
Chapter 4

Data representationand
refinement

Isomorphismprovides us with a notion of data-equivalence. How do we “order”
data-structuresaccordingto their “size” or “expressive power”? Are there“better”
or “worse”data-structuresfor agivenpurpose?In thischapter— which is currentlyin
a very drafty version— we addressthefield of formal dataprocessingandrefinement
by transformation.

4.1 Intr oduction

Thedefinitionof afunction
� ���� canberegardedasakind of “contract”: func-

tion � is committedto producean
�

-valueprovidedit is suppliedwith a
�

-value.Such
a “functional contract”canbeof two kinds: (a) � intentionallylosesinformation,be-
cause

�
is foundtoo detailedandonewantsto captureonly the

�
-aspectof

�
-values

— so,
�

is anabstractionof
�

( � is non-injective);(b) � faithfully convertsdatafrom
the

�
-formatto the

�
-format— so, � is injectiveand,in thelimit, thetwo formatsare

thesame( � is theidentity).
Case(a) above is perhapsmore interestingthan (b) and supportsthe following

aphorismabouta facetof functional programming: it is the art of transformingor
losing information in a controlledandpreciseway. In this way, it is closeto data-
miningwhich is nothingbut a seriesof clever, highly scrutinizedformal reductionsof
acomplex inputstructure.

Case(a)alsoincludestheprocessof transformingdatafrom oneformatto another
sothatit fits in aparticularcontext or matchesagivenrequirement.Oneof theaspects
of this is data refinement, which usually meansa changeof data representation: a
problemis abstractlycharacterizedin termsof clever, mathematicallynicedatamodels
whicheitherdon’t fit in traditionaldatastructuringtechniques,or they dobut atasevere
costof efficiency.

Refinementis the processof converting (with a variableconcernfor formality)
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94 CHAPTER4. DATA REPRESENTATION AND REFINEMENT

abstractsoftwarespecificationsinto realapplicationsintendedto runonsomeavailable
hardware.Formalrefinementis oneof themostrelevantbranchesof formalmethods.It
splitsinto datarefinementandalgorithmicrefinement, dependingonwhererefinement
decisionstake place:changingtheformatof real datain theformercase,or replacing
a virtual data-structure1 by amoreefficient (thoughequallyvirtual) onein thelatter.

Formalrefinementis not yet widely useddueto thedifficulty of scalingits mathe-
maticalreasoningto realsizeproblems.By contrast,informal refinementenforcesso
little disciplinein softwaredesignthat resultsarevery oftencatastrophic,particularly
in thecaseof very largeapplicationswhich have a long life-span.As a rule, suchap-
plicationslack in documentation,have bugsandraiseseriousmaintenanceproblems.
Usingor sellingthembecomesa risky business.

In this chapterwe concentrateon datarepresentationandrefinementbecause,in
formal softwaredesign,datacalculationpreceedsandpavesthe way to correctalgo-
rithm designby calculation.

4.2 Isomorphism

Isomorfism

�
���	� 
�� 
 �
��� thatis

��������� 
��������������� 
������ (4.1)

meansthat ����� is botha right-inverseanda left-inverseof � . Furtherto many isomor-
phismlaws studiedin previouschapters,we arenow interestedin exploiting isomor-
phismsinvolving quasi-inductivedatatypes:� Powersetsvspredicates:recall(3.28).� Partial mappingsvs total functions(for a finite

�
):

�! "�
#%$&# '(
� 
 ) �+*-,/. �

021 #%$&#34 (4.2)

where 5 6 5 7 8:9<;
 =?>A@ � � >CB dom 7
5:D E&F � � ) 7 > . E�GIH2E �KJML�N	OPQF 5 6 5 � 8:9<;
 R/>TSUWVYXZ>TB �\[ � >�
 ) � � V .^]� A consequenceof theabove,

_`�
aKb # J �2c de� 
 �! f,
dom

gh
1Recallsection2.5.
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cf.

�! f,
�
 R

convertingto totalmaps(4.2)
]

) ,i*j,k. �
� 
 R

basic
]

l �
� 
 R

by (3.28)
]

_`�
� Anotherexample,extending E �

5:D E&m (1.35)to partialmaps:

) �+*\no.� p�
0�1rqsbKt #%u bKv wx
� 
 ) �y p�z.|{ ) n} "�z.
qsbKt #%u bKv~� (4.3)

Why anisomorphism?Check:

) �+*\no.� p�
�
 R

convertingto totalmaps
]

) �j*-,/.^� �������
�
 R

exponentials(1.77)
]

) �j*-,/. � { ) �-*j,k. �
� 
 R

backto partialmaps
]

) �y p�z.|{ ) n} "�z.
Abstractionandrepresentationfunctions:

�?E � 5:D E&m 8Y9<;
 � � )&) � �  p�z.|{ ) �<J  ��z.&.
and,expressedin CAMILA,

; unpeither : ( ( A + B ) -> C ) --> ( A -> C ) x ( B -
> C )
; The inverse of (unary) unpeither

unpeither(f) = let (a=[ p2(x) -> f[x] | x <- dom(f): p1(x) == 1 ],
b=[ p2(x) -> f[x] | x <- dom(f): p1(x) == 2 ])

in < a , b >;
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4.3 Representation

Representationof
�

in
�

meansthatthereexists
� ���� whichhasaright-inversem but no left-inverse. So, this meansthat

�
contains“more information” than

�
and,

asin (3.5),weconvey this factby writing:

�
v 
�� �
��� thatis ��� m 
���� � (4.4)

Inequation(4.4)hasseveralinformal interpretations:

-
�

is “smaller” than
�

-
�

is ableto “represent”
�

-
�

is “abstracted”by
�

-
�

is “implemented”by
�

-
�

is a refinement(“refines”)
�

In settheoryonesaysthat � is surjective 2. Note that thesamesurjective � canhave
many right-inverses.Consider, for instance,the following inequationexpressingthe
implementationof Booleansby integers,

�?�A�/� v 
�� ���
���

where

� 8:9<;
 
��kU
FALSE � TRUE

(informalmeaning:� representsFALSE, any othervaluerepresentsTRUE). It is easyto
seethat,for every � B ����� R � ] ,

m 8:9<;
 ���oU � �^�
is a right-inverseof � .

Right-inversesarealways left-invertible, i.e. injective in settheoryterminology3.
This is a very importantpropertyof datarepresentation— no two differentabstract
values

> � >���B � getmixedup alongtherepresentationprocess:

>��
!> ��� ) m > . �
 ) m > � .
2In category theoryonewould saythat � is split-epic, aconceptstrongerthanepic(cf. section1.6).
3split-monicin category theoryterminology.
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An isomorphism� is anarrow which hasbotha right-inversem anda left-inverseH — a bijection in settheoryterminology. It is easyto show that m 
 H 
 ����� , asin
(4.1)4:

��� m 
������H �/� 
���� �� R
compositionandidentity

]
H � ) ��� m . 
 H� R

associativity
]

) H ��� . � m 
 H� R H is right-inverseof � andidentity
]

m 
 H
In summary, we havethefollowing functionterminologicaltaxonomy:> F	 

� F	¡¢E2£ 5 �¥¤ E
¦ §¨¨¨¨¨¨¨¨¨¨¨ H&PQm�¡¢E�£ 5 �©¤ E

�� ª ª ª ª ª ª ª ª ª ª ª

V<� ¡¢E�£ 5 �©¤ E
«¬ ­ ­ ­ ­ ­ ­ ­ ­ ­ ­

¦ §¨¨¨¨¨¨¨¨¨¨¨
In formal dataprocessing,wherever � hasa right-inversem we say that � is an

abstractionfunction(alsocalleda retrievemap) andm a (particularchoiceof a) repre-
sentationfunction.

4.3.1 Examples

Let usrecall

� �|®¯� curry °±� 
 ) � � . �
uncurry

34
and try to extend this to partial functions. Ratherthan an isomorphism,we get an
inequation:

) n²{³�z.� p�
qs´<0�v&v¶µ wx
� n· ) �! p�C.

0�1rqs´<0�v&v¶µ~�
4Notation �?¸?¹ expressestheuniquenessof theinversefunctionof anisomorphism� .
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where �?£©P?m�m�  º ) �}{³�C.M pn � U �! ) �y pno.
�?£<PQm�m�  � 8:9<;


>» J �
� � q�¼ dom �:½ �¿¾ � q �ÁÀ�Â Â ¼ J2Ã �Ä� dom � �

(4.5)

and

P?F	�?£©P?m�m2  8:9<;
 = 7 @ ) > � V .) 7 > . V Â ¼ dom Å ½¯Æ ¼ dom � Å Âs�
Clearly,

�?£©P?m�m2  � P?F	�?£©P?m�m�  �
 �Ä�
Doing thesamewith respectto H&�?G �

5
(1.18):

�! ) �Ç{�no.
0�1rÈ $ t�1 wx
� ) �É p�C.|{ ) �É pno.
Ê~� (4.6)

wherethe finite mapping“join” operator(3.40)establisheshow
 

“distributes”over
product

{
. Its right-inverseis

PQF	¡¢6 � F 8Y9<;
 Ë �! » � � �! » JÍÌ (4.7)

i.e. unjoin <- split(*->p1,*->p2) in CAMILA notation.
The

�
-subcalculusencompassesother

 
-lawswhichcannotbeadaptedfrom sim-

ilar resultsconcerningexponentials.For instance,) �Î*Ïno. � �� 
 � � {�� �
andyetwehave thefollowing map-decompositionlaw:

�! ) �+*\no.
0�1r´ $ È $ t�1 wx
� ) �É "�C.Ð{ ) �É "no.
ÑÊ~� (4.8)

where � Ò 8Y9<;
 Ó � )^) �Î � � .Ð{ ) �É �<J .^.
A very importantlaw is

�! "ÔÕ{ ) �Ö "no.
0�1r1rÈ $ t�1 wx
� ) �É pÔ�.×{ )&) �·{³�C.� "no.
ÊÍØ~� (4.9)
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which is establishedby anelaborationof

Ò
Ò 1 8Y9<;
 Ò � Ë » � � Ó � )^) �Î "Ù .×{ �Ú£©P?m2m�  . Ì (4.10)

suchthat P?F	F	¡Z6 � F 8:9<;
 ) ��� { PQF	�Ú£©PQm�m�  . � P?F	¡¢6 � F
 R
definitionof PQF	¡¢6 � F (4.7)

]
Ë �É » � � P?F	�?£<PQm�m�  � ) �É » J . Ì

is oneof its right-inverses.Otherstandardrepresentations(refinements)follow: for
finite

�
_`�

de� �É p�
Û $ c�� (4.11)

(representationconsistsof classifyingdata,
V � B �

).

_`�
de� Ü Ý  p�

v Â 1gh (4.12)

(representationconsistsof indexing data).

��Þ
de� Ü Ý  p��� (4.13)

(refinementconsistsof renderingsequenceorderexplicit).

�Î p� °±� �y ß_`�34 (4.14)

(refinementconsistsof representinga functionby its “kernel”).

Exercise4.1 Guessa formal definitionof àráÍâKãsä&ãsåæá .ç
Exercise4.2 Show that èêéìë¿íîéyïñðóò ëõô×èöðk÷`ëIëøè�÷ùíúð/éÖïñð

(4.15)

holds.ç
Exercise4.3 Infer abstractionfunctionsû ¹ and û�ü whoserigh-inversesare

èýé å ¹ and

è�é å©ü , respec-

tively. Infer thesignaturesof û ¹ and û2ü . Explainwhy û ¹ and û�ü arenot the righ-inversesof

è�é å ¹ andèêé å©ü , respectively.ç
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4.3.2 Basicpropertiesof þ :

Reflexivity

�
t Û 
�� �
t Û��

cf. ��� � ���T
����
Transitivity

�
v 
�� �
��� [ �

a 
�� n
ÿ�� � �

a�� v 
�� n
� � ÿ��

cf.

) ��� � . � ) H � m .
 R
associativity

]
�C� ) � � H . � m
 R H is right-inverseof � ]
�C� �Ä� � m
 R

identity
]

�C� m
 R m is right-inverseof � ]�Ä�
Monotonicity

�
v 
�� �
��� � � �

� v ��� � �
� ���

where
�

is anarbitraryfunctor:���

 R

functorscommutewith
��� ]



4.3. REPRESENTATION 101

� �Ä�

 R m is right-inverseof � ]� ) � � m .
 R

functorscommutewith composition
]

) � � . � ) � m .
therefore

� m is right-inverseof
� � . Of course,this resultextendsto bifunctors,e.g.

�
v 
�� �
��� [ n

a 
�� Ô
ÿ�� � � ) � � no.

� � v	� a � '(
� � ) � � Ôê.� � � � ÿ �34

or F -ary functorsin general.

4.3.3 Induction (Structural monotonicity)

Giventwo inductivedatatypes
 � and
�� definedby functors
�

and � , respectively,


 � � 
 � 
 �t�1�
����

�� � 
 ��
��t 1�
����

andsuchthat

��� a ��� � �ÿ�� (4.16)

Then


 �
v À � � t 1�
���� a � � � ��� 
��� À � � t 1�
���� ÿ � � ��� (4.17)

holds,cf. diagram


��
� � t 1�
���� ÿ � � ����

� 
��� � � t 1�
���� ÿ � � ���
��
��ÿ��

t 1�
��
��

� � � t 1�
���� ÿ � � ���

 � � 
 �t�1 
���� ��
 �ÿ��
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This propertyis very importantin data-refinementcalculations.Let us seesome
examplesof application:

1. Empty sequencesrepresentedby non-emptyones— 
 � 
 ��Þ
and 
�� 
 � �

,
for

, � �
: � Þ � 
 ,i*\�}{³� Þ

 ! #" � ´ $ 1/a "gh
� � � 
 �j*\�}{�� �

 aKt 1rÿ$� ´ $ 1/a "gh
where H � F�� >C
&%ø>('

.

Of course

,i*Ï�}{ �
Â	) � t Û '(� �\*Ï�}{ �
* � t Û+,

holdsfor some
> � B �

since

,
Â )


�� �
*«¬

by hypothesis.Accordingto (4.17)we infer notonly thatnon-emptylists imple-
mentemptylists

� Þ
b cöÆ b Û ��� � �
Æ.- Â a #��

(obvious!) but how they do it:V G > H 5 
 ) X/%�%�' � £�6¶FÐH ' � )�0 * ��� . X .E21 V E �o
 ) X3% H � F�� � £�6¶FÐH ' � ) > � * ��� . X .
(lessobvious).Let uscalculatefurther:V G > H 5 � % H � F�� � £�6¶FÐH '
 R

cata-cancellation
]

%4%	' � £�6¶FÐH ' � )�0 * ��� . � ) ��� * ��� { V G > H
5 .


 R *
-bifunctorandtrivia

]
%4%	' � £�6¶FÐH ' � )�0 * ��� { V G > H

5 .

 R *

-absorptionandtrivia
]

%4%	' � £�6¶FÐH � ) ��� { V G > H
5 . '
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thatis

V G > H 5 %õ>('�
 %	'
V G > H 5 ) £�6¶FÐH ) > � G .&. 
 £�6¶FÐH ) > � V G > H

5 G .
(
V G > H 5 =“all but last”)

Similarly:

E21 V E �5%6' 
 %ø> � '
E21 V E � ) £�6¶FÐH ) > � G .^. 
 £�6¶FÐH ) > � E21 V E � G .

2. Representing7 E&F Ô ��> (genealogicaldiagrams)by
Ô E�£.8ñm¢E�E (decisiontrees):

Genealogicaldiagrams:

7 E&F Ô ��> º º N º N F � /*dataaboutan individual */9 º % 7 E&F Ô ��>:' /*genealogyof his/herfather(if known)*/; º % 7 E&F Ô ��>:' /*genealogyof his/hermother(if known)*/

i.e. 7 E^F Ô �Ä> � 
 N F � { ) 7 E&F Ô ��> *-,/.×{ ) 7 E&F Ô ��> *j,k. (4.18)

Decisiontrees:

Ô E2£#8ñm¢E2E º º <Öº>= D > 5 /*Questionor Decision*/? º � FÐH2@TE&m  pÔ E2£#8ñm¢E2E /*Subtrees*/= D > 5 
 @ @�@
� FÐH2@TE&m 
 @ @�@

i.e. Ô E�£.8ñm¢E�E �
 = D > 5 { ) � FÐH2@TE&m  �Ô E�£.8ñm¢E�E . (4.19)

Clearly,

7 E&F Ô ��> � 
 � ) N F � �A7 E^F Ô �Ä> .
where � ) � � � . 8Y9<;
 �·{ ) � *-,/.×{ ) � *-,/.
and

Ô E�£.8úmZE�E �
 � ) =
D > 5 � � FÐH2@TE&m � Ô E2£#8ñm¢E2E .
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where

� ) � � � � � . 8Y9<;
 �+{ ) �² � .
Reasoning:instantiate

� 
 l
. Then

� ) � � l � � .
 R
instantiation

]
�}{ ) l  � .

� 
 R
totalizingmaps

]
�}{ ) � *j,k. J

� 
 R
expandingsquare

]
�}{ )&) � *-,/.×{ ) � *j,k.^.

�
 R
flattening(removing parentheses)

]
�}{ ) � *j,k.×{ ) � *-,/.


 R
instantiation

]
� ) � � � .

Since

� ) � � � .
'(

� 
 � ) � � l � � .+,
we candeduce:

7 E&F Ô ��> �
'(

� 
 Ô E�£.8úmZE�E ) � � l .+,
Challenge:calculateabstraction/representationmaps.

3. Lastbut not least:finite setsrepresentedby finite lists:

_`�
B � t�1 � C ��� � Þ

b - b c a À � � t 1ra � ��� (4.20)

where � F 
D%�%�' � £�6¶FÐH '
and � FÐH 
&%4E � �/P

5 H '
— recall(3.2).
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4.3.4 Constructive proof

We wantto find a right-inversefor
) X � FGF � � � X . in (4.17)expressibleasa catamorphism) XIH�X .

, cf. diagram


 �
� � JK� � ����

� 
 �t 1�
����
� � � JK� � ���


��
� � t�1�
���� ÿ � � �L��

� 
��J��
� � � t 1�
���� ÿ � � ���


 � � 
 �t 1 
�� � ÿ��
So

H
is theunknown. Calculationof

H
:) X � F F � � � X . � � ) XMH�X . � 
����� R

by
�
-cata-reflexion

]
) X � FGF � � � X . � � ) XMH�X . � 
 ) X � FGF � X . �N R

by
�
-cata-fusion

]
) X � F F � � � X . � � Hý
�� F F � � � ) X � F F � � � X . �� R

decompose
H�
�� F F � � H?� ]) X � FGF � � � X . � � � FGF � � H � 
�� FGF � � � ) X � FGF � � � X . �� R

by � -cata-cancellation
]

� F F � � � �:� ) X � F F � � � X . � � H � 
�� F F � � � ) X � F F � � � X . �� R � is natural(4.21)
]

� FGF � � � ) X � FGF � � � X . � � � � H � 
�� FGF � � � ) X � FGF � � � X . �N R � � H 
���� ]H � 
 H
So H 
 � FGF � � H
NB: both � and H arenatural,e.g.

) � � . � � 
 � � ) � � . �
� ��

� � ÿ�OQPR
�	� ��

� �
� ���� � � ÿAS PR � �

(4.21)

holds.
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4.4 Concreteinvariants

Given someabstractionmap � , the choiceof a particularrepresentationm inducesa
low-level invariant T

�
v 
�� �
��� U PR l

calledtheconcreteinvariant inducedby m . It emergesascharacteristicpredicateof the
rangeof m , that is to say, T V holdswherever thereexistsat leastone

>�B �
suchthatVñ
 m > . Becausem is alwaysinjective,onehas

�
v ��� 
 � U
���

where
� U denotesthesubsetof

�
whichsatisfiesconcrete-invariant T . Sothereplace-

mentof low-level structure
�

by abstractstructure
�

is safeprovided T is known to
hold in theparticularsituationin hand— a kind of reversespecificationvia “concrete
invariantdischarge”. Thatis to say, wehave

�C� m 
��Ä�
T V 8:9<;
 ) m ��� . Vi
ÎV

Someexamplesfollow:

�! ) � {�no.
021/È $ t 1 wx
� 
 )^) �Î p�C.Ð{ ) �! "no.^. b�V ÛÊ~�

where E(W � 8Y9<;
 ) 
 . � ) dom
{

dom
.

while

�! ) �+*\no.
021/´ $ È $ t�1 wx
� 
 )&) �É p��.×{ ) �É pno.&. Û È Û
ÑÊ~�

where

� ¡ � 8Y9<;
 
5X �$Y � ) dom
{

dom
.
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4.4.1 Concreteinvariant handling rule

�
v ��� 
 � U
��� [ �

a ��� 
 n[Z
ÿ��

implies

�
a�� v °±� 
 n\Z ½]U � ÿ� � ÿ��

For example,from (3.29)and(4.20)we infer:�! p� �
 ) �}{³�C. Þ��Û q(� elems

4.5 Representinginductive datatypesin ordinary pro-
gramming languages

4.5.1 The relational databasemodel

A datamodelis saidto becompliantwith therelationaldatabasemodelif it is afinitary
productof expressionsof thefollowing kind:� relations—

_ ) � � {-{ @:@:@ � 1 . whereevery
� t is regardedasan“atomic type”

in thetargetrelationalenvironment;

� mappings—
) � � { @Y@:@ {³� 1 .× ) � � { @Y@:@ {³� c . whereevery

� t and
� È is

regardedasan“atomic type” in thetargetrelationalenvironment.

Then:� Lawssuchas(4.6,4.15,4.9,4.8) and(4.13)playanimportantrôle in derivedcon-
structreification. They canbe usedto “decompose”complex/nestedmappings
or sequencesinto tuplesof simplermaps.

� Sincefinite mapsareeasilyrefinedinto binaryrelations— recall (3.29)— our
calculusfragmentaboveis usefulin refiningelaborate,finite-mapping/sequence
baseddatamodelsinto relationaldatabaseschemata.

� It hasbeenprovedelsewhere[3] that3NF is guaranteedby mereapplicationof
theabove laws,amongothers.

Exercise4.4 In relationaldatarefinement(i.e. the representationof datain the relationaldatabasemodel)
oneoften ignoresnormalizationwherever datastorageis not a problem,i.e., oneis dealingwith smalldata
sets.Thefollowing law describesonesuchrefinementstep:ë¿èêéyí ðk÷`ë¿èêéyïñð�ò èêéìë ëøí_^a`ÄðÍ÷`ëøïb^c`Äð ð

(4.22)
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It mergestwo tablesinto asingleoneby, for instance,representing

NÚMERO NOME

1010 Manuel
11230 Maria

and
NÚMERO CURSO

11230 LESI
15234 LMCC

by
NÚMERO NOME CURSO

1010 Manuel NIL
11230 Maria LESI

15234 NIL LMCC

1. Resortto û ¹ of exercise4.3 to defineanabstrationmap � for (4.22)in point-freenotation.

2. Definetheobviousrigh-inverseof � .

ç

4.5.2 Pointer intr oduction

For targetlanguageslike C/C++we needa differentapproach.Recursive datamodels
arecopedwith byresortingto pointersasshownnext. Firstof all, wehavethefollowing
basicfact: everynon-emptydatatype

�
canberepresentedby a “pointer”:

�
v À tMd de� ,i*Ï�

� À  Â	) � t Û "�� ) >��oB �z.

i.e. � � 
 ) ,ñ*Ï� . Ufe�g�h/iÀ�j�Â ¼ �\k e À � t d ÂÄ�
( � abstractsboth

L�NÚO
and

>��
into

>2�
. It is thereforenon-injective.) Thenwe have the

following implementationrules:� Inductivedatatypesof form

l
$ 0 # de� 
 ,i* � lt 1��

canbedirectly implementedin suchlanguages,e.g.� Þ � 
 ,i*\�+{³� Þ
� �\m

implementedby
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typedef struct G {
A first;
struct G *next;
} *T;

� Inductivedatatypesof form

l
$ 0 # °±� 
 � ) ,ú*nlú.t�1��

arealsodirectly implementable,e.g.

7 E^F Ô �Ä> � 
 N F � { ) ,i* 7 E&F Ô ��> .×{ ) ,i* 7 E&F Ô ��> . (4.23)

implementedby

typedef struct GenDia {
Ind individual; /* data about an individ-

ual */
struct GenDia *father; /* genealogy of his/her father

(if known) */
struct GenDia *mother; /* genealogy of his/her mother

(if known) */
};

� All othercases:

l
$ 0 # ��� 
 � l
t�1��

implementedby forcing apointerstructure:

��� t d °±� ,i* ���
 	o � t Û "gh

andtherefore(4.17)

l
� � t 1p� t d � � � qr� s

� � t 1p�  �o � t Û " � � �
«¬ (4.24)

where s � 
 ,i* � s
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Example: Ô E�£.8ñm¢E�E �
 = D > 5 { ) � FÐH�@CE^m  pÔ E2£#8ñm¢E2E .
Via (3.29)this is implementedbyÔ E�£.8ñm¢E�E � � 
 = D > 5 { ) � FÐH�@CE^m {³Ô E�£.8ñm¢E�E � . Þ
On its turn,via (4.24),

Ô E2£#8ñm¢E2E � is implementedbyÔ E�£.8ñm¢E�E J � 
 ,i* = D > 5 { ) � FÐH2@TE&m {³Ô E�£.8ñm¢E�E J . Þ
thatis Ô E�£.8ñm¢E�E J � 
 ,i* = D > 5 { H&P V 8úmZE�E�HH&P V 8ñm¢E2E�H �
 ,i* ) � FÐH2@TE&m {�Ô E�£.8úmZE�E J .Ð{ H&P V 8ñm¢E2E�H
This hasa directencodingin C asfollows(for

� FÐH2@TE&m and =
D > 5

= strings):

typedef struct DecTree2{
char *What; /* Question or Decision */
struct subTrees *R;
};

typedef struct subTrees {
struct node *first;
struct subTrees *next;
};

typedef struct node {
char *Answer;
struct DecTree2 *SubTree;
};

4.5.3 Recursion“r emoval”

What aboutSQL-like languages?How do we convert recursive structuresin non-
recursive tabularones?

Let � �
de� 
 �t� �

t 1��
bea solutionto � � 
 ���

(4.25)

Implementation step:

� �
'(

� 
 )#u { )#u  � u .^. U
�gh (4.26)

for
u

adomainof “pointers” suchthat
u � 
 Ü Ý

.
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Abstraction Function �
We needto definea surjection

)#u { )#u  � u .^. U � PR � �
thatis, to find appropriate� and T .
Temporarilyassumethat 7 B u  � u

is a total function,anddraw thediagramof
coalgebra

)#u � 7 . : u
Å��� u

Assuminga givenpieceof “linear storage”7 (“database”),let � Å denotethefunction
which,for each“pointer” � B u , retrievesthevalueof

� �
correspondingto a 7 “scan”

startingfrom � : � � u
Å��

��v��
� u

Thediagramcanbeimmediatelycompleted,

� � u
Å��

� v��
��� �
t�1xw y

� u� ��v��
expressing� Å as

�
-hylomorphism

% % 7 � � F ' ' � , thatis,

� Å 
�� F � ) � � Å . � 7
or � º u { )�u  � u . � U � �

� ) �¯� 7 . 8:9<;
 � F )^) � � Å . ) 7 � .^. (4.27)

writing � ) �¢� 7 . insteadof “curried” � Å � .
ConcreteInvariant T
Facepointerundefinednessin case7 is partial— 7 � in (4.27)is undefinedwherever� �B dom 7 andotherpointers � � in the rangeof 7 , reachablefrom � , may be in the
samesituation.
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� Pointerreachability— transitiveclosureof

� �{z � � 8:9<;
 � B dom 7 [ � � B � 7 � (4.28)

(recallthat
B � is givenin section3.3),thatis

T ) �¢� 7 . 8:9<;
 G E 5}| 
+R � ] � R � ��B u X � � z
� � � ]� F |�~

dom 7
� Well-foundedness— Restrictto leastfixpoints, i.e. guaranteethat � ) �¢� 7 . does

not yield infinite results,forcing

|
to bewell-foundedwrt. z � :

T ) �¢� 7 . 8:9<;
 G E 5�| 
ÎR � ] ��R � ��B u X � � z
� � � ]� F |�~

dom 7 [� E�� n ~�| º��:1 B n º � � � z � 1 º � ���B n
(4.29)

Theproofof surjectivenessof � (4.27)for
) � � � �t� � t 1 PR � � .

afinite or denumer-
ablefixpoint of

�
, is a lengthyone!

4.5.4 Tri vial Example
) n � �Ä� � . is of coursea fixpoint of constantfunctor

��� 
 n
. Then

� ) �¢� 7 . 8Y9<;
 � F )^) � � Å . ) 7 � .^.
 ����� )^) n � Å . ) 7 � .&.
 ��� � ) ��� � ) 7 � .&.
 7 �
Since z

� � is empty, we have

T ) �¯� 7 . 8Y9<;
 � B dom 7 (4.30)

asexpected— cf. dynamicprogrammingtypical of e.g. C or PASCAL— insteadof
handling

n
datadirectly (staticallystored),theprogramhandlesdynamicreferencesto

them.

4.5.5 Implementing �����	�a�����
Recall Ô E�£.8ñm¢E�E �
 = D > 5 { ) � FÐH2@TE&m  "Ô E�£.8ñm¢E�E .
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4.5.6 Data-level Reification

First transformationis recursionremoval accordingto (4.26)Ô E2£#8ñm¢E2E � � Ô E�£.8ñm¢E�E �
leadingto Ô E�£.8úmZE�E � 
 u { )#u  = D > 5 { ) � FÐH2@TE&m  u .^.

(4.31)

Whathaveweachieved?Two interpretations(at least)areadmissible:

1. For
u

a domainof pointers,

u  = D > 5 { ) � FÐH2@TE&m  u .
(4.32)

— thatis: u  = D > 5 { )#u *-,/. � 1ra��	bKv
— modelsaheap-segmentof dynamicstorage.In PASCAL (theheapis “hidden”
in therun-timesystem):

type DecTree1 = ˆDecTree;
DecTree = record

Q: What;
R: array [Answer] of ˆDecTree
end;

2. For
u

adomainof objectnamesor “uniqueidentifiers”,(4.32)modelstheobject
database F > 1�E U 6 V ¡¢E�£ 5
implicit in anobject-orientedprogrammingenvironment,cf. thefollowing CAMILA:

DecTree_1 :: ObjName: K
Archive: ObjBase ;

ObjBase = K -> Attributes
Attributes :: Q: What

SubObjs: Answer -> K ;

Proceedingvia law (4.9):Ô E�£.8ñm¢E�E � 
 u { )#u  = D > 5 { ) � FÐH2@TE&m  u .^.
� J u { )^)�u  = D > 5 .×{ )^)�u {³� FÐH2@TE&m .� u .&.

 Ô E2£#8ñm¢E2E J (4.33)

For
u

astatedescriptor,
Ô E�£.8ñm¢E�E J acceptsthefollowing interpretation:

� )#u {³� FÐH2@TE&m .× u
= statetransitiondiagramof a (deterministic)finite state

automaton(
� FÐH2@TE&m = input stimuli);
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� first factor � B u in (4.33)= currentstateof theautomaton;

� u  = D > 5 = semantictableassigninga meaningto eachstate.

Carryingon our reasoning,

Ô E�£.8ñm¢E�E J 
 u { )&)#u  = D > 5 .Ð{ )&)#u {³� FÐH2@TE&m .M u .^.
�{��u { ) _ )#u { = D > 5 .Ð{ _ )^)�u {�� FÐH�@CE^m .�{ u .^.
 Ô E�£.8ñm¢E�E �� 
5� u { ) _ )#u { = D > 5 .Ð{ _ )#u {³� FÐH2@TE&m { u .^.
 Ô E�£.8ñm¢E�E �

weobtainafinal model,

Ô E�£.8úmZE�E � 
 u { ) _ )�u { = D > 5 .×{�_ )�u {�� FÐH2@TE&m { u .&. (4.34)

whichis arelationaldatabaseschemaimplementing
Ô E�£.8úmZE�E in termsof two database

fileswhere
u

playstherôleof adomainof keys.
In summary,

Ô E�£.8ñm¢E�E � � Ô E�£.8ñm¢E�E � � J Ô E2£#8ñm¢E2E J �{� Ô E�£.8ñm¢E�E �ù�
 � Ô E�£.8ñm¢E�E �

4.6 Exercises

Exercise 4.5 Let � and � be two abstraction(i.e. surjective) functions. Identify which of the following
combinationof � and � arealsoabstractionfunctions:�

�����L� (4.35)� ÷ � (4.36)� �4����� (4.37)� ^ � (4.38)

ç

Exercise4.6

1. Apply law (4.17) to �_��� � — i.e. åæáK���
�. 
�/¡¶àrâKâp� —, ¢n� è5£ and �¤�ýå�¥ ^§¦ ü . Calculate

a pointwisedefinitionof abstractionfunction ¨�� ë © åæá �Lª � © ð . Which well-known functionis ¨ , after
all?

2. Knowing that ¢�« � � holdswherever � é iso (bijective) show that

� �¬« � ` £
and ` « �

  £
hold.
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ç
Exercise4.7 Show that àrá4­%ã6­ canbedefinedby

àrá®­%ã�­A¯ °�±³²� ëIë ´�µA´ ¯ ð³^\¶ ·�ð ª ë¹¸�µ4º µ�» dom ¯ ð½¼
for ´�µA´/ë ¯�� µkð °�±³²� µ�»

dom ¯ ¾ ¯ µ
ç
Exercise4.8 The feature bundleis aparametricdatatype¿!À ë¿è � íúð � è éÕë¿íb^ ¿!À ëøè � íúðIð
which is widely usefulin specifications,e.g.Á å�¨IÂ6Ã]Ä�¡6­/Â6Å � ¿!À ë Á å�¨IÂ6Æ µ ÅÇÂ!� Á å�¨IÂ ð

1. Definealgebra ô Á å�¨IÂ6Æ µ ÅÇÂ è éìëøí_^ ô Á å�¨IÂ6Æ µ ÅÇÂ ðÈ��
sothat É © � © Ê specifiesthefunctionwhichcollectsall filenamesin ahierarchical

Á å�¨MÂ2ÃxÄ�¡6­/Â2Å .

2. FBcanbeusedto specify“universal” data-representationmedia,e.g. theabstractinterfacedatade-
scriptionlanguageIDL: Ë�ÌÎÍ � ¿!À ë Ã]ÏLÐ{��Ã]ÏtÐ ð
CalculateaC/C++pointer-basedimplementationof

Ë�ÌÎÍ
.

3. Knowing thatrepresentation

íÇ£ Ñ °±ò ¿!À ë � �G� íúðÒ��
holds,expressÓ asa list-catamorphism.

4. Resortto (4.17in orderto calculate� and Ó in theobviousfacts

èêéÖí Ñ °±ò ¿!À ëøè � í ðÒgh
ô×è Ñ deò ¿!À ë¿è � `ÄðÒ��

5. Canyou represent

è ÷ í
or

èÔ^ í
in
¿!À

?

ç
Exercise4.9 Let è¤^ è�÷�Õ èÈ6Öp×3Ø�ÙpÚ d��
in (4.16).Whatabstractionfunction � doyouobtainby (4.17)in this case?Justify.ç
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