Chapter 4

Data representationand
refinement

Isomorphismprovides us with a notion of data-equalence. How do we “order”
data-structuresiccordingto their “size” or “expressve power’? Are there“better”
or “worse"data-structurefor a givenpurposen this chapter— which is currentlyin
avery drafty version— we addresghefield of formal dataprocessingandrefinement
by transformation.

4.1 Intr oduction

Thedefinitionof afunction B DS A canberegardedasakind of “contract”: func-
tion f is committedto producean A-valueprovidedit is suppliedwith a B-value.Such
a “functional contract”canbe of two kinds: (a) f intentionallylosesinformation, be-
causeB is foundtoo detailedandonewantsto captureonly the A-aspecbf B-values
— s0, A isanabstractionof B (f is non-injective); (b) f faithfully corvertsdatafrom
the B-formatto the A-format— so, f is injective and,in thelimit, thetwo formatsare
thesame(f is theidentity).

Case(a) above is perhapsmore interestingthan (b) and supportsthe following
aphorismabouta facetof functional programming it is the art of transformingor
losing informationin a controlledand preciseway. In this way, it is closeto data-
miningwhich is nothingbut a seriesof clever, highly scrutinizedformal reductionsof
acomple inputstructure.

Case(a) alsoincludesthe procesof transformingdatafrom oneformatto another
sothatit fits in a particularcontext or matches givenrequirementOneof theaspects
of this is data refinementwhich usually meansa changeof data representation a
problemis abstractlycharacterizeih termsof clever, mathematicallynicedatamodels
whicheitherdon'tfit in traditionaldatastructuringtechniquesor they dobut atasevere
costof efficiency.

Refinements the processof corverting (with a variable concernfor formality)
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94 CHAPTER4. DATA REPRESENATION AND REFINEMENT

abstracsoftwarespecificationsnto realapplicationgntendedo run on someavailable
hardware.Formalrefinements oneof themostrelevantbranche®f formalmethodslt
splitsinto datarefinemenandalgorithmicrefinementdependingnwhererefinement
decisiongake place:changingthe formatof real datain theformercase or replacing
avirtual data-structuré by a moreefficient (thoughequallyvirtual) onein thelatter.

Formalrefinemenis notyet widely useddueto the difficulty of scalingits mathe-
maticalreasoningo real size problems.By contrastinformal refinemenenforcesso
little disciplinein softwaredesignthatresultsarevery often catastrophicparticularly
in the caseof very large applicationswhich have along life-span. As arule, suchap-
plicationslack in documentationhave bugsandraiseseriousmaintenancgroblems.
Usingor sellingthembecomes risky business.

In this chapterwe concentrateon datarepresentatiomnd refinementbecausein
formal software design,datacalculationpreceedsand pavesthe way to correctalgo-
rithm designby calculation.

4.2 Isomorphism

Isomorfism

§1
/\

A B thatis {f'flzid“ (4.1)

[t f=idg

meanghat f ! is botharight-inverseandalleft-inverseof . Furtherto mary isomor
phismlaws studiedin previous chapterswe arenow interestedn exploiting isomor
phismsinvolving quasi-inductve datatypes:

e Powversetsss predicatesrecall(3.28).
e Partial mappingsvs total functions(for afinite A):

(B+1)4 (4.2)

tot
T T
A—B =
~N~—

untot
where
toto da.if a € domo then ii(oa) elseia NIL

untot f def {a—blae AN fa=(i1b)}

¢ A consequencef theabove,
set2fm
S
PA = A—1
\_/

dom

1Recallsection2.5.
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cf.

A—1
{ corvertingto total maps(4.2)}

12

(1+1)4
{ basi¢

2A

12

12

{ by (3.28)}
PA

e Anotherexample,extendingeither (1.35)to partialmaps:

unpeither
(B+0C) = A o (B~ A) x (C — A) 4.3)

peither
Why anisomorphism?heck:

(B+C)— A

{ corvertingto total mapg

I

(A+41)B+O)
{ exponentialq1.77)}

|7

(A+1)B x(A+1)°
{ backto partialmapg
(B—A)x (C— A)

IR

Abstractionandrepresentatiofunctions:
. def . .
peither = U-((i1 = A) x (iz —~ A))

and,expressedn CAMILA,

unpeither " ((A+B) >C) -> (A->C)x(B-
> C)
; The inverse of (unary) unpeither
unpeither(f) =let (@[ p2(x) -> fix] | x < dom(f): plx) ==

b=[ p2(x) -> flx] | x <- dom(f): plx) ==
in <a, b >

N -
—
= -
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4.3 Representation

Representatioaf A in B meanghatthereexists A P B whichhasaright-inverse
r but no left-inverse So, this meanghat B contains‘more information” than A and,
asin (3.5), we corvey thisfactby writing:

B thatis { f-r=ida (4.4)

Inequation(4.4) hasseveralinformalinterpretations:

A is “smaller” than B

B is ableto “represent’A

B is “abstractedby A

A'is “implemented’by B

B is arefinemen(‘“refines”) A

In settheoryonesaysthat f is surjective 2. Note thatthe samesurjective f canhave
mary right-inverses.Consider for instance the following inequationexpressingthe
implementatiorof Booleandy integers,

/\
Bool < y/4
~—_
f
where
f d;f —=o— FALSE, TRUE

(informal meaning:0 representsAL SE, ary othervaluerepresentsRUE). It is easyto
seethat,for every k € Z — {0},

r € id— k0

is aright-inverseof f.
Right-inversesare always left-invertible, i.e. injectivein settheoryterminology?.

This is a very importantpropertyof datarepresentatior— no two differentabstract
valuesa, a’ € A getmixedup alongtherepresentatioprocess:

a#d = (ra)#(rad)

2In categyory theoryonewould saythat f is split-epic a conceptstrongetthanepic (cf. sectionl.6).
3split-monicin category theoryterminology
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An isomorphismf is anarrov which hasboth aright-inverser anda left-inverse
s — abijectionin settheoryterminology It is easyto shaw thatr = s = f~1, asin
4.1)*

{ f-r=ida

s-f=1idp

& { compositionandidentity }
s-(f-r)=s

& { associatiity }
(s-f)r=s

& { sisright-inverseof f andidentity }
r=s

In summarywe have thefollowing functionterminologicaltaxonomy:

any

PN

injective surjective

~

bijective

In formal dataprocessingwherever f hasa right-inverser we saythat f is an
abstmactionfunction (alsocalledaretrieve map andr a (particularchoiceof a) repre-
sentationfunction.

4.3.1 Examples
Let usrecall

curry
T T
BCExA o~ (BA
\_/

uncurry

)C

andtry to extendthis to partial functions. Ratherthan anisomorphism,we getan
inequation:

pcurry
— T
(CxA)—~B < C — (A— B)
\_/
unpcurry

4Notation f —! expressesheuniquenessf theinversefunctionof anisomorphismf.
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where
peurry : (AxB)—~C—A—(B—-20C)
peurry f def ( T2 P ) ' (4.5)
Ip pedomysn(mip)=a / 4cam (domy)
and
UNPCUrTY e o ( (a,0) >
(0a)b acdOMonbedOM(o a)
Clearly,
peurry - unpcurry # id
Doing the samewith respecto split (1.18):
unjoin
A= (BxC) < (A=B)x(A-0) (4.6)
~
X

wherethe finite mapping“join” operator(3.40) establisheion — “distributes” over
product x . Its right-inverseis

unjoin def (A—m, A—my) (4.7)

i.e.unjoin  <- split(*->pl,*->p2) in CAMILA notation.
The <-subcalculugncompasseasther—-laws which cannotbe adaptedrom sim-
ilar resultsconcerningexponentials For instance,

(B+C)* % BA x B
andyetwe have thefollowing map-decompositiotaw:

uncojoin

A= (B+C) < (A=B)x(A—0) (4.8)
ﬁ/
where
MOE (A=) x (A= 02)
A veryimportantlaw is
unnjoin
AADX(BAC@D)X((AXB)AC) 4.9)

>,
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whichis establishedby anelaboratiorof

M,

LT (Lt (A= L) x peurry)) (4.10)

suchthat
.. def . ..
unnjoimn = (zd X unpcurry) -unjomn
= { definitionof unjoin (4.7)}
(A — 7y, unpcurry - (A — m3))
is one of its right-inverses. Other standardrepresentationgrefinementsyollow: for

finite A

PA < A—~B (4.11)

(representationonsistf classifyingdata,by € B).

/\
PA < N— A (4.12)
v

(representationonsistf indexing data).

A* < N— A (4.13)

(refinementonsistof renderingsequencerderexplicit).

A—~B < B—~PA (4.14)
\_/

(refinementonsistof representin@g functionby its “k ernel”).

Exercise4.1 Guessaformal definitionof uncojoin.
O

Exercise4.2 Shaw that

A—-(B—-0C) < (PAX((AxB)—0C) (4.15)
holds.
m]

Exercise4.3 Infer abstractiorfunctionsf; and6fs whoserigh-inversesare A — 47 andA — i, respec-
tively. Infer the signaturef §; and6z. Explainwhy 6; andf» arenottherigh-inversesof A — ¢; and
A — ig, respectiely.

O
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4.3.2 Basicpropertiesof <:

Reflexivity
id
N
A < A
\_/
id
cf.
td - id = id
Transitivity
A < B AN B < C = A < C
f 9 fg
cf.
(f-9)-(s-7)
= { associatiity }
fg-s)-r
= { s isright-inverseof g}
f-id-r
= { identity}
I
= { r isright-inverseof f}
id
Monotonicity
r Fr
N T T~
A < B = FA < FB
\_/ S~
f Ff

whereF is anarbitraryfunctor:
id
= { functorscommutewith id}
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Fid
{ r isright-inverseof f}

F(f-r)

{ functorscommutewith compositior}

(Ff)-(Fr)

thereforeF r is right-inverseof F f. Of coursethis resultextendsto bifunctors,e.g.
B(r,s)

T T
B(B, D)

<

T N
B AC < D = B(4,0)
\/ \_/
g B(f.9)

or n-ary functorsin general.

4.3.3 Induction (Structural monotonicity)
Giventwo inductive datatypeg:F anduG definedby functorsF andG, respectiely,

uF = F uF
\_/

G uG

uG =
\_/

inuG

andsuchthat
(4.16)

FX

T

< GX
\—/

g

Then

r=(inuc-s)e

N
uF \%/ uG (4.17)

f=(inur-g)¢

holds,cf. diagram

in,g
uG FuG <2—GuG
(inuF-gl)cl lF (inue-ghe lc (inur-g)e
F uF GuF

MF N uF g
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This propertyis very importantin data-refinementalculations.Let us seesome
examplesof application:

1. Empty sequencesepresentetby non-emptyones— puF = A* anduG = A,
forl < A:

A* ~ 1+ Ax A*
\—/

[ [;cons ]

R

A+Ax AT
\_/

[ sing,cons |

At

wheresing a = [a].
Of course

1+Ax X < A+ Ax X

holdsfor someag € A since

by hypothesisAccordingto (4.17)we infer notonly thatnon-emptylistsimple-
mentemptylists

(obvious!) but how they doiit:
blast = ([ [], cons | - (! +id))
embed = (|[ sing, cons | - (ag + id)))
(lessobvious). Let uscalculatefurther:

blast - | sing, cons ]

{ cata-cancellatioh

[[],cons]- (! +id) - (id + id x blast)

{ +-bifunctorandtrivia}

[[],cons]- (! +id x blast)

{ +-absorptiorandtrivia}

[[], cons - (id x blast) ]
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thatis
blast[a] = []
blast (cons(a,l)) = cons(a,blastl)
(blast="all but last™)
Similarly:
embed[] = [aog]
embed (cons(a,l)) = cons(a,embedl)

2. Representing-en Dia (genealogicatliagrams)y DecT'ree (decisiontrees):

Genealogicatliagrams:

GenDia:: I: Ind [*dataaboutanindividual */
F: [GenDid] [*genealay of his/herfather (if known)*/
M : [GenDia)] [*genealagy of hisslhermother(if known)*/

GenDia = Ind x (GenDia + 1) x (GenDia + 1) (4.18)

Decisiontrees:

DecTree : Q: What /*Questionor Decision*/
R: Answer — DecTree [*Subtees*/
What =
Answer =
ie
DecTree =2 What x (Answer — DecT'ree) (4.19)
Clearly,

GenDia = F (Ind,GenDia)
where
FAX) Y Ax (X +1)x (X +1)

and

DecTree = G(What, Answer, DecTree)
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where

G(A, B, X) ¥ Ax (B —~X)

ReasoninginstantiateB = 2. Then
G(4,2,X)
= { instantiatior}
Ax(2—X)
{ totalizingmapg

IR

Ax (X +1)?
{ expandingsquaré
AX(X+1)x (X +1))

1

IR

Ax (X +1)x (X +1)

= { instantiatior}

F(4,X)
Since
FAX) | =  G(A2X)
~__
we candeduce:
GenDia @ecTree(A, 2)

Challenge calculateabstraction/representatiomaps.

. Lastbut not least:finite setsrepresentedy finite lists:

{linl}
pa’ < a
where
in = [[], cons|
and

ins = [ 0, puts |
—recall(3.2).

{ flattening(removing parentheses)

(4.20)
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4.3.4 Constructive proof

We wantto find aright-inversefor (in,r - g|) in (4.17)expressibleasa catamorphism
(), cf. diagram

in“F

uF <——FuF
(a)pl \LF(O‘DF
G <——FuG
(IinuF-y)Gl lF(iMF-QDG

uF<——F uF
MyuFg

Soa is theunknawvn. Calculationof
(inue - gl - (g = id
& { by F-cata-reflgion}
(inur - g)g - (e = (inur)e
= { by F-cata-fusion
(inur - g - @ = inyr - F (lingr - g))g
o { decomposex = in,g - o'}
(inur - gg - inuc - o = inue - F(inge - g)g
& { by G-cata-cancellatiop

ingr- g Gingr - g)g- o =inyr-F(ingr - g)¢

= { gis natural(4.21)}
inue - F(inge - g)g-g-a" = inue - F(ing - g)g
= {g-s=id}
o =s
So
a = inuG-Ss

NB: bothg ands arenatural,e.g.

(Ff)-9=9-(GJ) A GA—L2>F4 (4.21)
fl Gfl lFf
B GB——FB

holds.



106 CHAPTER4. DATA REPRESENATION AND REFINEMENT

4.4 Concreteinvariants

Given someabstractiormap f, the choiceof a particularrepresentatiom inducesa
low-level invariantg

calledthe concieteinvariantinducedby r. It emegesascharacteristipredicateof the
rangeof r, thatis to say ¢ b holdswherever thereexists at leastonea € A suchthat
b = r a. Becauser is alwaysinjective,onehas

whereB, denoteshesubsebf B which satisfiesconcrete-inarianty. Sothereplace-
mentof low-level structureB by abstractstructureA is safeprovided ¢ is known to
hold in the particularsituationin hand— akind of reversespecificatiorvia “concrete
invariantdischage”. Thatis to say we have

f-r=id
b (r flo=0
Someexamplesfollow:

unjoin
— T
A— (BxC) o~ (A= B) x (A= C))eqa

~—_
X

where
eqd ' (=) - (domx dom)

while

uncojoin

where
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4.4.1 Concreteinvariant handling rule
/\ /\
A = B, AN B = Cy
\_/ \_/
implies

A = Cyngeg
Ig
For example,from (3.29)and(4.20)we infer:

A—=B = (Ax B);dp-elems

4.5 Representinginductive datatypesin ordinary pro-
gramming languages

45.1 Therelational databasemodel

A datamodelis saidto becompliantwith therelationaldatabasenodelif it is afinitary
productof expression®f thefollowing kind:

e relations— P(A4; x x ... A,) whereevery 4, is regardedasan“atomic type”
in thetargetrelationalernvironment;

e mappings— (4; x ... x A,) — (B1 x ... x By,) whereevery A; andB; is
regardedasan“atomictype” in thetargetrelationalervironment.

Then:

e Lawssuchas(4.6,4.15,4.9,4.Band(4.13)play animportantrdle in derivedcon-
structreification. They canbe usedto “decompose’complex/nestedmappings
or sequencemto tuplesof simplermaps.

e Sincefinite mapsareeasilyrefinedinto binaryrelations— recall (3.29)— our
calculusfragmentabove is usefulin refining elaboratefinite-mapping/sequence
baseddatamodelsinto relationaldatabasschemata.

¢ It hasbeenprovedelsaevhere[3] that3NF is guaranteedy mereapplicationof
theabove laws, amongothers.

Exercise4.4 In relationaldatarefinementi.e. the representationf datain the relationaldatabasenodel)
oneoftenignoresnormalizatiorwhere/er datastorages not a problemii.e., oneis dealingwith smalldata
sets.Thefollowing law describe®nesuchrefinemenstep:

(A= B)x(A=C) < A—=((B+1)x(C+1) (4.22)
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It melgestwo tablesinto asingleoneby, for instancerepresenting

[ NOMERO | NOME |

1010 Manuel
11230 Maria
and
[ NOMERO | CuRsoO |
11230 LESI
15234 LMCC
by

[ NOMERO | NoME | CURsO |

1010 Manuel NIL
11230 Maria LESI
15234 NIL Lmcc

1. Resortto 6 of exercise4.3to defineanabstratiormap f for (4.22)in point-freenotation.

2. Definetheobviousrigh-inverseof f.

4.5.2 Pointer intr oduction

For targetlanguagedik e C/C++we needa differentapproach Recursve datamodels
arecopedwith by resortingto pointersasshaovn next. Firstof all, we havethefollowing
basicfact: every non-emptydatatypeA canberepresentethy a “pointer”:

A < 1+ A4 (aoeA)

A = (1+A)¢ def

z=3dacA:z=(iza)

(f abstractdoth NI L andag into ag. It is thereforenon-injective.) Thenwe have the
following implementationrules:

¢ Inductive datatype®f form

T
T = 1+GT
\_/
canbedirectly implementedn suchlanguagese.g.
A =2 1+ Ax A
N——
G A*

implementedy
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typedef struct G {
A first;
struct G *next;
T

¢ Inductive datatypef form
T = G(1+T)

arealsodirectlyimplementablee.g.
GenDia = Ind x (14 GenDia) x (1 4+ GenDia) (4.23)
implementedy

typedef struct GenDia {
Ind individual, /* data about an individ-
ual */
struct  GenDia *father; /* genealogy of his/her  father
(if  known) */
struct  GenDia *mother; /* genealogy of his/her  mother
(if  known) *

k

e All othercases:

implementedy forcing a pointerstructure:
FX Cl +FX
andtherefore(4.17)
T < U (4.24)

where
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Example:

DecTree = What x (Answer — DecTree)

Via (3.29)thisis implementedy

DecTree; = What x (Answer x DecTree;)”

Onitsturn,via (4.24),DecI'ree; isimplementedy

DecTrees = 1+ What x (Answer x DecTrees)”

thatis

DecTrees = 1+ What x subl'rees
subTrees =2

1+ (Answer x DecTrees) x subTrees

This hasadirectencodingn C asfollows (for Answer andW hat = strings):

typedef struct  DecTree2{

char *What; /* Question or Decision

struct subTrees *R;

3

typedef struct  subTrees ({
struct node *first;
struct subTrees *next;

k

typedef struct node {
char *Answer;
struct DecTree2 *SubTree;

k

4.5.3 Recursion“r emoval”

What about SQL-like languages?How do we corvert recursve structuresin non-

recursvetahularones?

Let
T
Xo = FXo
\_/
in
bea solutionto
X=FX
Implementation step:
/N
Xo = (K x (K —~FK))y
\—/
!

for K adomainof “pointers” suchthat K = N.

(4.25)

(4.26)
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Abstraction Function f

We needto definea surjection
(K x (K = FK))y —1= X,

thatis, to find appropriatef ande.
Temporarilyassumehato € K — F K is atotal function,anddraw the diagramof
coalgebrg K, o):
K
FK

Assuminga given pieceof “linear storage”s (“database”)]et f, denotethe function
which, for each‘pointer” k € K, retrievesthevalueof X, correspondingo ac “scan”
startingfrom k:

XOLK
FK

Thediagramcanbeimmediatelycompleted,

fo

Xog<~——

FXOWFK

expressingf, asF-hylomorphism|e, in], thatis,

fo=in-(Ff,) o

or

f : Kx(K—-~FK)— X, 4.27)
fkoo) = in((F f,)(0 k) '

writing f(k, o) insteadof “curried” f, k.

Concretelnvariant ¢

Facepointerundefinednesm caser is partial— o k in (4.27)is undefinedwvherever
k ¢ domo andotherpointersk’ in therangeof o, reachabldrom k, maybein the
samesituation.
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e Pointerreachability— transitive closureof

ki<ek % kedomo Ak er ok (4.28)

(recallthateg is givenin section3.3),thatis

def
(ko) = et P={k}U{k e K|K <f k}

in P C domo

¢ Well-foundedness— Restrictto leastfixpoints,i.e. guaranteehat f (k, o) does
notyield infinite results forcing P to bewell-foundedwrt. <g:

pko) € let P={k}U{k € K|k <{ k} (4.29)
in P Cdomo A
ViCcCCP:3meC: VK <gm:k &C

Theproofof surjectvenesf f (4.27)for (Xo, F Xq i X, ) afinite or denumer
ablefixpoint of F, is alengthyone!

4.5.4 Trivial Example
(C,idc) is of courseafixpoint of constanfunctorF X = C. Then

def

f(k,o) = in((F fo)(0 k)
= idc((C fo)(o k)
= idc (idc (O‘ k))
= ok

Since<} is empty we have

ok,0) ¥ ke domo (4.30)

as expected— cf. dynamicprogrammingtypical of e.g. C or PASCAL— insteadof
handlingC' datadirectly (staticallystored) the programhandlesdynamicreferences$o
them.

4.5.5 Implementing DecT'ree

Recall
DecTree = What x (Answer — DecT'ree)
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4.5.6 Data-level Reification
Firsttransformatioris recursionremoval accordingto (4.26)
DecTree <1 DecTree;
leadingto
DecTree; = K x (K — What x (Answer — K)) (4.31)
Whathave we achiezed?Two interpretationgat least)areadmissible:
1. For K adomainof pointers,
K — What x (Answer — K) (4.32)

— thatis:
K — What x (K + 1)Answer

— modelsa heap-sgmentof dynamicstorageln PAscAL (theheapis “hidden”
in therun-timesystem):

type DecTreel = T“DecTree;
DecTree = record
Q: What;
R: array [Answer] of "DecTree
end;

2. For K adomainof objectnamer “uniqueidentifiers”,(4.32)modelstheobject
database
name — object

implicit in anobject-orienteghrogrammingervironmentcf. thefollowing CAMILA:

DecTree_1 : ObjName: K

Archive: ObjBase ;
ObjBase = K -> Attributes
Attributes . Q: What

SubObjs:  Answer -> K ;
Proceedingia law (4.9):

DecTree; = K x (K — What x (Answer — K))
<y K x ((K = What) x (K x Answer) — K))
= DecTrees (4.33)

For K astatedescriptoy DecT'rees acceptghefollowing interpretation:

e (K x Answer) — K = statetransitiondiagramof a (deterministic¥inite state
automatonAnswer = input stimuli);
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e firstfactork € K in (4.33)= currentstateof theautomaton;
e K — What = semantidableassigninga meaningto eachstate.
Carryingon ourreasoning,

DecTree; = K x ((K —= What) x (K x Answer) — K))
<3 K x (P(K x What) x P((K x Answer) x K))
= DecTl'rees
>, K X (P(K x What) x P(K x Answer x K))

= Decl'reey
we obtainafinal model,
DecTrees = K x (P(K x What) x P(K x Answer X K)) (4.34)

whichis arelationaldatabasschemamplementingDecT ree in termsof two database
fileswhere K playstherdle of adomainof keys
In summary

DecT'ree <1 DecI'reer <5 DecTrees <3 Decl'rees =4 Decl'reey

4.6 Exercises

Exercise 4.5 Let f and g be two abstraction(i.e. surjectve) functions. Identify which of the following
combinationof f andg arealsoabstractiorfunctions:

[f9] (4.35)
fxg (4.36)
(f,9) (4.37)
f+g (4.38)

Exercise4.6

1. Apply law (4.17)to T = N —i.e.ing = [0, succ] —, U = A* and f = id + m2. Calculate
apointwisedefinition of abstractiorfunctionl = (jinf - f|). Whichwell-knavn functionis [, after
all?

2. Knowing thatU = T holdswherever f €iso (bijective) shav that
N = 1*

and

hold.
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Exercise4.7 Shaw thatuntot canbedefinedby

untota = ((papo)+!a) - (Aa.a € doma)?
for

def
pap(o, a) = { a€domoc = oa

Exercise4.8 Thefeatue bundleis a parametricdatatype

FB(A,B) = A—(B+FB(A,B))
whichis widely usefulin specificationse.g.
FileSystem = FB(FileName, File)

1. Definealgebra

PFileName <—— A — (B + PFileName)

sothat{|g[} specifieghefunctionwhich collectsall filenamesn ahierarchicalF'ileSystem.
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2. FBcanbe usedto specify“universal” data-representatiomedia,e.g. the abstractnterfacedatade-

scriptionlanguagdDL:
IDL = FB(STR,STR)
Calculatea C/C++pointerbasedmplementatiorof /D L.
3. Knowing thatrepresentation

T T
B* < FB(N, B)

holds,expressr asallist-catamorphism.
4. Resortto (4.17in orderto calculatef andr in the obviousfacts

A—B < FB(A, B)

T
PA < FB(A,1)
N~~~
5. Canyourepresentd x Bor A + Bin FB?

Exercise4.9 Let

=id+
A+ Ax x5y

in (4.16). Whatabstractiorfunction f doyou obtainby (4.17)in this caseJustify.

O
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