Chapter 5

Operation Refinement

5.1 Intr oduction

Transformationahlgorithmicdesign(vulg. programcalculation)involvesthe follow-
ing steps:

1. Calculationof a concrete-lgel simulation of the specificationj.e. of the high-
level operationwe wantto realize(or “get rid of abstractiorfunctions”).

2. Calculationof an efficient versionof sucha simulation(or “changepatternre-
cursion”).

3. Encodingof 2 in a concreteprogramminganguaggor “get rid of mathematics
altogether!).

5.1.1 Stepl (simulation)

In generaljet
c:A— B

be a morphismspecifyingsomeoperationinvolving data-typesd and B. Supposeve
have alreadycalculatedherepresentationl and B (datarefinement):

A—2-B

d

A1 B

A

g

Theideais to “close” this diagram,
A—2—-B (5.1)
I
A1 o B1
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sothato; “simulates”the behaiour of o atconcrete-lgel,
g-or=o0-f (5.2)

thatis, thediagramcommutesWe regardo; asthe“unknown” of equation(5.2). Note
thattheremay be mary solutionsfor o, in equation(5.2) — the typical “one-abstract
to mary-concrete’relationshipof (functional)refinement.

“Simulation” amountgo exhibiting the sameobsenationalbehaiour:

ca ™ let a €{d €A fa' =a}
in  g(o1a1)

Thechoiceof aparticularrangerepresentatiofunctions (i.e. suchthatg - s = id) will
determinea particularsolution:

oo = s-o-f (5.3)
For injective g this choiceis unique:s = g—!. Thentheideais to calculatefurther

op = s-0-f

= ...01... [*expressionfreeof f and g */

thusobtaininga (possiblyrecursie) simulations;, whichis nolongerdefinedin terms
of abstraction/representatiduinctions. It is easyto seethat (5.3) canbe obtainedby
fusion laws suchas catamorphisnfusion (2.61) wherever f and g are expressedy
catamorphisms.

In generaltheremay exist morethanonesolutionandideais to transformrefine-
mentequation(5.2) sothat f eventuallygivesplaceto g andg is eventually“pulled”
up to the outermosplaceon theright-handside,

g-or = o-f
= .g...01
= gE(Ul)

sothatabstractioomapg canbefactoredout from bothsidesof the obtainedequation:

def

g1 E(O‘l)

(Of coursetheremayexist anotherE’ suchthatg - E'(. ..o, ...) canalsobeobtained
by alternatve calculation.)
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5.1.2 Step2 (algorithmic refinement)

Thisis thestepconcerneavith “efficiency”. Thiscanbeobtainedn mary wayswhich
aredependentnthetamgetmachinearchitecture:

e Changeof virtual data-structuregr changingthe algorithmiccontrol:

— left-lists(F X = 1+ X x A) leadto O(1) spacecompleity (vulg.recursion-
removal transformationsargettedatsynthesizingor/while  -loopsfrom
recursve equations.)

— binary-treefF X = 1 + A x X?2) leadto O(log n) time compleity (e.g.
the‘quicksort’ implementatiorof insertionsort).

— (monoid)accumulationgrim O(n?) time compleity down to O(n) time
compleity.

— vital rdle of exponentials!

¢ refinementby “sequentialloop” inter-combination:fusion andabsorptionaws
+ deforestatiorfremoval of intermediatedata-structures)

¢ refinementby “parallel loop” inter-combination: mutual recursionelimination
(for this purposewe will seeFokkinga's law andits well-known corollary, the
“banana-splitlaw)
5.1.3 Step3(codegeneration)

Codegeneratiorconsistof carrying“program”transformatiorevenfurther,

= [P
until the formal semantic§P] of someexecutablepieceof codeP (in the tamget pro-
gramminglanguagejs found.

5.2 Examplesof simulation calculation (step1)

The mostobviousillustration of step1 is the simulationof functorial operationam-
plicit in theabstractiorfunctionnaturalitycondition(polymorphism)e.g.the“setsrep-
resentedy lists” datarefinement:

elems

A A =—2p4g (5.4)
f\‘ f*\ Pf
B B* PB

elems;
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It is easyto seein this diagraman instanceof diagram(5.1) — just rotateit anti-
clockwise—for o = P f andoy = f*.

Let usnow seea simpleexampleof simulationcalculationinvolving cata-fusion.
Considetthefairly standardefinemenequation

belongs(a,y) = a € elemsy (5.5)

relative to the diagramof the “find” operationin the same"setsrepresentedy lists”
refinement:

A xPA— Bool belongs =€ -(id x elem$
idx elem%\ | id
A x A* W Bool

We wantto calculatebelongs. We startby currying (5.5) on thefirst parameter:

belongs =€ -(id x elem$
{ by (1.64)}
belongsa = € -(id x elemga
{byf-(gxha=(F -9a)-h}
belongsa = ((€ -id) a) - elems
= { identity }

belongsa = (€ a) - elems

In adiagram:
PA Ca Bool belongsa = (€ a) - elems (5.6)
elem%\ |ia
A* Bool
belongs a

Recallthat elems= ([ 0, puts])g, Whereputs = U - (singsx id), singsa = {a}
(singletonset)andF X =1+ 4 x X:

out
Ax—/——1+ A x A*

in

elems([ 9,puts 1)

id+idx elems

PA[ D pts ]1 +AxPA
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So,equation(5.6)is anopportunityto apply cata-fusion(2.61),by switchingunknaovn
from belongs to B suchthat
belongsa = ()

holds,providedthe bottomsquarebelon commutes:

[ nil,cons |

A* = 1+ A x A*
L elems id+idx elems
belongsa | PA = 1+ AxPA
[Q,puts ]
€a id+idx(€a)
Bool = 3 1+ A x Bool

Let 3 = [ 1, B2 ]. Thedetailedreasonings asfollows:
(€a)- ([0, puts]) = (B)
&= { by cata-fusion(2.61)}
(€Ea)-[0,puts] = B (id +id x (€Ea))
{ by +-fusion (1.40),8 = [ 31, B2 ] and+-absorption(1.41)}
[(€a)-0,(€a)-puts] =[p1, B - (id x (€a)) ]
{ by f - ¢ = f canddefinitionof puts }

B1=(€a)l
{ B2 - (id x (€a)) = (€a) - U- (singsx id)

{uncurryinganda € zUy=(a €z)V (a € y) }

fr=a€cl
{ B2 - (id x (€Ea)) =V - ((€a) x (Ea)) - (singsx id)

= { x-functor}

{bya € {b} = (a =), thatis, (€Ea) - sings==a }

{ B1 = FALSE
P2~ (id x (€a)) = V- ((Za) X (€a))

{ by introductionof two id }

{ B1 = FALSE
B - (id x (Ea)) =V - (Za) x id) - (id x (€a))

&= { notetheimplicationsign}

FALSE
id x (Ea)) =V - ((€a) - singsx (€a))

1
5 -

™
— I
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(1 = FALSE
{ P2 =V-((Za) x id)

So,by cata-fusion(2.61)we have obtained
belongsa = ([ FALSE,V - ((Za) x id) ]) (5.7)

thatis, going pointwiseanduncurried:

belongs(a,y) def

y=[] = FALSE
{y#[] = a= hdy V belongs(a, tl y) (5.8)

In summarywe have achievedthe purposeof stepl: belongs is definedin termsof
itself (abstraction/representatifumctionshave vanished).

5.3 Algorithmic refinement: changingthe virtual data-
structure

Thebelongs catamorphisnt5.7,5.8)calculatedn the previoussectionis describedy
diagram

[ nil,cons |

A* = 1+ A x A*
belongs a id+idxbelongs a
Bool = 1+ A x Bool

[ FALSE,V-((=a)xid) ]

andimplementsa linearly recursve search.Thusit is not particularlyefficient. More-
over, thesearchwill notstoponcea is foundin thelist.

Linearsearchcanbe corvertedinto the moreefficient bilinear searchby changing
the patternof recursionfrom lists to binarytrees(FX = 1 + A x X?2), leadingto
O(log n) time compleity:

[ nil,cons |

A* = T4+ AXx A% oo 1+AX(A*XA*)
belongs a id+idx (belongs a) id+idx (belongs axbelongs a)
Bool = 1+ A x Bool -~ 1+ A x (Bool x Bool)

[ FALSE,v-((=a) xid) ]

This change which mustnot lose or mix information (it mustbe injective) is the
sameusedin the‘quicksort’ implementatiorof insertionsort:

id + part
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where
part(a,l) © et r=z|z+lAz <al
l=[z|z+1lAz>a]
in  (a,(r,0)

Notethatid + part is in factinjective: it hasid + id x (4) asaleft-inverse.Sowe
areledto

il id+id
A* = [ nil,cons ] 1+AxA*Z«m)1+AX(A*XA*)
belongs a id+idx (belongs a) id+idx (belongs axbelongs a)
Bool = 1+ A x Bool = — 1+ A x (Bool x Bool)

[ FALSE,V-((Za)xid) ]

wherea mustbe chosersothattherighthandsidesquarecommutest is easyto see
that

a ¥ idtidxv

is agoodchoice,since
belongs(a,r #1) <& belongs(a,r)V belongs(a,l)

All in all, we getthe following bilinear versionof belongs (we omit the conversion
from pointfreeto pointwisenotation):

bbelongs(a,l) def if y==1]
then FALSE
else a=hdlv let r=|z«tllAnz<a]
t=[z|z+tHlAz>a]
in  bbelongs(a,r) V bbelongs(a,t)

This solutionwill runin logarithmictime at the costof extra dynamicstoraggbinary
recursion).Anotherdravbackis thatit still doesnot stoponcea is found. In the next
sectionwe will seehaw to goin the oppositedirection,i.e. by removing recursiorand
generatingawhile loop.

5.4 Left-linear recursion: calculation of whi | e/ f or
loops

We will be concernedvith efficiengy andwantto eliminaterecursionin (5.8). Let

Bool Leloor 4 % (A* x Bool) beary functionsatisfyingthefollowing axiom:

beloop(x, (y,b)) = bV belongs(x,y) (5.9)
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(beloop x)(y,b) = bV (belongs x)y

Let beloop, andbelongs, abbre&iate beloopx andbelongs x, respectiely. It is easy
to checkthatbeloop extendsbelongs in thefollowing way:

belongs,y = beloop,(y, FALSE)
sincealgebraicstructure

({TRUE, FALSE}; V, FALSE)

isamonoid.Moreover, for y = [ ], we have
beloop([],b) = bV belongs,[]
= bVFALSE (5.10)
= b
aswell as,fory # [ ],
beloop;(y,b) = bV (x = hdyV belongs,(tl y))
= (bV (z = hdy)) V belongs,(tl y) (5.11)

beloop, (tly, (bV (z = hdy)))

cf. (5.9). Putting(5.10)and(5.11)togetheywe obtain

beloop, (y,b) =

y=[] = b
{ y#[] = beloop,(tly,bV (z = hdy)) (5.12)

Furthermorewe know that TRUE is the“zero” of Vv:
bV TRUE = TRUE V b = TRUE

So,via (5.9),
beloop, (y, TRUE) = TRUE

b= (beloop,(y,b) = b)
We take advantageof thisin thefollow up of (5.12):

beloop; (y,b) def

y=[]vb = b
{y#[]/\ﬂb = beloop,(tly, (x = hdy)) (5.13)

Finally, we put (5.10) togetherwith (5.13) to obtainthe denotationalemanticsof,
respectiely, theinitialization andbody of thefollowing while -loop,



5.4. LEFT-LINEAR RECURSION:CALCULATION OFVWH LE/ FORLOOPS 127

{ bool found = 0;

list p;
{ p =y
while ((p = <>) && - found)
{ found = (x == head(p)); (5.14)
p = tail(p)
}

}

encodecherein akind of ‘ad hoc’ imperative C-like syntax. (At this level one may
preferfound to b for easieperceptiorof the meaningof theloop.)

Programmingvariablessuchasfound aresometimesegardedasprogramming
tricks producedy theintuition of ableprogrammerskFromthereasoningaborewe see
that, ratherthantricky, they have a soundmathematical basis, whichis a consequence
of theformal propertiesof the operatorsnvolvedin their specificatiorandcalculation
processes. In a distributed/parallekervironment,ruleswill go in the oppositeway:
themorerecursve thebetter(e.g. doublefactorialinsteadof linearfactorial).

This apparentlyacademiexercisecanbe generalizedo a vastclassof algorithm
specificationgin asensegvery programmingdoop “has” a hiddenmathematicastruc-
ture of thiskind), asis shavn next.

Generalization

In thegenerakase]et
f + FY —> M
f def pou0-(df-e) (5.15)
beanarbitraryfunctionwherethefollowing abstracbperatorccug
FY — Bool
FY — FY
FY — M
MxM-—M

1— M

E > 0o 3

suchthat(MM; 6, v) is amonoid,thatis,
6 - < ’ > =
0-(0-(i,j), k) =0-

holdfor arbitrary - - - L M.

0-(u,i) =
(i,0 <,k))

Comments:

1Seethe programtransformatioriteraturefor otherrulesandschemataf this kind, usefulto eliminate
undesiredecursion1, 2].
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e Patternssuchas(5.15) are called program schemata. Schema5.15),which is
calledthe linear monadic schema (LMms), is nothingbut the following abstract
hylomorphism,

(+{d1,e))-p?

//\
FY 1+ M xFY =——=14+Y xFY

1+d2 Xidpy
f ‘ 1+M><f 1+Y><f
M[u,a]1+MXM1+d 1+Y><M
ford = dy -d;.
e Checkthatbelongs, matcheghis schemdor
| LmMs | belongs, |

Y A
FY A*
M Bool
p =[]
e tl
dy hd
do =z
0 \Y
u FALSE

Wishingto generalizeour calculationof belongs to f, we introducea function

floop

FY x M ——— M
definedby
floop(..y..,r) def 0f(.y..) (5.16)
which,becauséM; 6, u) is amonoid,will satisfy:
fly.) = floop(.y..,u) (5.17)

Thefollowing reasonings a consequencef (5.16)andof the monoidalpropertiesof
(M;6,u):
floop(..y..,r) = 16 f(.y.)
_ ro{ p( W) =
-(p(.y.)) = d(.y..)0f(.ey.)

=
=
=
=
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By instantiatiornof (5.16)we get
A = floop(..ey..,r0d(..y..))

In summarywe have

B (y..) =
floop(-y-.1) = {—g(z) = ;loop(..ey..,red(..y..))

which,togethemith the“loop initialization” givenby (5.17),matchegshesemanticef
thefollowing “while -loopschema”,

{ M r = u;
Y y =y
while (= p..y.)
{r =r 6d.y.)
y e(y’)
}
}

ShouldM have a“zero”, thatis somea € M suchthat
adm=mba=a

holds,furtherspecializatiorof floop becomeswvailable:

{ p(y..) = r
floop(..y..,r) = r=a = a

= r#a = floop(..ey..,r0d(.y..))

)

JVr=a = r
JAr#a = floop(..ey..,r0d(..y..))

leadingto somethingwve canidentify asthe semantic®f the following “while -loop

schema”,

p(-y
p(-y
—p(-y

{ M r = u;
Y y =,
while (= p(..y..) && rl= a)
{r=r0d.y.)
y = e(y)
h
}

of whichthatof belongs (5.14)is anobviousinstance.

5.4.1 Examples— Setand List Browsing

RecallZermelo-Fraenkset-comprehensidiormula,

{92z| € X Apz} (5.18)
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andlist comprehension,

[9z |z < LApz] (5.19)

given A ’ _B,X CA,Le A* and“filter’ 4 —— Bool .
It canbeshown (e.g. by induction)that

e hylomorphism

(M+gets)-=¢?
A B A A
2 1+2 X21+d><zd2}+AX2
f 1+2B><f 1+AXf
B B B B
2 [Q ]1+2 X21+d><d1+AX2

where
dy =p — sings - g,0

for sings x def {z} — thatis, recursvefunction

def

fy=

€y

pe = {ge}
0

Uf(y— {e}

whenappliedto X, yieldsthe samesetasZF-formulaabove;

e hylomorphism

(+¢hdthy)=(,?
T ey ae N
A* 1+ B* x A1+d2><sz1 +Ax A
f‘ 1+B*><f 1+AXf
* * * ~ *
B [\[_],%]1+B xB1+dde*+AxB

where
do=p— sinl-g,u



5.4. LEFT-LINEAR RECURSION:CALCULATION OFVWH LE/ FORLOOPS 131

for sinlz %' [#] — thatis, recursve function

y=[] = 1l
ot #[] = let z=hdy
fy= a:{ px = [g9z]
—(pr) =[]
in  aH f(tly)

whenappliedto L, yieldsthesamdist asformula(5.19)above.

Moreover, bothrecursve functionsabove areinstance®f linearmonadicscheme
(5.15).So0...they “are” loops!

Simpleinstantiationof (5.15)will shav thatsecondf above, for instancejs real-
izedby thefollowing abstract while -loop”,

{ B*r =1
ATy =y,
A X
while (y = ]
{ x = head(y);
y'=tail(y’);
if p(x) r = conc(r,g(x));
}
}

or, beingmore “C-oriented” in parameterizinghe functionin termsof stdin and
stdout andassumingsuitable'i/o’ library functionsgetA andputB , by

A X
while ((x = getA(stdin)) = EOF)
} { it p(x) putB(g(x); }

Of courseasimilarwhile -loopschemaanbedevelopedfor (5.18).

Note how “fine-grained”theseschematdook like when comparedto relational
modelinformationbrowsing,andhow they render‘one-at-a-time“data browsing ex-
plicit.

A lot of programmingpracticecanbe capturedby schemaesultssuchasabove.
Experiencen this kind of calculationdevelopsthe ability to spotwhile loops andto
write themstraightaway— onejusthasto searcHor theclosestinearmonadicschema
around..

Recursive schemata which arenot linear monadicmay actuallybe converted into
thatform by programcalculation.Laws suchasthe onepresentedhext canbe usedfor
this purpose.
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5.5 The mutual-recursionlaw

Let usconsidethefollowing pair of mutuallydependentunctionsover Ng (writtenin
the CAMILA notation):

f(n)
a(n)

Canary of thesefuntions— say g — be corvertedinto a while loop? In pointfree
notationwe have

n == 0 then 0 else g(n .- 1);

if
if n==20then 1 else f(n .- 1) .+ g(nh .- 1)

f‘[Q,SUC] = [Q;g]
g'[Q,SUC] = [l:+<f7g>]
Themutualdependenceanbe mademoreexplicit by forcing
f'[Q,S’LLC] = [Q;W2'<f,g>]
g'[Q,SUC] = [l;+<fag>]

Theunderlyinginductive typeis

14N,
= N~——
‘v FNg

in=[ 0,suc |

No (5.20)

whichis suchthatF f = id + f. Sowe canwrite
frin = [0,m]-F(f9)

This situationis handledby the so-calledmutual -recursion law, alsocalled“Fokkinga
law”:

f-in="h-F(f,g)
A = (f,9) = [(h,k)) (5.21)
g-in=Fk-F(f,g)

In termsof diagramsfrom

T—"  FT T—" FT
! L |Fro g‘ |F o)
A:h F(A x B) é:k F(A x B)
we get
T—" FT
(o) | o)
Ax B——F(AxB)

(hsk)
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Proof:
{ by x-fusion(1.24)}
{ by hypothesi}
= { by (reverse)x-fusion(1.24)}

{ equalityis reflexive}

TRUE

We canapplythislaw to thesituationabove by lettingh = [ 0,72 ] andk = [ 1, + ]
thereforeobtaining

(f,9)

{ Fokkingalaw}
([0, m],[L,+1])D

= { exchangdaw}
({0, 1), (m2, +) 1)

whichis CAMILA function

fgn) =if n == 0 then <0,1>
else let (p=fg(n.-1)
in - <p2(p),p1(p).+p2(p)>;
i.e
fg(n) = do(a<-0,
b<-1,
while("(n==0),
c<-a, a<-b,
b<-c .+ b,
n<-n.-1),
<a,b>);
Since
g=m2-(f,9)

onehas
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g(n) = do(a<-0,

b<-1,
while("(n==0),
c<-a,
a<-b,
b<-c .+ b,
n<-n.-1),
b);

whichis nothingbut aniterative versionof Fibonacci.

Another Example
Checkingalist-invariantwhich ensureghata (non-emptyJist is ordered:

ordered : At =2
ordered [a] = TRUE
ordered (cons(a,l)) = a > (Mazl) A (orderedl)

Assumingsingla = [a] we candepictordered asfollows:

. [ Singlcons |

A+ Ax AT
ordered id+idx (Maz,ordered)
2 ’[TRTM A + A x (A X 2)
where
a(a, (m, b)) o> mAb
andwhere
Maz = ([ id,maz ])
cf.
sin lcons
+ \[g—] A + A X A+

Mazx id+idX Mazx

N

A=———A+AXA

[ id,maz ]

It is easyto checkthat the equationimplicit in this diagramis the sameasthe one
implicit in

[ sin lcons]
At = I A+ Ax At
Maz id+idx (Maz,g)
A= A+ Ax(AxB)

[ id,maz-(idxm1) |
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g

forary A+ ~ B . For B = 2 andg = ordered we arein positionto apply
Fokkinga'slaw andto obtain:

(Maz,ordered)y = (([id,max - (id x 71) |, TRUE,a ]))
= { exchangelaw (1.47)}
([ (id, TRUE), {max - (id x 1), a) ])

Of courseordered = my - (Maz,ordered). Calling auz to the above synthesized
catamorphismye endup with thefollowing realizationof ordered:

orderedl = let (a,b) = auxl
in b
where
aux : AT ~ A x 2
ordered [a] = (a, TRUE)

ordered (cons(a,l)) = let (m,b) = auzl
in  (maz(a,m),(a >mAD))

5.6 “Banana-split”: acorollary of the mutual-recursion
law

Leth =4-Fm andk = j - Fm in (5.21).Then

frin={(i-Fm)-F(f g)

{ compositionis associatie andF is afunctor}
frin=1i-F(m-(f,9))

{ by x-cancellatior(1.20)}

frin=i-Ff
= { by cata-cancellatioh
f=0)
Similarly, from k = j - F 7, we get
9=

Then,from (5.21),we get
(@), GD) = ((i - Fmy,j - Fa))

thatis

((@), (4]) = ((i x 5) - (Fmy, Fma)) (5.22)
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by (reverse)x-absorption(1.25).

This law providesuswith a very usefultool for “parallelloop” inter-combination:
“loops” (i) and (5] arefusedtogetheiinto asingle“loop” ((i x j) - (F w1, F m2)]). The
needfor this kind of calculationarisesvery often. Consideyfor instancethefunction
which computeghe averageof anon-emptylist of naturalnumbers:

average def (/) - (sum,length)
Both sum andlength areNt catamorphisms:

suma = ([id,+])
length = ([ 1, succ - w2 ]))

Functionaverage will do two independentraversalsof the argumentlist beforedi-
vision (/) takesplace. Banana-splifusessuchtwo traversalsinto a single one, thus
leadingto a function which: (a) runstwice asfast(b) canbe corvertedinto a while
loop by introductionof accummulatioparameterg¢suchasseernabove).

5.7 Exercises

Exercise5.1 Isomorphism
Nx~1*

in exercise4.6 suggests strange(but valid) representatioffior naturalnumbers:numbern is represented
bylist[NIL,..., NIL]. Suppose¢hatyouwantto implementover suchamodel,naturalnumberaddition
N—————’

n vezes
and(partial) subtraction.

1. Identify which list-operationssimulatesuchoperationsby draving the correspondingefinement
diagram.

2. Describethe behaiour of your simulationfor subtractiom — m wherererm > n.



