiningtwo functionswhichdonotcomposebut sharethesamedomain.The“dual”
situationof two non-composablefunctions

	î
 b �+, and
]ï
 b �+,

whichhoweversharethesamecodomainis depictedin�
. ðñ ¯¯¯¯¯¯

¯ �
ade f f f f f f
f

b
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It is clearthat thekind of gluewe needin this caseshouldmake it possibleto apply	
in casewe areon the “

�
-side” or to apply

]
in casewe areon the “

�
-side” of the

diagram.Let uswrite ò 	B\�]�ó
to denotethenew kind of combinator. Its codomainwill

be b . Whataboutits domain?
We needto describethedatatypewhich is “either an

�
or a

�
”. Since

�
and

�
aresets,we may think of

��ôõ�
assucha datatype. This works in case

�
and

�
aredisjoint sets,but wherever the intersection

��ö¬�
is non-emptyit is undecidable

whethera value �%� ��ö¬�
is an “

�
-value” or a “

�
-value”. In the limit, if

� # �
then

�÷ô$� # � # �
, thatis to say, wehavenot inventedanew datatypeatall. These

difficultiescanbecircumventedby resortingto disjointunion:� o � �� � � � �o ·+,
The valuesof

� � �
can be thoughtof as “copies” of

�
or

�
valueswhich are

“stamped”with differenttagsin orderto guaranteethat valueswhich aresimultane-
ously in

�
and

�
do not get mixed up. The taggingfunctions S r and S ( arecalled

injections:

S r I # � / r \£I � \ S ( g # � / ( \ g � (1.34)

Knowing theexactvaluesof tags/ r and / ( is notessentialto understandingtheconcept
of a disjoint union. It sufficesto know that S r and S ( tagdifferentlyandconsistently.
For instance,thefollowing realizationsof

� � �
in theC programminglanguage,

struct �
int tag; /* 1,2 */
union �

A ifA;
B ifB;� data;� ;

or in PASCAL,

record
case

tag: integer
of x =

1: (P:A);
2: (S:B)

end;

adoptintegertags.In theHUGS StandardPrelude, which is basedvery closelyon the
Standard Preludefor HASKELL 1.4.,the

� � �
datatypeis realizedby

data Either a b = Left a | Right b

So,Left andRight canbethoughtof astheinjectionsS r and S ( in this realization.
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At this level of abstraction,disjoint union
� � �

is calledthecoproductof
�

and�
, on topof whichwedefinethenew combinatorò 	B\�]�ó

(pronounced“either
	

or
]
”)

asfollows:

ò 	B\�]�ó 
 � � � �� bò 	B\�]�ó � �'�"!# ø � # S r I � 	JI� # S ( g � ] g (1.35)

As wedid for products,wecanexpressall this in a singlediagram:

� o � ��
. ùú ººººººº

ºº � � �û . � aýüOP
�o ·+,

aþÿ Â Â Â Â Â Â Â
Â Â

b
(1.36)

It is interestingto notehow similar this diagramis to the onedrawn for products—
onejusthasto reversethearrows,replaceprojectionsby injectionsandthesplit arrow
by the either one. This expressesthe fact that productandcoproductaredual math-
ematicalconstructs(comparewith sineandcosinein trigonometry). This duality is
of a greatconceptualeconomybecauseeverythingwe cansayaboutproduct

� 4 �
canberephrasedto coproduct

� � �
. For instance,we mayintroducethesumof two

functions
	 � ]

asthenotiondualto product
	 4 ]

:

	 � ] � �"!# ò¡S r . 	B\ S ( . ]_ó
(1.37)

Thefollowing list of � -lawsprovideseloquentevidenceof thisduality:� -cancellation:

� o � ��
a ùú ººººººº

ºº � � �û a � � üOP
�o ·+,

�þÿ Â Â Â Â Â Â Â
Â Â

b
ò ]Ï\ < ó . S r # ]

, ò ]Ï\ < ó . S ( #�< (1.38)

� -reflexion:

� o � ��
o � �� ººººººº

ºº � � �
oqz Ù��GÛOP

�o ·+,
o ·�� Â Â Â Â Â Â Â
Â Â

� � �
ò S r \ S ( ó # S"vGw�� ` (1.39)
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� -fusion :� o � ��
a ùú ººººººº

ºº
. .a

�	 ÊÊÊÊÊ
ÊÊÊÊÊÊ

ÊÊÊÊ
� � �û a � � üOP

�o ·+,
�þÿ Â Â Â Â Â Â Â
Â Â

. .�

� Î Î Î Î Î

Î Î Î Î Î Î
Î Î Î Î

b .OPÄ

	 . ò ]Ï\ < ó # ò 	 . ]Ï\£	 . < ó
(1.40)

� -absorption :� o � ��
o OP

� � �
o � Ô OP

�o ·+, ÔOPÄ o � ��
a ùú ÕÕÕÕÕÕÕ

ÕÕ Ä � Óû a � � üOP
Óo ·+,

�þÿ Â Â Â Â Â Â Â
Â Â

b

ò ]Ï\ < ó . � S � Ñ � # ò ] . S \ < . Ñ ó
(1.41)

� -functor : � ] . < � ��� S . Ñ � # � ] � S � . � < � Ñ � (1.42)

� -functor-id : SRv3w � SRv `h# SRvGw�� ` (1.43)

In summary, thetyping-rulesof theeitherandsumcombinatorsareasfollows:

b �.+,b �a+,
b � � �û . � aýü+,

b �.+,Ä �a+,
b � Ä � � �. � a+, (1.44)

Exercise1.5 By analogy(duality)with æ
��å�� , show that ��ë����Íë���� is its own inverseandsothatfact����� �ê �����
(1.45)

holds.�
Exercise1.6 Dualize(1.33),thatis, write theisowhichwitnessesfact� �"!#���%$'& �ê !#���(�)&*�%$

(1.46)
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from right to left. Usetheeither syntaxavailablefrom theHUGS StandardPreludeto encodethis iso in

HASKELL.�
1.10 Mixing productsand coproducts

Datatypeconstructions
� 4 �

and
� � �

have beenintroducedabove as devices
requiredfor expressingthecodomainof splits(

� 4 �
) or thedomainof eithers(

� � �
).

Therefore,afunctionmappingvaluesof acoproduct(say
� � �

) to valuesof aproduct
(say

�,+ 4 �-+
) canbeexpressedalternatively asaneitheror asa split. In thefirst case,

bothcomponentsof theeithercombinatoraresplits. In thelatter, bothcomponentsof
thesplit combinatorareeithers.

This exchangeof formatin definingsuchfunctionsis known astheexchange law.
It statesthefunctionalequalitywhich follows:

òH³ 	B\�]E´Ã\ ³ < \ 7 ´)ó # ³£ò 	B\ < ó¾\ ò ]Ï\ 7 óí´
(1.47)

It can be checked by type-inferencethat both the left-handside and the right-hand

sideexpressionsof this equalityhave type
� 4 Ä � � b+, , for

� �.+, ,Ä �a+, ,
� b�+, and

Ä b�+, .
An exampleof a functionwhich is in theexchange-law formatis isomorphism� 4 � � � b � � � 4 ��� ��� � 4 b �. m z�o ã0/Mä+, (1.48)

(pronounce? � v3S�� / A as“un-distribute-right”)which is definedby? � v3S�� / A �'�"!# ò¡S"v 4 S r \ SRv 4 S ( ó
(1.49)

andwitnessesthefactthatproductdistributesthroughcoproduct:� 4 � � � b �á�# � � 4 �
� ��� � 4 b �
(1.50)

In thiscontext, supposethatweknow of threefunctions
Ä �.+, , Ó �a+,

and
¤ b�+, . By (1.44)weinfer Ó � ¤ � � ba � �+, . Then,by (1.23)weinfer

Ä 4 � Ó � ¤ � � 4 � � � b �.9Ç21 a � �43+, (1.51)

So, it makessenseto combineproductsand sumsof functionsand the expressions
which denotesuchcombinationshave the same“shape”(or symbolicpattern)asthe
expressionswhich denotetheir domainandrange— the D'D D 4 � s s's � s's s � “shape”in
this example.In fact, if we abstract sucha patternvia somesymbol,say 5 — that is,
if wedefine

5 �76 \�8j\:9 � � �"!# 6 4 � 8 � 9 �
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— thenwecanwrite 5 � Ä \ Ó \k¤ � 5 � � \ � \ b �; 1q. � a � �43+, for (1.51).
This kind of abstractionworksfor every combinationof productsandcoproducts.

For instance,if wenow abstracttheright-handsideof (1.48)via pattern

< �=6 \
8 \:9 � �'�"!# �=6 4 8 � ���=6 4 9 �
wehave

< � 	B\�]Ï\ < � # � 	 4 ] � ��� 	 45< � , a functionwhichmaps
< � � \ � \ b � # � � 4�
� �¬� � 4 b �

onto
< � Ä \ Ó \k¤ � # � Ä 4�Ó � �¬� Ä 4 ¤ �

. All thiscanbeput in adiagram

5 � � \ � \ b �
; 1q. � a � �43 OP

< � � \ � \ b �. m z�o ã>/Mä+,
?�1q. � a � �43OP

5 � Ä \ Ó \k¤ � < � Ä \ Ó \k¤ �
whichunfoldsto � 4 � � � b �

.9Ç21 a � ��3 OP
� � 4 ��� ��� � 4 b �. m z�o ã0/Mä+,

1q.9Ç a 3 � 1q.9Ç �43OPÄ 4 � Ó � ¤ � � Ä 4&Ó � ��� Ä 4 ¤ �
(1.52)

oncethe 5 and
<

patternsare instantiated. An interestingtopic which stemsfrom
(completing)thisdiagramwill bediscussedin thenext section.

Exercise1.7 Apply theexchange law to @BAHìÃëMæ
Cíè .�
Exercise1.8 Completethe“?”s in diagram D

E
F4G HJI
KL M M M M
M M MONQPSR�NQP4T�UOPD D

E:VWG XYI+,
andthensolve theimplicit equationfor Z and [ .�
Exercise1.9 Repeatexercise1.8with respectto diagramD]\ RY^QN G _S`��

F R H ab cccc
ccc

D
NQPSR�NQP4T�UOPD

�
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1.11 Natural properties

Let usresumediscussionabout? � v6S�� / A andthetwo otherfunctionsin diagram(1.52).
Whataboutusing ? � v6S�� / A itself to closethisdiagram,at thebottom?Notethatdefini-
tion (1.49)worksfor

Ä
, Ó and

¤
in thesamewayit doesfor

�
,
�

and b . (Indeed,the
particularchoiceof symbols

�
,
�

and b in (1.48)wasratherarbitrary.) Therefore,we
get: � 4 � � � b �

.HÇY1 a � �43 OP
� � 4 �
� ��� � 4 b �. m z�o ã0/Mä+,

1{.HÇ a 3 � 1q.9Ç �43OPÄ 4 � Ó � ¤ � � Ä 45Ó � ��� Ä 4 ¤ �. m z�o ã0/Mä+,
whichexpressesa very importantpropertyof ? � v3SR� / A :� 	 4 � ] � < �k� . ? � v3SR� / A # ? � v6S�� / A . ��� 	 4 ] � ��� 	 4;< �k� (1.53)

This is calledthenatural propertyof ? � v6S�� / A . This kind of property(oftencalled
freeinsteadof natural) is notaprivilegeof ? � v3SR� / A . As amatterof fact,everyfunction
interfacingpatternssuchas 5 or

<
abovewill exhibit its own natural property. Further-

more,wehave alreadyquotednatural propertieswithoutmentioningit. Recall(1.10),
for instance.Thisproperty(establishingSRv astheunit of composition)is, afterall, the
natural propertyof S"v . In this casewehave 5 6 # < 6 # 6 , ascanbeeasilyobserved
in diagram(1.11).

In general,natural propertiesaredescribedby diagramsin which two “copies” of
theoperatorof interestaredrawn ashorizontalarrows:�. OP

5 �; . OP
< �d+,
?�.OP� 5 � < �d+,

� 5 	 � . e # e . � < 	 �
(1.54)

Notethat
	

is universallyquantified,thatis to say, thenatural propertyholdsfor every	�
 � �+, .
Diagram(1.54) correspondsto unary patterns 5 and

<
. As we have seenwith? � v6S�� / A , other functions(

]
, < etc.) comeinto play for multiary patterns. A very

importantrôle will be assignedthroughoutthis book to these 5 \ < , etc. “shapes”or
patternswhicharesharedby pointfreefunctionalexpressionsandby theirdomainand
codomainexpressions.Fromchapter2 onwardswe will refer to themby their proper
name— “functor” — which is standardin mathematicsandcomputerscience.Then
we will alsoexplain thenamesassignedto propertiessuchas,for instance,(1.28)or
(1.42).

Exercise1.10 Show that (1.26)and(1.27)arenatural properties.Dualizetheseproperties.Hint : recall

diagram(1.41).�
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Exercise1.11 Establishthenatural propertiesof the æ
��å�� (1.31)and å æ£æ�ç��Rè (1.33)isomorphisms.�
1.12 Universalproperties

Functionalconstructs³ 	B\�]9´ and ò 	B\�]�ó
(andtheirderivatives

	 4 ]
and

	 � ]
) provide

good illustration aboutwhat is meantby a program combinatorin a compositional
approachto programming:thecombinatoris put forwardequippedwith anusefulset
of propertieswhich enableprogrammersto transformprograms,reasonaboutthem
and perform useful calculations. This raisesa programmingmethodology which is
scientificandstable.

Suchpropertiesbearstandardnamessuchascancellation, reflexion, fusion, ab-
sortionetc.. Wheredo thesecomefrom? As a rule, for eachcombinatorto bedefined
onehasto definesuitableconstructionsat “interface”-level 2, e.g.

� 4 �
and

� � �
.

Thesearenot chosenor inventedat random: eachis definedin a way suchthat the
associatedcombinatoris uniquelydefined. This is assuredby a so-calleduniversal
propertyfrom which theotherscanderived.

Take product
� 4 �

, for instance.Its universalpropertystatesthat, for eachpair

of arrows
� b.+, and

� b.+, , thereexistsanarrow
� 4 � b» . � aV¼+, such

that 7Ò# ³ 	B\�]E´gf ø µ r . 7Ò# 	µ ( . 7Ò# ] (1.55)

holds— recalldiagram(1.21)— for all
� 4 � b�+, . Thisequivalencestatesthat³ 	B\�]9´ is theuniquearrow satisfyingthepropertyontheright. In fact,read(1.55)in the� directionandlet 7 be ³ 	B\�]9´ . Then µ r . ³ 	B\�]E´ # 	

and µ ( . ³ 	B\�]E´ # ]
will hold,

meaningthat ³ 	B\�]E´ effectivelyobeysthepropertyontheright. In otherwords,wehave
derived 4 -cancellation(1.20). Reading(1.55)in the h directionwe understandthat,
if some7 satisfiessuchproperties,thenit “hasto be” thesamearrow as ³ 	B\�]9´ .

It is easyto seeotherpropertiesof ³ 	B\�]E´ arisingfrom (1.55). For instance,for7Ò# SRv weget 4 -reflexion (1.30),

SRv # ³ 	B\�]9´Yf ø µ r . SRv # 	µ ( . SRv # ]
� � by (1.10)�

SRv # ³ 	B\�]9´Yf ø µ r # 	µ ( # ]
� � by substitutionof

	
and

] �SRv # ³Mµ r \ µ ( ´
2In thecurrentcontext, programs“are” functionsandprogram-interfaces“are” thedatatypesinvolvedin

functionalsignatures.
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andfor 7Ò# ³iS \ Ñ ´ . < weget 4 -fusion(1.24):

³iS \ Ñ ´ . <�# ³ 	B\�]9´Yf ø µ r . � ³ÍS \ Ñ ´ . < � # 	µ ( . � ³iS \ Ñ ´ . < � # ]
� � compositionis associative (1.8)�

³iS \ Ñ ´ . <�# ³ 	B\�]9´Yf ø � µ r . ³ÍS \ Ñ ´ � . <�# 	� µ ( . ³iS \ Ñ ´ � . <�# ]
� � by 4 -cancellation(justderived) �

³iS \ Ñ ´ . <�# ³ 	B\�]9´Yf ø S . <�# 	Ñ . <�# ]
� � by substitutionof

	
and

] �³iS \ Ñ ´ . <�# ³MS . < \ Ñ . < ´
It will takeaboutthesameeffort to derivesplit structuralequality

³MS \ Ñ ´ # ³ 	B\�]9´if ø S # 	Ñ�# ] (1.56)

from universalproperty(1.55)— just let 7Ò# ³MS \ Ñ ´ .
Similarargumentscanbebuilt aroundcoproduct’suniversalproperty,

7Ò# ò 	B\�]_ójf ø 7 . S r # 	7 . S ( # ] (1.57)

from whichstructuralequalityof eitherscanbeinferred,

ò¡S \ Ñ ó # ò 	B\�]�ójf ø S # 	Ñ
# ] (1.58)

aswell astheotherpropertiesweknow aboutthiscombinator.

Exercise1.12 Derive
�

-cancellation(1.38),
�

-reflexion (1.39)and
�

-fusion(1.40)from universalproperty

(1.57).�
1.13 Guards and McCarthy’sconditional

Most functionalprogramminglanguagesandnotationscaterfor pointwiseconditional
expressionsof theform S 	 � ß � � / < U � � ] � � Ulki�¡U � < � �
meaning ø ß � � ] �m � ß � � � < �
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for somegivenpredicate n�o*o�p �q+, , some“then”-function
� �a+, andsome

“else”-function
� ��+, . n�o�orp is the primitive datatypecontainingtruth values

FALSE andTRUE.
Can suchexpressionsbe written in the pointfreestyle? They can, provided we

introducetheso-called“McCarthyconditional”functionalformß � ]B\ <
which is definedby ß � ]Ï\ < � �"!# ò ]Ï\ < ó . ß Å (1.59)

a definitionwe canunderstandprovidedwe know themeaningof the “
ß Å ” construct.

We call
� � � �qWs+, a guard, or better, theguardassociatedto a givenpredicate

n�o*o�p �q+, . Everypredicate
ß

givesbirth to its own guard
ß Å which,atpoint-level,

is definedasfollows: � ß Å � I # ø ßJI � S r Im � ßJI � � S ( I (1.60)

In a sense,guard
ß Å is more“informative” than

ß
alone:it providesinformationabout

theoutcomeof testing
ß

onsomeinput
I
, encodedin termsof thecoproductinjections

( S r for a trueoutcomeand S ( for a falseoutcome,respectively) without losingtheinputI
itself.

Thefollowing fact,whichwewill referto asMcCarthy’sconditionalfusionlaw, is
a consequenceof � -fusion(1.40):	 . � ß � ]B\ < � # ß � 	 . ]B\�	 . < (1.61)

Weshallintroduceanddefineinstancesof predicate
ß

aslongasthey areneeded.A
particularlyimportantassumptionof ournotationshould,however, bementionedatthis

point: weassumethat,for everydatatype
�

, theequalitypredicate n�o�orp � 4 �p Ù+,
is definedin a way which guaranteesthreebasicproperties:reflexivity (

I # w I
for

every
I
), transitivity (

I # w g and g # wnT implies
I # wnT ) andsymmetry(

I # w g if fg # w I
). Subscript

�
in # w will bedroppedwherever implicit in thecontext.

In HASKELL programming,theequalitypredicatefor a typebecomesavailableby
declaringthetypeasaninstanceof classEq, which exportsequalitypredicate(==) .
This doesnot, however, guaranteethe reflexive, transitive andsymmetryproperties,
whichneedto beprovedby dedicatedmathematicalarguments.

Exercise1.13 Prove thatthefollowing equalitybetweentwo conditionalexpressionst ! ë u �uZ�C�vBw�A u Z�w£é æ�wxvuZ*�Íë u �yZzC�vBw�A�t2Z�w£é æ�w�ë{Z &ê ë u �uZ�C�vBw�A t ! u Z*�ÍtJZ & w£é æ�w t ! v|Z*�Íë}Z &
holdsby rewriting it in thepointfreestyle(usingtheMcCarthy’s conditionalcombinator)andapplyingthe

exchange law (1.47),amongothers.�
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Exercise1.14 Prove law (1.61).�
1.14 Gluing functions which do not compose— expo-

nentials

Now thatwehavemadethedistinctionbetweenthepointfreeandpointwisefunctional
notationsreasonablyclear, it is instructive to revisit section1.2andidentify functional
applicationasthe“bridge” betweenthepointfreeandpointwiseworlds. However, we
shouldsay“a bridge” ratherthan“the bridge”, for in this sectionwe enrichsuchan
interfacewith another“bridge” which is very relevantto programming.

Supposewe are given the task to combinetwo functions
� b 4 �.+, andÄ �a+, . It is clearthatnoneof thecombinations

	 . ]
, ³ 	B\�]E´ or ò 	B\�]�ó

is well-
typed.So,

	
and

]
cannotbeput togetherdirectly— they requiresomeextra interfac-

ing.
Note that ³ 	B\�]E´ would be well-definedin casethe b componentof

	
’s domain

couldbesomehow “ignored”. Suppose,in fact,thatin someparticularcontext thefirst
argumentof

	
happensto be“irrelevant”, or to befrozento someT � b . It is easyto

derivea new function 	 � 
 � �� �	 � I �'�"!# 	 � T \£I �
from

	
which combinesnicely with

]
via thesplit combinator: ³ 	 � \�]9´ is well-defined

and bearstype
� 4 Ä �+, . For instance,supposethat b # �

and
	

is the

equalitypredicate# on
�

. Then n�o*o�p �py~+, is the “equal to T ” predicateon
�

values: # � I � �"!# I # T (1.62)

As anotherexample,recall function /RQLSRTVU (1.3) which could be definedas 4 ( using
thenew notation.

However, we needto be morecarefulaboutwhat is meantby
	 � . Suchasfunc-

tional application,expression
	 � interfacesthepointfreeandthepointwiselevels— it

involvesafunction(
	

) andavalue( T ). But, for
� b 4 �.+, , thereis amajordis-

tinctionbetween
	 T and

	 � — while theformerdenotesavalueof type
�

, i.e.
	 T � �

,	 � denotesa functionof type
� �+, . We will saythat

	 � � � w by introducinga
new datatypeconstructwhichwewill call theexponential:� w �'�"!# � ] ² ]$
 � �+, � (1.63)

Therearestrongreasonsto adoptthe
� w notationin detrimentof the moreobvious��� �

or
� � �

alternatives,asweshallseeshortly.
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The
� w exponentialdatatypeis thereforeinhabitedby functionsfrom

�
to

�
, that

is to say, functionaldeclaration
]�
 � �+, meansthesameas

] � � w . And what
do we want functionsfor? We want to apply them. So it is naturalto introducethe
applyoperator

I¡ß;
 � � w 4 �âSq+,I¡ß � 	B\kI � �'�"!# 	_I
whichappliesa function

	
to anargument

I
.

Back to genericbinary function
� b 4 �.+, , let usnow think of theopera-

tion which, for every T � b , produces
	 � � � w . This canbe regardedasa function

of signature
� w b+, which expresses

	
asa kind of b -indexedfamily of func-

tions of signature
� �+, . We will denotesucha function by

	
(read

	
as“

	
transposed”).Intuitively, wewant

	
and

	
to berelatedto eachotherby thefollowing

property: 	 � T \kI � # � 	 T � I (1.64)

Given T and
I
, both expressionsdenotethe samevalue. But, in a sense,

	
is more

tolerantthan
	

: while thelatteris binaryandrequiresbotharguments� T \£I � to become
availablebeforeapplication,theformeris happy to beprovidedwith T first andwith

I
lateron, if actuallyrequiredby theevaluationprocess.

Similarly to
� 4 �

and
� � �

, exponential
� w is characterizedby a universal

property, 7Ò# 	 f 	 # I¡ß . � 7�4 SRv � (1.65)

from which lawsfor cancellation,reflexion andfusioncanbederived:

Exponentialscancellation:

� w � w 4 � â�q �� �
b
. ½ ¿

b 4 �.9Ç o{z ½ ¿ . À Á���������
	 # I¡ß . � 	 4 SRv � (1.66)

Exponentialsreflexion:

� w � w 4 � â�q �� �
� woqz Û Ù ½ ¿ � w 4 �oqz Û Ù Ç o{z Ù ½ ¿ â�q À ÁÂÂÂÂÂÂÂÂÂ

I¡ß # SRv ` Ù (1.67)
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Exponentialsfusion :� w � w 4 � â�q �� �
b
a ½ ¿

b 4 �a Ç oqz ½ ¿ a À Á���������
Ä. ½ ¿ Ä 4 �.HÇ oqz ½ ¿ a . 1q.9Ç oqz 3

�������������������

] . � 	 4 SRv � # ] . 	
(1.68)

Notethatthecancellationlaw is nothingbut fact(1.64)written in thepointfreestyle.
In orderto presenttheabsorptionlaw for exponentialsweneedto introducea new

functionalcombinatorwhichwewill write as
	 w . Its type-ruleis asfollows:

b �.+,
b w � w. Ù+,

Fixing
�

and b �.+, ,
	 w is the function which acceptssomeinput function� �a+, asargumentandproducesfunction

	 . ] asresult.So
	 w is the“compose

with
	

” functionalcombinator: � 	 w � ] � �"!# 	 . ]
(1.69)

Now wearereadyto understandthelawswhich follow:

Exponentialsabsorption :Ä w Ä w 4 � âSq �� Ä
� w

. Ù ½ ¿ � w 4 �. Ù Ç o{z ½ ¿ âSq �� �. ½ ¿

b
a ½ ¿

b 4 �a Ç o{z ½ ¿ a À Á���������

	 . ] # 	 w . ]
(1.70)

Exponentials-functor : � ] . < � w # ] w . < w (1.71)

Exponentials-functor-id :

SRv w # SRv (1.72)



30 CHAPTER1. AN INTRODUCTIONTO POINTFREEPROGRAMMING

To concludethis sectionwe needto explain why we have adoptedtheapparently
esoteric

� w notationfor the “function from
�

to
�

” datatype. Let us introducethe
following operator

curry
	 �'�"!# 	

(1.73)

which mapsa function
	

to its transpose
	

. This operator, which is very familiar to
functionalprogrammers,mapsfunctionsin somefunctionspace

��� Ç w to functionsin� � w �
� . Its inverse(known astheuncurryfunction)alsoexists. In theHUGS Standard
Preludewefind themdeclaredasfollows:

curry :: ((a,b) -> c) -> (a -> b -> c)
curry f x y = f (x,y)

uncurry :: (a -> b -> c) -> ((a,b) -> c)
uncurry f p = f (fst p) (snd p)

From (1.73) it is obviousseethat writing
	

or curry
	

is a matterof taste,the latter
beingmorein the traditionof functionalprogramming.For instance,the fusion law
(1.68)canbere-writtenas

curry � ] . � 	 4 SRv ��� # curry
] . 	

andsoon.
It is known from mathematicsthat curry anduncurryareisoswitnessingthe fol-

lowing isomorphismwhich is at thecoreof thetheoryof functionalprogramming:� � Ç w �# � � w � � (1.74)

Fact(1.74)clearlyresemblesa well known equalityconcerningnumericexponentials,g � Ç â # �¾g â � � . But otherknown factsaboutnumericexponentials,e.g.
I*� � � # I�� 4 I �

or �¾g 4 T � â # g â 4 T â find theircounterpartin functionalexponentials.Thecounterpart
of theformer, � ` � � �# � ` 4 � �

(1.75)

arisesfrom theuniquenessof theeithercombination:every pair of functions � 	B\�] � �� ` 4 �,�
leadsto auniquefunction ò 	B\�]�ó � � ` � � andvice-versa,everyfunctionin� ` � � is theeitherof somefunctionin

� `
andof anotherin

���
.

The functionexponentialscounterpartof thesecondfactaboutnumericexponen-
tialsabove is � � 4 b � w �# � w 4 b w (1.76)

Thiscanbejustifiedby asimilarargumentconcerningtheuniquenessof thesplit com-
binator ³ 	B\�]9´ .

Whataboutotherfactsvalid for numericexponentialssuchas
I�� # � and � â # � ?

We needto know what 2 and � meanasdatatypes.Suchelementarydatatypesare
presentedin thesectionwhich follows.

Exercise1.15 Load moduleSet.hs (cf. sectionA.1) into the HUGS interpreterandcheckthe typesas-
signedto thefollowing functionalexpressions:
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curry ap
\f -> ap . ( f >< id)
uncurry . curry

Whichof theseis functionallyequivalentto theuncurry functionandwhy?Whichof thesearefunctionally

equivalentto identity functions?Justify.�
1.15 Elementary datatypes

So far we have talked mostly aboutarbitrarydatatypesrepresentedby capital letters�
,
�

, etc.(lowercasea, b, etc. in theHASKELL illustrations).We alsomentioned
� N

,n�o*o�p and
� �

and,in particular, thefactthatwe canassociateto eachnaturalnumber�
its initial segment � # � � \ C \ D'D'D \ � � . We extendthis to

� � � by stating� # � � and,for��� 2 , � ��� # � �$��� � ô � .
Initial segmentscanbeidentifiedwith enumeratedtypesandareregardedasprim-

itive datatypesin our notation. We adoptthe conventionthat primitive datatypesare
written in thesansserif font andso,strictly speaking,� is distinct from � : the latter
denotesa naturalnumberwhile theformerdenotesadatatype.

Datatype0

Amongsuchenumeratedtypes,� is thesmallestbecauseit is empty. This is theVoid
datatypein HASKELL, which hasno constructorat all. Datatype� (which we tendto
writesimplyas 2 ) maynotseemvery“useful” in practicebut it is of theoreticalinterest.
For instance,it is easyto checkthatthefollowing “obvious” propertieshold:� � 2 �# �

(1.77)� 4&2 �# 2 (1.78)

Datatype1

Next in the sequenceof initial segmentswe find � , which is singletonset � � � . How
usefulis this datatype?Note thatevery datatype

�
containingexactly oneelementis

isomorphicto � � � , e.g.
� # �

NIL � , � # � 2 � , � # � � � , � # �
FALSE � , etc.. We

representthisclassof singletontypesby � .
Recallthat isomorphicdatatypeshave thesameexpressive power andsoare“ab-

stractlyidentical”. So,theactualchoiceof inhabitantfor datatype� is irrelevant,and
wecanreplaceany particularsingletonsetby anotherwithout losinginformation.This
is evidentfrom thefollowing relevantfactsinvolving � :� 4 � �# �

(1.79)� � �# � (1.80)

Wecanread(1.79)informallyasfollows: if thesecondcomponentof arecord(“struct”)
cannotchange,thenit is uselessandcanbeignored.Selectorµ r is, in this context, an
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iso mappingthe left-handsideof (1.79) to its right-handside. Its inverseis ³MSRv \ T ´
where T is a particularchoiceof inhabitantfor datatype� . Concerning(1.80),

� �
de-

notesthesetof all functionsfrom theemptysetto some
�

. Whatdoes(1.80)mean?It
simply tellsusthatthereis only onefunctionin suchaset— theemptyfunctionmap-
ping “no” valueat all. This factconfirmsour choiceof notationonceagain(compare
with

I�� # � in anumericcontext).
Next, wemaywonderaboutfacts� w �# � (1.81)� r �# �

(1.82)

whicharethefunctionalexponentiationcounterpartsof � â # � and
I r # I

. Fact(1.81)
is valid: it meansthatthereis only onefunctionmapping

�
to somesingletonset � T@�

— theconstantfunction T . Thereis no roomfor anotherfunction in � w becauseonlyT is availableasoutputvalue. Fact(1.82)is alsovalid: all functionsin
� r

are(single
valued)constantfunctionsandthereareasmany constantfunctionsin sucha setas
thereareelementsin

�
.

In summary, whenreferringto datatype� wewill meananarbitrarysingletontype,
and there is a uniqueiso (and its inverse)betweentwo suchsingletontypes. The
HASKELL representative of � is datatype() , calledtheunit type, which containsex-
actlyconstructor() . It mayseemconfusingtodenotethetypeanditsuniqueinhabitant
by thesamesymbolbut it is not,sinceHASKELL keepstrackof typesandconstructors
in separatesymbolsets.

Finally, whatcanwesayabout �j� �
? Everyfunction

� �[� �.+, observing

this type is boundto be aneither ò g � \�]�ó
for g � � �

and
� �a+, . This is very

similar to the handlingof a pointerin C or PASCAL: we “pull a rope” andeitherwe
getnothing( � ) or we getsomethingusefulof type

�
. In sucha programmingcontext

“nothing” above meansa predefinedvalueNIL. This analogysupportsour preference
in the sequelfor NIL ascanonicalinhabitantof datatype� . In fact, we will refer to�c� �

(or
� ��� ) asthe“pointer to

�
” datatype.Thiscorrespondsto theMaybe type

constructorof theHUGS StandardPrelude.

Datatype2

Let us inspectthe �L� � instanceof the “pointer” constructionjust mentionedabove.

Any observation
� �[�%�.+, canbedecomposedin two constantfunctions:

	 #ò g r \ g ( ó . Now supposethat
� # � g r \ g ( � (for g r��# g ( ). Then � � � �# �

will hold,
for whatever choiceof inhabitantsg r and g ( . Sowe arein a situationsimilar to � : we
will usesymbol C to representtheabstractclassof all such

�
s containingexactly two

elements.Therefore,wecanwrite: �[�%� �# C
Of course, n�o*o�p # �

TRUE
\
FALSE � and initial segment � # � � \ C9� are in this ab-

stractclass. In the sequelwe will show somepreferencefor the particularchoiceof
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inhabitantsg r # TRUE and g ( # FALSE, which enablesus to usesymbol C in places
where n�o*o�p is expected.

Exercise1.16 RelateHASKELL expressions

either (split (const True) id) (split (const False) id)

and

\f->(f True, f False)

to thefollowing isomorphismsinvolving genericelementarytype � :
��� � �ê �����

(1.83)� � � �ê � �
(1.84)

Apply theexchange law (1.47)to thefirst expressionabove.�

1.16 Finitary productsand coproducts

In section1.8it wassuggestedthatproductcouldberegardedastheabstractionbehind
data-structuringprimitivessuchasstruct in C or record in PASCAL. Similarly,
coproductsweresuggestedin section1.9asabstractcounterpartsof C unionsor PAS-
CAL variantrecords.For a finite

�
, exponential

� w couldbe realizedasanarray in
any of theselanguages.Theseanalogiesarecapturedin table1.1.

In the sameway C struct s andunion s may containfinitely many entries,as
mayPASCAL (variant)records,product

� 4 �
extendstofinitaryproduct

� r 4 D D'D 4 � m ,
for �¬� � �

, alsodenotedby �Jmoqp�r � o , to whichasmany projectionsµ o areassociatedas
thenumber� of factorsinvolved.Of course,splitsbecome� -aryaswell

³ 	 r \ D'D'D \£	 m ´c
 � r 4 D'D'D 4 � m �+,
for

	 o 
 � o �+, , S # � \ � .
Dually, coproduct

� � �
is extensibleto thefinitary sum

� r � s s's � � m , for ��� � �
,

alsodenotedby � mÔ p�r � Ô , to which asmany injections S Ô areassignedasthenumber� of termsinvolved.Similarly, eithersbecome� -ary

ò 	 r \ D'D'D \£	 m ó�
 � r � D'D D � � m �� �
for

	 o 
 � � o+, , S # � \ � .

Datatype �
Next after C , we maythink of

¦
asrepresentingtheabstractclassof all datatypescon-

taining exactly threeelements.Generalizing,we may think of � asrepresentingthe
abstractclassof all datatypescontainingexactly � elements.Of course,initial segment
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Abstract notation PASCAL C/C++ Description

� � � record
P: A;
S: B

end;

struct �
A first;
B second;�

;

Records

�%���
record

case
tag: integer

of x =
1: (P:A);
2: (S:B)

end;

struct �
int tag; /* 1,2 */
union �

A ifA;
B ifB;�

data;�
;

Variantrecords

�)�
array[A] of B B ...[A] Arrays� �%�

ˆA A *... Pointers

Table1.1: Abstractnotationversusprogramminglanguagedata-structures.

� will be in this abstractclass. (Recall(1.17), for instance:both �¬�'�©�¡�3�'� and ¥ are
abstractlyrepresentedby Z .) Therefore,� �# �[� s's's �%�� �}  ¡m
and � 4 D D'D 4 �� �{  ¡m

�# � m (1.85)� � D D'D � �� �{  ¡m
�# � 4 �

(1.86)

hold.

Exercise1.17 On thebasisof table1.1,encode@BAHìÃëMæ:Cíè (1.49)in C or PASCAL. Compareyour codewith

theHASKELL pointfreeandpointwiseequivalents.�
1.17 Initial and terminal datatypes

All propertiesstudiedfor binary splits andbinary eithers extendto the finitary case.
For theparticularsituation � # � , we will have ³ 	Ð´ # ò 	�ó # 	

and µ r # S r # SRv ,
of course.For theparticularsituation � #ï2 , finitary products“degenerate”to � and
finitary coproducts“degenerate”to 2 . Sodiagrams(1.21)and(1.36)arereducedto� 2 û üOPb

» ¼ ½ ¿
b

Thestandardnotationfor theemptysplit ³ ´ is ¢ � , wheresubscriptb canbeomitted
if implicit in thecontext. By theway, this is preciselytheonly function in � � , recall
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(1.81).Dually, thestandardnotationfor theemptyeither ò ó
is Å � , wheresubscriptb

canalsobeomitted.By theway, this is preciselytheonly functionin b � , recall(1.80).
In summary, we may think of 2 and � as,in a sense,the “extremes”of thewhole

datatypespectrum.For this reasonthey arecalled initial and terminal, respectively.
We concludethis subjectwith thepresentationof their mainpropertieswhich, aswe
havesaid,areinstancesof propertieswehavestatedfor productsandcoproducts.

Initial datatypereflexion:

2
s:£ pàoqz £
�	 Å � # S"v � (1.87)

Initial datatype fusion :2
s Ù OP s Û ðñ ¯¯¯¯¯¯¯

¯
� . �� �

	 .Å w # Å ` (1.88)

Terminal datatypereflexion:

�
¤ � p)o{z ��	 ¢ r # SRv r (1.89)

Terminal datatype fusion :�
� ¤ Ù½ ¿ �.+,

¤ Û­® ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯
¢ w . 	 # ¢ ` (1.90)

Exercise1.18 Particularizetheexchange law (1.47)to emptyproductsandemptycoproducts,i.e.
�

and ¥ .�
1.18 Sumsand productsin HASK EL L

Weconcludethischapterwith ananalysisof themainprimitiveavailablein HASKELL

for creatingdatatypes:thedata declaration.Supposewedeclare

data CostumerId = P Int | CC Int
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meaningto say that, for somecompany, a client is identified either by its passport
numberor by its creditcardnumber, if any. Whatdoesthis pieceof syntaxprecisely
mean?

If weenquiretheHUGS interpreteraboutwhatheknowsaboutCostumerId , the
replywill containthefollowing information:

Main> :i CostumerId
-- type constructor
data CostumerId

-- constructors:
P :: Int -> CostumerId
CC :: Int -> CostumerId

In general,let
�

and
�

betwo known datatypes.Via declaration

data C = C1 A | C2 B (1.91)

oneobtainsfrom HUGS anew datatypeb equippedwith constructorsb �� r+, andb �� r+, , in facttheonly onesavailablefor constructingvaluesof b :�
� r ðñ ¯¯¯¯¯¯
¯ �

� (de f f f f f f
f

b
Thisdiagramleadsto anobviousinstanceof coproductdiagram(1.36),� o � ��

� r ùú ººººººº
ºº � � �û � r � � ( üOP

�o ·+,
� (þÿ Â Â Â Â Â Â Â
Â Â

b
describingthatadata declarationin HASKELL meanstheeitherof its constructors.

Becausetherearenoothermeansto build b data,it followsthat b is isomorphicto� � �
. So ò b � \ b C ó

hasaninverse,say S ��¦ , whichis suchthat S ��¦ . ò b � \ b C ó # SRv .
How do we calculateS ��¦ ? Let us first think of the genericsituationof a functionÄ b.+, whichobservesdatatypeb :

� o � ��
� r ùú ººººººº
ºº � � �û � r � � ( üOP

�o ·+,
� (þÿ Â Â Â Â Â Â Â
Â Â

b .OPÄ
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This is anopportunityfor � -fusion(1.40),wherebyweobtain	 . ò b � \ b C ó # ò 	 . b � \£	 . b C ó
Therefore,theobservationwill befully describedprovidedweexplainhow

	
behaves

with respectto b � — cf.
	 . b � — andwith respectto b C — cf.

	 . b C . This is what
is behindthetypical inductivestructureof pointwise

	
, whichwill bemadeof two and

only two clauses: 	;
 b �� Ä	 � b � I � # D'D'D	 � b C g � # D'D D
Let ususethis in calculatingtheinverseS ��¦ of ò b � \ b C ó

:

S ��¦ . ò b � \ b C ó # SRv� � by � -fusion(1.40)�ò S ��¦ . b � \ S ��¦ . b C ó # SRv� � by � -reflexion (1.39)�ò S ��¦ . b � \ S ��¦ . b C ó # ò¡S r \ S ( ó� � eitheruniqueness(1.58) �S ��¦ . b � # S r � S ��¦ . b C # S (
Therefore:

S ��¦ 
 b �� � � �
S ��¦Ï� b � I � # S r IS ��¦Ï� b C I � # S ( g

In summary, b � is a“renaming”of injection S r , b C is a“renaming”of injection S ( andb is “renamed”replicaof
� � �

:

b � � �û � r � � ( ü+,
ò b � \ b C ó

is calledthealgebraof datatypeb andits inverseS ��¦ is calledthecoalgebra
of b . Thealgebracontainstheconstructorsof b � and b C of type b , thatis, it is used
to “build” b -values.In theoppositedirection,co-algebraS ��¦ enablesusto “destroy”
or observevaluesof b :

b o mB§ ¨©�# � � �û � r � � ( üª«
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Algebra/coalgebrasalsoariseaboutproductdatatypes.For instance,supposethatone
wishesto describedatatype¬ = S � / inhabitedby pairs �Í� � \ K � � , �M� r \ K r � etc.of Cartesian
coordinatesof a giventype,say

�
. Although

� 4 �
equippedwith projectionsµ r \ µ (

“is” sucha datatype,onemay be interestedin a suitablynamedreplicaof
� 4 �

in
which points are built explicitly by someconstructor(say ¬ = S � / ) and observed by
dedicatedselectors(say � and K ):� � 4 �¶ �+, ¶ · ��

­ Þ o m /OP
�

¬ = S � /®
×Ø º º º º º º º º º ¯

ÜÆÝÂÂÂÂÂÂÂÂÂ
(1.92)

This risesanalgebra( ¬ = S � / ) andacoalgebra( ³ � \ K ´ ) for datatype¬ = S � / :
¬ = S � /

» ® � ¯ ¼ °±�# � 4 �
­ Þ o m /²³

In HASKELL onewrites

data Point a = Point { x :: a, y :: a }

warnedby thefactthatPoint is deliveredin curriedform:

Point :: a -> a -> Point a

Finally, whatis the“pointer”-equivalentin HASKELL? Thiscorrespondsto
� # �

in (1.91)andto thefollowing HASKELL declaration:

data C = C1 () | C2 B

Note that HASKELL allows for a moreprogramming-orientedalternative in this case,
in which theunit type() is eliminated:

data C = C1 | C2 B

Thedifferenceis thathereC1 denotesaninhabitantof b (andsoa clause
	 � b � I � #

D'D D is rewrittento
	 b � # D D'D ) whileaboveC1denotesa(constant)function b �� r+, .

Isomorphism(1.82)helpsin comparingthesetwo alternativesituations.

1.19 Exercises

Exercise1.19 Let
�

and
�

betwo disjointdatatypes,thatis,
�%´µ� ê�¶ holds.Show thatisomorphism� ·µ� �ê � ���

(1.93)



1.19. EXERCISES 39

holds.Hint : define
�%·�� � �(�N+, as ëXê¸�
w�¹�º � �7w�¹�º:»�� for w�¹�º � åLê�å and w
¹µº:»µº�ê¼º ,

andfind its inverse.By theway, why didn’t wedefineë simplyas ë�½¿¾�ÀêÁ��ëíì � �iëíì » � ?�
Exercise1.20 Let ìÃëMæ:Cíè (read:‘distributeright’) bethebijectionwhichwitnessesisomorphism

� � !Â�(�$'& �ê � � �"�z� � $ . Fill in the“. . . ”in thediagramwhich follows so that it describesbijection ìÃëMæ
CMé
(red: ‘distributeleft’) whichwitnessesisomorphism

!#���%$'& � � �ê � � ����$ � � :

!#���%$'& � �ÄÃ0Å*Æ�Ç �� P�N Ã�È#É
Ê ËÌ:Ì
Ì

P�N Ã�È#Í �� Ì
Ì
ÌÏÎ Î Î �� � � �%�%$ � �
�
Exercise1.21 In thecontext of exercise1.20,show that

��tÐ�0v'��� u ê ��tÑ� u ��v�� u � . ìÃëMæ
CMé (1.94)

holds.�
Exercise1.22 Let

$ÓÒ7Ô�Õ Ã0È�� $Ö� be the functionof exercise1.1, that is, ��çSA9æ:C �[êõ� � . Which fact is
expressedby thefollowing diagramfeaturing ��çSAHæ
C ?

$ Ò�Ô
Õ Ã�È��U OP
$Ö�U Ù OP� Ò�Ô
Õ Ã�È�� � �

Write it at point-level anddescribeit by your own words.�
Exercise1.23 Establishthedifferencebetweenthefollowing two declarationsin HASKELL,

data D = D1 A | D2 B C

and

data E = E1 A | E2 (B,C)

for A, B andCany threepredefinedtypes.Are × and Ø isomorphic?If so,canyou specifyandencodethe

correspondingisomorphism?�
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1.20 Bibliography notes

Almost two decadesagoJohnBackusread,in his Turing Award Lecture,a revolu-
tionary paper[Bac78]. This paperproclaimedconventionalcommand-orientedpro-
gramminglanguagesobsoletebecauseof their inefficiency arisingfrom retaining,at
a high-level, theso-called“memoryaccessbottleneck”of theunderlyingcomputation
model— the well-known von Neumannarchitecture.Alternatively, the (at the time
alreadymature)functionalprogrammingstylewasput forwardfor two mainreasons.
Firstly, becauseof its potentialfor concurrentandparallelcomputation.Secondly—
andBackusemphasiswasreallyputon this—, becauseof its strongalgebraicbasis.

Backusalgebra of (functional) programswas providential in alerting computer
programmersthatcomputerlanguagesaloneareinsufficient, andthatonly languages
which exhibit analgebra for reasoningabouttheobjectsthey purportto describewill
beusefulin thelong run.

Theimpactof Backusfirst argumentin thecomputingscienceandcomputerarchi-
tecturecommunitieswasconsiderable,in particularif assessedin quality ratherthan
quantityandin additionto thealmostcontemporarystructuredprogrammingtrend3.
By contrast,his secondargumentfor changingcomputerprogrammingwas by and
largeignored,andonly theso-calledalgebra of programmingresearchminoritiespur-
suedin this direction. However, the advancesin this areathroughoutthe last two
decadesare impressive and can be fully appreciatedby readinga textbook written
relatively recentlyby Bird andde Moor [BdM97]. A comprehensive review of the
voluminousliteratureavailablein thisareacanalsobefoundin thisbook.

Although the needfor a pointfreealgebraof programmingwasfirst identifiedby
Backus,perhapsinfluencedby Iverson’s APL growing popularityin the USA at that
time,theideaof reasoningandusingmathematicsto transformprogramsis mucholder
andcanbetracedto thetimesof McCarthy’swork onthefoundationsof computerpro-
gramming[McC63], of Floyd’swork onprogrammeaning[Flo67] andof Patersonand
Hewitt’s comparativeschematology [PH70]. Work of theso-calledprogramtransfor-
mationschoolwasalreadyveryexpressivein themid 1970s,seefor instancereferences
[BD77].

The mathematicsadequatefor the effective integrationof theserelatedbut inde-
pendentlinesof thoughtwasprovidedby thecategorialapproachof ManesandArbib
compiledin a textbook[MA86] which hasvery stronglyinfluencedthelastdecadeof
20thcenturytheoreticalcomputerscience.

A so-calledMPC (“Mathematicsof ProgramConstruction”)communityhasbeen
amongthemostactivein producinganintegratedbodyof knowledgeonthealgebraof
programmingwhich hasfound in functionalprogrammingan eloquentandparadig-
matic medium. Functionalprogramminghasa tradition of absorbingfresh results
from theoreticalcomputerscience,algebraandcategory theory. Languagessuchas
HASKELL [Bir98] havebeencompetingto integratethemostrecentdevelopmentsand
thereforeareexcellentprototypingvehiclesin coursesonprogramcalculation,ashap-
penswith thisbook.

3EventheCprogramminglanguageandtheUNIX operatingsystem,with theirimplicit functionalflavour,
mayberegardedassubtleoutcomesof the“going functional” trend.


