
Chapter 3

Quasi-inductivedatatypes

3.1 Intr oducingNon-inductive Datatypes

Recallthataninductivedatatypeis definedupto isomomphism

� ����� ���	 
 ��
���
andthatfrom its definitiontwo isomorphismsemerge— algebra��� andcoalgebra�����
— whichareeachother’s inverses:��� . ����� 	 ���������� . ��� 	 ������� �! 
Algebra ��� providesdatatypeconstructorsuponwhich onemay build inductive defi-
nitions,algorithms(catamorphisms),etc. It alsosetsup thebasisfor inductive proofs
aboutthedatatype.Conversely, coalgebra����� providesa“grammar”for observingthe
datatypein a “recursivedescent”fashion.

Because��� and ���"� areeach-otherinverses,structuringalgoritmsaround��� or �����
is simply a matterof taste: the former leadsto an “axiomatic” (structural,inductive)
style,thelatterto amorealgorithmic(recursive,interpretative)style.

Not every datatypeis inductive in this way. Think for instanceof the powerset
datatype#%$ containingall subsetsof afinite set $ :#%$ 	 &�')(*',+ $,-
Weknow thattheemptyset . is asubsetof $ — andthereforeaninhabitantof #%$ —
andthat,givenasubset

'
of $ andaparticular/102$ , then

& /"-43 ' is another(possibly

larger)subsetof $ . So #%$ 576 $98:#%$�
��;<= , where �>� '?	A@ . BDCFEG/"B '�HJIK& /"-*3 '7L ,
is analgebrafor synthesizing#%$ datavalues.We will write��� ')	9@ . BGMN��� 'OL (3.1)
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by introducing

MN��� '*PRQ�S	 3 . E ' �>�UT ' 8V��� H (3.2)

where
' ���UT '4WX	Y&�W - (“singletonset”). Conversely, if

'Z+ $ is nonempty, it can
alwaysbe decomposedinto pair EG/�B '%[\& /N- H for some /]0^$ . So we canthink of#%$ �_��� ; `a 576 $^8:#%$ where

����� 'b	 E�c 6 Ted�� '�H . E 	gf�H�h (3.3)

andwhere,for nonempty
'
,

Tid�� 'j' PRQ�S	 k d�� /10 '��� El/�B 'm[n& /"- H (3.4)

(Theattentive readerwill feel uncomfortableat this point abouttheundeterminacy of
thechoiceof / in thedefinitionof Tido� ' : wewill comebackto this later).

From the outset,#%$ is a datatypesimilar to $mp : both sharethe samegenerative
“grammar”,or inductive “shape”,definedby functor


rq 	 5b6 $s8 q . However,
a majordistinctionbetweenthe two typescanbe identifiedat once: ��� is not a right
inverseof ����� ' on #%$ , thatis,

����� ' . ��� 't	 ���
doesnot hold. Becauseof the unorderedstructureof a set

'
onecannotreconstruct

the stepsalongwhich it wasbuilt. So a powersetis not inductively generated,i.e. it
is non initial in category-theoreticalterms. This explainswhy ���"� ' above could not
bedefinedinductively (ashappenswith thesimilarcoalgebrain datatype$ p ) andwhy
set-theoreticalequalityhadto becomeexplicit. Nevertheless,

��� ' . ����� 't	 ���
holds( ����� is a right inverseof ��� ). Altogether, this meansthat 5u6 $v8V#%$ contains
“more information” than #%$ alone.We convey this factby writing

#%$
�_��� ; wxy 576 $z8{#%$�K��;|} (3.5)

Themainconsequenceof thelackof ���j~������ invertibility is thatonecannotbuild cata-
morphismsover #%$ : only ���"� ' -basedhylomorphisms

#%$ ����� ; `a
� � �_�o� ;D� �_� �R��

576 $z8{#%$�
�D�4����� � � ����� ;�� ��� ���� 576 $z8 ��<=
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canbedefinedoversomesuitabletarget E 5*6 $98 H
-algebraT . For instance,thecard

operator

card
' PRQ�S	 ��� 'b	 .���Nd��v�d kG' d k d�� /10 '��� 576 card E 'm[n& /N- H

countingthenumberof elementsof afinite setis onesuchhylomorphism
@ @ ����� ' B�T L L , for� 	z� ���

and T 	9@ � B succ. ��� L .
We will adoptnotation

&�( T ( - asan abbreviation of
@ @ ���"� ' B�T L L , itself an alternative

notationfor E @ T L H . @ EG����� '�H L over $ p finite sequences:&�( T ( - PRQ�S	 E @ T L H . @ EG���"� '�H L (3.6)

Due to the nondeterminismof ����� ' (cf. Tido� ' ) the T algebramust be insensitive to
theorderof $ valuespickedby Tido� ' — otherwise,

&�( T ( - would be a relationandnot
a function. This canbe expressedas follows, where T � is the secondalternative ofT 	v@ T���B�T � L :

T � EG/"B�T � EG/��GB�� H�H�	 T � El/e�GB�T � El/�B�� H_H (3.7)

Whichpropertiesof catamorphismsextendto
&�( T ( - ? Thepowersetfusion-law

� . &�( T ( - 	z&�( � ( -�� � . T 	 � . E���� 6 ����82� H (3.8)

canbedrawn straightaway from ana-catadecompositionfollowedby finite-sequence
cata-fusion:

� . &�( T ( - 	X&�( � ( -� &
definitionof powersetmorphism-� . E @ T L H . @ E>���"� '�H LU	 E @ � L H . @ EG����� '�H L� &
compositionby equals-� . E @ T L Hr	 E @ � L H� &
cata-fusion-� . T 	 � . El��� 6 ����8 � H

Powersetcancellation,however, will no longerremainvalid, since&�( T ( - . ��� 't	 T . E���� 6 ����8 &�( T ( - H (3.9)

doesnot hold in general.Think for instanceof
&�( T ( - 	 card. Then(3.9) would entail

card.MN��� ')	 succ.card. �"� whichis falsewhereverthefirst argumentof M"�"� ' belongs
to thesecondone.
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SomealgebrasT will obey (3.9) andfor thosewe have an interestingproperty, a
consequenceof cata-fusion2.61):&�( T ( - . elems

	 E @ T L H (3.10)

whereelems
PoQ�S	 E @ ��� L H is the functionwhich “setifies” a finite list. This expressesthe

fact that thesecondalternative T � of T 	¡@ T � B�T � L is insensitive not only to orderbut
alsoto repetitionon its first argument(a kind of idempotency).

An exampleof this situationis providedby thepowerset(type) functor, which is
definedby

#?� 	 &�( �>� ' . E���� 6 �¢8V��� Ho( - (3.11)

andboilsdown to pointwiseset-theoreticalcomprehension:

E£#?� H�'�	 & �)/ ( /10 ' -
It canbeeasilycheckedthat #?� satisfies(3.9):

#?� . �>� 'b	 El�>� ' . E���� 6 �¢8V��� H_H . E���� 6 ���18{#?� H� & 6 and 8 functorsandidentity-#?� . �>� 'b	 ��� ' . El��� 6 �¤8:#?� H� &
polymorphismof ��� ' (naturaltransformation)-

TRUE

Powerset-absorption&�( T ( - . E�#?� H�	 &�( T . El��� 6 �¤8V��� HR( - (3.12)

is applicableto algebrasT satisfying(3.9)(ourunknown is ¥ ):&�( T ( - . #?� 	^&�( ¥ ( -� &
powerset-functordefinition(3.11) -&�( T ( - . &�( ��� ' . E���� 6 �¤8{��� HR( - 	X&�( ¥ ( -� &
powerset-morphismdefinition(3.6),twice -&�( T ( - . E @ ��� ' . El��� 6 �¤8V��� H�L H . @ El����� '�H L4	 E @ ¥ L H . @ El����� '�H L� &
compositionof equalsby equals-&�( T ( - . E @ ��� ' . El��� 6 �¤8V��� H�L Hr	 E @ ¥ L H� &
cata-fusion(2.61) -&�( T ( - . ��� ' . E���� 6 �¤8{��� Hr	 ¥ . El��� 6 ���18 &�( T ( - H� & T is assumedto obey to property(3.9) -



3.1. INTRODUCINGNON-INDUCTIVE DATATYPES 83

T . E���� 6 ����8 &�( T ( - H . El��� 6 �¢8V��� Hr	 ¥ . E���� 6 ����8 &�( T ( - H� &
bi-functors 6 and 8¦-T . E���� 6 ��� . �¤8 &�( T ( - . ��� Hr	 ¥ . E���� 6 ����8 &�( T ( - H� & ��� is natural(1.11) -T . E���� 6 � . ���:8{��� . &�( T ( - HO	 ¥ . E���� 6 ����8 &�( T ( - H� &
bi-functors 6 and 8 again -T . E���� 6 �¤8{��� H . E���� 6 ����8 &�( T ( - Hr	 ¥ . E���� 6 ����8 &�( T ( - H� &
compositionof equalsby equals-T . E���� 6 �¤8{��� Hr	 ¥

Powerset-absorption(3.12)is helpful in showing that thepowerset-map#?� com-
muteswith composition:

#§T . #?� 	 &
powersetdefinition-&�( ��� ' . El��� 6 T:8V��� Ho( - . E£#?� H	 &
powerset-absorption(3.12)-&�( El�>� ' . E���� 6 T:8V��� H�H . El��� 6 �¤8V��� HR( -	 & 6 and 8 functors,compositionandidentity-&�( El�>� ' . E���� 6 E£T . � H 8V��� Ho( -	 &
powersetdefinition-#:E£T . � H

Finally, thefactthat # (3.11)indeeddefinesa functorrequiresproperty

#,��� 	 ���
to hold. From(3.11)wedraw

#,��� 	 &�( ��� ' . E���� 6 ����8V��� HR( -	 &
compositionandidentity-&�( ��� '�( -

However, doespowersetreflection&�( ��� '�( - 	 ���N�©¨�ª  (3.13)

hold?Thetruthof thisfactcannolongerbeprovedonthebasisof anuniversalproperty
because��� ' is notinitial, i.e., abijection.Weshallhavetouseinduction.But thisraises
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anotherquestion:“which” induction? — a pertinentquestiongiventhe fact that #%$
is not inductively generated!

Exercise3.1 Draw thenaturalpropertyof elems,«K¬®­�¯ . elems ° elems. ­R± (3.14)

from (3.10).²
Exercise3.2 ZF-set-abstraction ³D´jµ7¶·µm¸º¹�» « ¼ µ ¯G½
correspondsto powersetfilter-and-map:´�¾£¿ÁÀ�Â_Ã « ´ Ä ¼�¯ÆÅDÇ�È° Union. ¬*« ¼mÉ ¹�¾�Ê ­ ¹ . ´ ÄGË ¯ (3.15)

where

Union ° ³�¶ Ì Ë Ä>Í)Î ¶ ½ (3.16)

is finitely distributedunion. Show that, for
¼ ° TRUE,

³D´Fµb¶§µ1¸¢¹F» « ¼ µ ¯G½ ° ¬ ´ . Hint : resortto

powerset-absorption(3.12).²
3.2 Structural Induction

Thequestionabovebringsusinto thecoreof theinductiveproofmethodin general:the
principleof structural inductionbasedonwell-foundedrelations.A relation Ï + $¢8m$
is saidto bewell-foundedif any nonemptysubsetÐ of $ hasaminimum,thatis, ifÑ .,Ò]Ð + $^ÓNE>ÔeÕÖ0 Ð×Ó�ÏuØZÙ2Ð 	 . H (3.17)

holds,where Ï Ø denotes

ÏmØ 	z& /10V$ ( /:ÏnÕÚ-
Theprincipleof structural inductionbasedon well-foundedrelation El$%ÛRÏ H is stated
asfollows: in orderto provethevalidity of a predicateM on $ ,Ñ /10V$zÓRM)/
proceedasfollows:

1. Inductionbasis: prove MmÕ
for all ÕÜ0V$ suchthat Ï Ø 	 . .

2. Inductivestep: let /:0 $ besuchthat Ï)Ý,Þ]. .
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(a) Inductionhypothesis: Ñ W Ïß/:ÓàM W
holds.

(b) Step: prove E Ñ W Ïá/1ÓàM WUHrâ M)/ã
For instance,well-foundedrelation ÕäÏ^� PRQ�S	 �áå9�bæ¢Õ 	 � [ 5 supportsthe

well-known first inductionprincipleonthenaturalnumbers.We wantto provefact Mm�
for anarbitrarypredicateM over

� �j�
. Clearly, Ï ��	 . and,for �áå9� , Ï � 	ç& � [ 5 - .

Therefore,

1. Inductionbasis( � 	 � ): prove M)�
2. Inductivestep( �èåZ� ):

(a) Inductionhypothesis: assumeMjEl� [ 5 H
(b) Step: prove

M�E�� [ 5 H�â Mm�ã
Exercise3.3 Let

´
bethefollowing recursive function´ é ê ëiì í É ê ëiì´ «
î�¯ ÅDÇ�È° ï î °VðFñòðîmó ðFñòô�õRõ «
î�¯eö ´ «�î í�÷ ¯ (3.18)

where ôDõàõ é ê ë í É ê ëôDõàõ « ø�¯ ÅDÇ�È° ù ø í1÷
Show by

ê ë ì
inductionthat

´
computesthesquareof

î
, i.e. that

´ «�î�¯ ° î�ú . (Sothesumof all first

Ê
odd

numbersis

Ê ú
).²

3.3 Well-foundedcoalgebrasand induction

Well-foundednessis not only closelyrelatedto inductionbut alsoto termination. A
givenhylomorphism

@ @ TUB�� L L will not terminateunless� is a well-foundedcoalgebra. A
coalgebrais saidto bewell-foundedif its accessibilityrelation is well-founded.The

accessibilityrelation Ï)û implicit in coalgebra $ û `a 
 $ is definedasfollows:

�)Ï û / � �)0 � E>�m/ H
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where 0 � denotesstructuralmembership.This is definedstructurallyoverpolynomial
functorsasfollows: ü 04ý W PoQ�S	 þ $bÿ���� (3.19)ü 0����	� � W PoQ�S	 ü 	òW

(3.20)ü 0 � ��
 E W B
� H PoQ�S	 ü 0 � W�� ü 0 
 � (3.21)ü 0 � ��
 W PoQ�S	 � ü 0 � ��� W{	 � � �ü 0 
�� � WV	 � � � (3.22)

For instance,let
� � � û `a 576 � � � becoalgebra� PoQ�S	 E�c 6 M���d�� H . 	b� . Onehasü 0j� � � W 	 � WV	 � � � â FALSEWV	 � � � â ü 	 �

thatis ü 0 � � � W � W{	 � � ü
So, ÕÜÏ)ûg� � E>�u� Hr	 � � Õ � �èåß�mæ{Õ 	 � [ 5
Therefore,thiscoalgebracorrespondsto thefirst inductionprinciplejustseenabove.

Let usnow gobackto the
&�( T ( - hylomorphism.It canbecheckedthat ���"� ' (3.3) is

well-foundedandthatits accessibilityrelationis definedoverpowerset#%$ asfollows:

� Ï ����� ; ' PoQ�S	 ' Þ].uæ2Ôi/10 ' Ó�� 	\'u[Z& /"-
This leadsto thefinite powersetinductionprinciplewhich follows (we want to prove
thevalidity of � ' for every

' 0:#%$ ):

1. Inductionbasis(
')	 . ): prove � . .

2. Inductivestep(
' Þ]. ):

(a) Inductionhypothesis: Ñ d§0 ' Ó�� E 'm[Z& d!- H
(b) Step: Ñ d§0 ' Ó��*E 'm[Z& d!- Hrâ E�� '�Hã

We arereadynow to provepowerset-reflection(3.13)by induction,i.e. thevalidity

of � 'mPRQ�S	 &�( ��� '�( - 'g	 ' . By calculationweget&�( ��� 'e( - ' PRQ�S	 ��� 'b	 .���Nd��×.d kG' d k d�� d§0 '��� & d!-73èE &�( ��� 'e( -!E 'm[n& d!- H�H
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Thebasecase
'b	 . is obvious.Theinductionhypothesisis

&�( ��� 'e( -OE 'i[?& d!- HO	 'i[?& d!- .
A basicfactaboutsets,

& d!-O3ÚE 'm[Z& d!- Hr	\' , completestheproof.

Exercise3.4 Establishtheinductionprincipleassociatedwith thefinite sequencedatatype� ± .²

3.4 Datatype invariants and proof obligations

Theformal specificationof real-life problemsnormallyinvolvesdatatypesaffectedby
propertieswhich formalize real-life conventions,laws, rules, normsor naturalcon-
straints.

Suchparticularly relevant propertiesof specificationsshouldhold forever along
programslifetime andarecalledinvariant properties. Othersuch“eternal” properties
mayholdasconsequencesof theunderlyinginvariants.

A well-known exampleof aninvariantconcernsdatatype� /!��d �	�� 5 8 5�� 8 � �
whichrequires(in theGregoriancalendar)a nontrivial ‘in loco’ invariant:

�! !"$#&%('*)�+, !"$#(-/.10�! !"$#&%('�23�54$674$8�9 ÅDÇ�È:;<<<<<= <<<<<>
6@?BA�C�4ED�4GFH4
IH4$J�4KCKLH4KC&0�MON �QPRD�CTS2�UV2W8 : C&FXJ�0�SY6 : CKL�9Z 2W�Q[\F�9 Z 2]C_^,[`��9$96@?BAK^�4Ea�4$b�4KC�C&M N �QPRD�L6 : 0cS*de#K &f5gh#& Hij8 N �QP\0Xb6 : 0cS�Ukde#K lfmgn#K Hij8 N �QP\0XJ (3.23)

where de#K lfmgn#K Hi ) o pq-5.r0de#K &f5gs#K Hij8 ÅDÇ�È: i�#K672W8�4 � CKIXL�L,P`8(SYi�#K672W8�4
CKLXL�9 : LtN ^�L�LCKIXL�L,u`8 Z i�#K672W8�4
CKLXL�9wv: LtN ^ 9 : L
Predicate��/!��d!x ü (3.23)is agoodillustrationof theadhoccharacterof mostcon-

straintsformally imposedto specifications.It arisesfrom a natural,cosmologicalfact
— thenumberof daysof theyearis notanaturalnumber— andfrom severalhistorical
attemptsto deviseanormableto finitely approximatesuchanumber1.

1The situationis actuallymorecomplex, becausethis invariant is “geography”dependent.In fact, the
1582discontinuity(10 daysomittedin Octoberof thatyear)of theGregoriancalendar(3.23)wasadopted
muchlaterin severalcountries— e.g. Poland(1586),Hungary(1587),Germany (1700),England(1752)etc.
[Gof84]. (A world-wide“date” datatypetakinginto accountcurrentandpastdatingsystems,e.g. Chinese,
Indian,etc., wouldbeoverwhelmingin complexity.)
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In practice,boththeneedto bring legislationinto many computerapplicationsand
theoverall interestin devisingadequatemodelsfor real-lifeproblemsjustify ourstudy
of datatypeinvariantsandtheir impactin theformal specificationlife-cycle.

Data-typeinvariantsarea burdenfor thesoftwaredeveloperbecauseformal argu-
mentshaveto beproducedensuringthatthey arepreservedby all theoperationswhich
createthecorrespondingdata.Suchargumentsarecalledproofobligations.

Given ¥¦Ó�$ [zy � , let $n{ denotetheset& /�02$ ( ¥?/N-
thatis, theresultof imposinginvariant ¥ upon $ , for example,� /���d � Ý ��|$}�~
Supposethatonewishesto definea function �ÚÓ � [zy $n{ . Dueto theoccurrenceof
invariant ¥ on thecodomainof � , its definitioncannotbe regardedascompleteuntil
thefollowing proofobligation(calledinvariantproof) is discharged:Ñ �)0 � Ó�¥7E>�º� H (3.24)

Invariantsmaydecoratefunctioninputdomainsaswell asoutputdomains.While in the
lattercasethey area burdenandforcea formalproof, in theformerthey arewelcome
becausethey provide anantecedentfor theproof (i.e. they actaspreconditions). For
instance,thecorrectnessof thedefinitionof function �¤Ó �h� [jy $n{ is establishedbyÑ �)0 � ÓH�%� â ¥ EG�º� H (3.25)

Wherever
�

is aninductiveor quasi-inductivedatatypes,proof-obligationswill becar-
ried out by meansinductionproofsasstudiedin theprevioussection.In many situa-
tions

�
is thesameas $ (ibib. � and ¥ ) or, moregenerally, $n{ occursin thedomainof� . In thiscaseonesaysthat � is an $n{ “transformer”andthatinvariant¥ is maintained

by ¥ .
Datatypeinvariantsrestrictpre-existing datatypeswherever on reachesthe limits

of formal modellingby discretemathematicstechniquesandlogic hasto beaddedto
thedesign.Sometimesonefindssuchrestricteddatatypessousefulthatparticularno-
tationis inventedarepropertiesareinvestigatedfor them.Thefinite mappingdatatype
discussedin thefollowing sectionis onesuchpieceof formalnotation.

Exercise3.5 Let thefollowing functionspecifyaparticularlist insertiondiscipline:¾�Êe¹ é ê ëz���%ê ë í É ê ë��
¾�Êe¹ « ¿ Ä µ ¯ ÅDÇlÈ°

;<<<= <<<>
¿ ° Ì Î ñ Ì µ Î¿z�° Ì Î ñ ¿©Â_À � ° hd

¿À ° tl

¿¾�Ê � µ ° � ñ ¿µh��� ñ ��ô Êi¹ « µ Ä ¿ ¯µ ó � ñ ��ô Êi¹ « � Ä ¾�Êi¹ « À Ä µ ¯G¯
Does

¾�Êi¹
maintainthefollowing datatypeinvariantonfinte lists?� « ¿ ¯ ÅDÇ�È° ¿©Â_Ê ­ À�� « ¿ ¯ °�� µàÃ õ « elems

¿ ¯
Producean(indutive) proofor acounter-example.²
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3.5 Binary relationsand finite mappings

Therearetwo standardspecializationsof thepowersetdatatypewhich areparticularly
usefulfor theformal specificationpractitioner:finite binaryrelations( � -ary relations
in general)andfinite mappings.

A finite binaryrelationis aninhabitantof datatype#:EG$Ú8 � H , for finite $ and
�

. A
finite mappingis afinite binaryrelationsubjectto adatatypeinvariantfdp establishing
an“ $ y �

” functionaldependency:

�U�oMs� PRQ�S	 Ñ /�02$zÓ card E_E��à� kGk d��J�5� H / H y 5
overdatatype#:E � 82$ H , for finite $ and

�
, where�à� kGk d��J� is anisomorphism:

#:El$z8 � H � �E����| � � wx�	 E�# � H ª�D��; � �E����| � ��� (3.26)

whichstemsfrom a morebasicone

#%$ �$� ���	 � ª� �
�� (3.27)

where � �n� PRQ�S	 & /�02$ ( �b/"-�R� ' PRQ�S	 CN/ I /10 '
Thefinite mappingdatamodel(restrictingbinaryrelations)is sousefulin practice

thatspecialnotationis introduced$�� � 	 #:EG$z8 � H � �E� (3.28)

aswell asdedicatedoperators2:

dom
PRQ�S	 &�( �>� ' . E���� 6 � � 8V��� Ho( - /*finitemappingdomain*/ (3.29)

rng
PRQ�S	 &�( �>� ' . E���� 6 � � 8V��� Ho( - /*finitemappingrange*/ (3.30)$�� � 	 &�( �>� ' . E���� 6 E����18 � H 8V��� HR( - /*finitemappingtypefunctor*/(3.31)E ( '�H PRQ�S	 ��� k ��d��eEl���NB�E�0 '�H . � � H /*domainrestriction*/ (3.32)E�� '�H PRQ�S	 ��� k ��d��eEl���NB_� . E�0 '�H . � � H /*domainsubtraction*/ (3.33)M"/�M PRQ�S	 ���Nd . rng. ( . El���:8 ' ���UT '�H /*application( ���"d is partial) */ (3.34) ¢¡T£ PRQ�S	 E   � dom £ H 3 £ /*mappingover-writing */ (3.35)

2We adopt the following curryied notation conventions concerning a binary operator¤ � �Q¥¦<= :
« µX§ ¯

denotes

§Nµ
;
« §K¨ ¯

denoteś

�¿©¾ ¼ §�¨
(where

´�¿Á¾ ¼ § ° §
.
¹E©�µ ¼

swaps the
orderof argumentsof abinaryfunction);

§
ª
denoteseither

«�« § ¯
or
« § «�¯

dependinguponthecontext.
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Partial mapapplicationM"/�M�E   B_/ H is abbreviatedby   / , by analogywith (total) func-
tions. A pair El/�BD� H in $¬� �

is usuallydenotedby /`­y � . Convertedto pointwise
notationusingtheseconventions,a finite mappingmorphism� 	×&�(©@ ü BD� L�( - takesthe
following shape:

�   PoQ�S	 ���   	^& -���Nd�� üd k>' d k d�� /10 dom    � 	   � & /N-�>� �FE_El/�B   / H BD�   � H
(3.36)

In pointwisenotationfinite mappingsareenumeratedby writing e.g.& 5 ­y /�B � ­y ��B � ­y ��- I
Thisnotationextendsto mapping-comprehension, asin e.g.& �T­y � 6]5 ( �70 � -
which denotesthe samemappingas

& 5 ­y � B � ­y � B � ­y¯® - or in the following
pointwisedefinitionof theveryuseful“mappingjoin” operator: �°±£ PRQ�S	 & /�­y E   /�B £ / HR( /:0 dom   Ù dom £ - (3.37)

3.6 An overview of the powersetand finite mapping al-
gebras

A permutative law is onewhich canberegardedasstatinga homomorphismbetween
two



-algebrasof the identity functor (unarycase)or of theproductdiagonalfunctor
rq 	 q 8 q (binarycase).Usingdiagrams,onewill have

Unary Binary

$
���

$
���

{<=
� ��<=

$
���

$z8V$
� � ���

{<=
� � 8 ��<=

� . ¥ 	 � . � � . ¥ 	 � . EG�Ú8 � H
In pointwisenotation,e.g. for thebinarycase,onehas:

� El¥ E W BE� H_H�	 �OE>� W B��n� H
In thefollowing collectionof permutativelaws,

( ²
abbreviatescurriedmaprestric-

tion (thatis,
( ²{	v( . ³ ���NB_� ´ ).
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elems. 6K6 	 3 . E elems 8 elems
H

(3.38)

length. 6K6 	 6 . E length 8 length
H

(3.39)

dom. 3 	 3 . E dom 8 dom
H

(3.40)

dom. ¡ 	 3 . E dom 8 dom
H

(3.41)

rng. 3 	 3 . E rng 8 rng
H

(3.42)� ² . 3 	 3 . E]� ² 8µ� ²�H (3.43)( ² . ¡ 	 ¡ . E ( ² 8 ( ²�H (3.44)� ² . ¡ 	 ¡ . E]� ² 8q� ²NH (3.45)( ² . ° 	 ° . E ( ² 8 ( ²�H (3.46)

3.7 Exercises

Exercise3.6 Definethenaturalpropertiesof themainmappingoperators,e.g. rng, ¶ etc.²
Exercise3.7 Definesetunion

¹ Í À in termsof powersetmorphisms.Hint : describe
« Í À ¯ asa powerset

morphism.²
Exercise3.8 Supposethat �¸· ¥

describesthestatement(

¥
) of all accounts( � ) storedin theinformation

systemof bankX. Let

¹w¹ � bethesetof accountswhich have beenselectedby thebank’s managerto be
awardedthe “TOP X 2000” prize,wherebyall suchaccountswill becreditedsomeamountdependenton

theaccounts’statement.Let

¥ º `a ¥
betheformulawhichupdateseachaccountbalancein orderto

credittheaward.
Oneof theanalystsof the“TOP X 2000” packagewrote» . ¼ ¾ õ Ä « ��· ´ ¯ . ¶ ½¿¾

asa formalspecificationof theoperationwhichwill implementtheawardprocedure.

Inspectthis solutionby converting it to pointwisenotationandanswerinformally to thefollowing ques-

tions: (a) whatwill happenif thebankmanagerincludesin

¹
accountswhichno longerexist? (b) shouldthe

bankmanagerdecideto awardall currentaccounts,find anexpressionsimplerthantheabove to describethe

awardprocedure.(c) andwhatif theawardamountsto nothingto becredited?²
Exercise3.9 Function

´
in exercise3.7 is aninstanceof theco-called“selective update”functional,¥

º �� �¸· ¥
À&Á º��¥ �¸· ¥

definedthus: Â�Ã ´ ÅDÇ�È° » . ¼ ¾ õ Ä « �¸· ´ ¯ . ¶ Ã ¾ (3.47)
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1. Write

Â Ã ´
in pointwisenotation.

2. Prove of contradictthefollowing propertiesof

Â�Ã
:Â Ã ¾ õ ° ¾ õ (3.48)Â�Ä ´ ° ¾ õ (3.49)Â Ã « ´ . ­o¯ ° « Â Ã ´ ¯ . « Â Ã ­o¯ (3.50)« �¸·Å� ¯ . Â�Ã ´ ° �¸·Å� (3.51)« Â Ã ´ ¯ . « ��· ­o¯ ° « ��· ­o¯ . « Â Ã � ¯ if

´
. ­ ° ­ . � (3.52)

²


