Chapter 3

Quasi-inductive datatypes

3.1 Intr oducing Non-inductive Datatypes

Recallthataninductive datatypes definedup to isomomphism

out
/_\

= FT
\_/

T,

in

andthatfrom its definitiontwo isomorphism&mege— algebrain andcoalgebraut
— which areeachothersinverses:

inout = idrt

out ~in = idFT)

Algebrain providesdatatypeconstructoraiponwhich one may build inductive defi-
nitions, algorithms(catamorphismskgtc. It alsosetsup the basisfor inductive proofs
aboutthedatatype Corversely coalgebraut providesa “grammar”for observinghe
datatypen a“recursive descentfashion.

Becauseén andout areeach-othemversesstructuringalgoritmsaroundin or out
is simply a matterof taste:the formerleadsto an“axiomatic” (structural,inductive)
style,thelatterto amorealgorithmic(recursve, interpretatve) style.

Not every datatypeis inductive in this way. Think for instanceof the poweset
datatypeP A containingall subset®f afinite setA:

PA = {s| sCA}

We know thattheemptyset( is asubsebf A — andthereforeaninhabitantof PA —
andthat,givenasubset of A andaparticulara € A, then{a}Us is another(possibly

ins

larger)subsebf A. So PA < 14+ A xPA,whereins = [0,(a,s).{a} Us],
is analgebrafor synthesizingP A datavalues.We will write

ins = [0, puts ] (3.1)
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by introducing
def . .
puts = U+ (sings X id) (3.2)

wheresingsz = {z} (“singletonset”). Corverselyif s C A is nonemptyit can
always be decomposedhto pair (a,s — {a}) for somea € A. Sowe canthink of

outs

PA—=1+ AxPA where
outs = (! + gets) * (=¢)? (3.3)

andwhere for nonemptys,

def

getss = let ac€s (3.4)
in  (a,s —{a})

(Theattentve reademwill feel uncomfortableat this point aboutthe undeterminag of
thechoiceof a in the definitionof gets: wewill comebackto this later).

Fromthe outset,P A is a datatypesimilar to A*: both sharethe samegeneratie
“grammar”, or inductive “shape”,definedby functorF X = 1 + A x X. However,
a major distinctionbetweerthe two typescanbe identifiedat once: in is not a right
inverseof outs onP A, thatis,

outs ~ins = id

doesnot hold. Becauseof the unorderedstructureof a sets one cannotreconstruct
the stepsalongwhich it wasbuilt. Soa powersetis not inductively generatedi.e. it
is noninitial in cateyory-theoreticaterms. This explainswhy outs above could not
bedefinedinductively (ashappensvith the similar coalgebran datatyped*) andwhy
set-theoreticabqualityhadto becomesxplicit. Nevertheless,

ins+outs = id

holds(out is aright inverseof in). Altogether this meanghatl + A x P A contains
“moreinformation”than A alone.We corvey this factby writing

outs
/_\
PA < 1+ AxPA (3.5)
\_//
Themainconsequencef thelack of in/out invertibility is thatonecannotbuild cata-

morphismsoverP A: only outs-basechylomorphisms

PA-Z 14 AxPA

[outs,g] id+id X [outs,g]

B = g1+A><B
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canbe definedover somesuitabletarget(1 + A x _)-algebrag. For instancethe card
operator

cards % if s=10
then 0
else let a€s
in 1+ card(s — {a})

countingthenumberof element®f afinite setis onesuchhylomorphismjouts, g], for
B =Ny andg = [0, succ: s ].

We will adoptnotation{|g[} asan abbreviation of [outs, g], itself an alternatve
notationfor (g) + [(outs) over A* finite sequences:

{ab = (9] * [outs) (3.6)

Due to the nondeterminisnof outs (cf. gets) the g algebramust be insensitve to
the orderof A valuespicked by gets — otherwise,{|g[} would be a relationandnot
a function. This canbe expressedasfollows, whereg, is the secondalternatie of

g=1[91,921

92(a, g2(a’,0)) = g2(a’, 92(a,b)) (3.7)
Which propertiesof catamorphismextendto { g[}? The powersetfusion-lawv
fAgh={rt < frg=h-(id+idx f) (3.8)

canbe drawn straightaway from ana-catalecompositiorfollowed by finite-sequence
cata-fusion:

fAlgl = A{lnl

& { definitionof powersetmorphisn}
= (9] - [outs)] = (h] - [outs)

&= { compositionby equals}
fQ9) = (n)

= { cata-fusion}

frg=h-({d+idx f)
Pawversetcancellationhowever, will nolongerremainvalid, since
{lgh »ins = g (id+id x {g[}) (3.9)

doesnot hold in general.Think for instanceof {g|} = card Then(3.9)would entail
card-puts = succ card: s whichis falsewhereverthefirstaggumenwof puts belongs
tothesecondne.
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Somealgebrasy will obey (3.9) andfor thosewe have aninterestingproperty a
consequencef cata-fusior?2.61):

{lgl} - elems = (g) (3.10)

whereelems™' (in]) is the functionwhich “setifies” a finite list. This expresseshe
factthatthe secondalternatve g» of g = [ g1, g2 | is insensitve not only to orderbut
alsoto repetitiononits first agument(a kind of idempoteng).

An exampleof this situationis provided by the powerset(type) functor, which is
definedby

Pf = {ins:(id+ f xid)[} (3.11)
andboils down to pointwiseset-theoreticatomprehension:
(Pf)s = {falacs}
It canbeeasilychecledthatP f satisfieq3.9):

Pfrins=(ins - (id+ f x id)) - (id+id x Pf)
& { + andx functorsandidentity}
Pfrins=ins-(id+ f x Pf)
& { polymorphismof ins (naturaltransformation}

TRUE

Pawverset-absorption

lgl - (PF) = Ag-(id+ fxid)]} 312
is applicableto algebrag; satisfying(3.9) (ourunknawnis «):
{lglt - Pf = {lt
& { powerset-functodefinition(3.11)}
{lglt = {lins = (id + f x id)[} = {af}
& { powerset-morphisndefinition(3.6),twice }
{lglt = (ins = (id + f x id)) * [outs)] = (a) * [outs)
= { compositiorof equalshy equalg
{lglt = (ins = (id + f x id)) = ()
<= { cata-fusion(2.61)}

{gl} »ins * (id+ f x id) = a » (id + id x {|g[})
& { gisassumedo obey to property(3.9) }
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g+ (id+id x {g}) » (id + f x id) = & » (id + id x {g]})

& { bi-functors+ andx }
g (id+id- fxA{glt-id) = o« (id+id x {g[})
3 { idisnatural(1.11)}
g~ (id+ f ~idxid - {lgl}) = o - (id +id x {|g]}
& { bi-functors+ andx again}
g (id+ f xid) » (id+1id x {g[}) = a = (id + id x {g]})
< { compositionof equalshy equalg

g (id+ fxid)=a

Pawverset-absorptio(B.12)is helpful in shaving thatthe powerset-magP f com-
muteswith composition:

Pg-Pf
= { powersetdefinition}

{ins = (id+ g x id)[} = (Pf)

{ powerset-absorptio(8.12)}
{l(ins * (id + g x id)) * (id + f x id)[}

{ + andx functors,compositiorandidentity}
{I(ins « (id + (9 f) x id)}}

{ powersetdefinition}
Plg+ 1)
Finally, thefactthat? _ (3.11)indeeddefinesafunctorrequiresproperty

Pid = id
to hold. From(3.11)we draw
Pid = {ins -+ (id+id x id)[}
= { compositionandidentity}
{ins|}
However, doespowersetreflection
{ins}} = idpa (3.13)

hold?Thetruthof thisfactcannolongerbeprovedonthebasisof anuniversalproperty
becauseéns is notinitial, i.e., abijection. We shallhave to useinduction.Butthisraises
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anothemuestion:“which” induction? — a pertinentquestiongiventhe factthat? A
is notinductively generated!

Exercise3.1 Draw the naturalpropertyof elems
(Pg) »elems = elemst g* (3.14)

from (3.10).
O

Exercise3.2 ZF-set-abstraction

{fal acsn(pa)}

correspondso powerseffilter-and-map:

filter(f,p) 4t Union « P(p — sings * f,0) (3.15)
where

Union = {[0,U]} (3.16)

is finitely distributed union. Shaw that,for p = TRUE, {fa| a € s A (pa)} = Pf. Hint: resortto
powerset-absorptio(B8.12).
O

3.2 Structural Induction

Thequestiorabove bringsusinto thecoreof theinductive proof methodin generalthe
principleof structural inductionbasednwell-foundedelations.A relation<C Ax A
is saidto bewell-foundedif any nonemptysubsetC' of A hasaminimum,thatis, if

VICCCA:(FmeC:<,NnC=0) (3.17)
holds,where<,,, denotes
<m ={a € A| a<m}

The principle of structual inductionbasedon well-foundedrelation (4; <) is stated
asfollows: in orderto prove thevalidity of apredicatep on A4,

Ya€e A:pa

proceedasfollows:

1. Inductionbasis prove
pm

for all m € A suchthat<,,, = 0.

2. Inductivestep leta € A besuchthat<, D 0.
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(a) Inductionhypothesis
Ve <a:px

holds.

(b) Step prove
(Vzr <a:pzx)=pa

O
For instancewell-foundedrelationm < n S 0Am=n—1 supportghe

well-known firstinductionprincipleonthe naturalnumbers We wantto provefactpn
for anarbitrarypredicatep overNg. Clearly <o= @ and,forn > 0, <,= {n — 1}.
Therefore,

1. Inductionbasis(n = 0): prove
p0

2. Inductivestep(n > 0):

(@) Inductionhypothesisassumes(n — 1)
(b) Step prove

p(n—1) = pn
[

Exercise3.3 Let f bethefollowing recursie function

f : N() — |N0
k) def k=0=0 (3.18)
- k> 0= odd(k) + f(k—1)
where
odd : IN — IN
odd(j) ¥ 2j-1

Shaw by INg inductionthat f computeshe squareof &, i.e. that f(k) = k2. (Sothesumof all firstn odd
numberss n?).
O

3.3 Well-foundedcoalgebrasand induction

Well-foundednesss not only closelyrelatedto inductionbut alsoto termination. A
givenhylomorphism|g, k] will notterminateunlessh is awell-foundeccoalgebra. A
coalgebrds saidto be well-foundedif its accessibilityrelation is well-founded. The

accessibilityrelation<, implicit in coalgebra 4 —" _ F 4 isdefinedasfollows:

b<pa < ber(ha)
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whereer denotesstructuralmembershipThisis definedstructurallyover polynomial
functorsasfollows:

kecz = FALSE (3.19)
kexxxz ¥ k=g (3.20)
kerxe (@,y) & keraVkegy (3.21)
def k€ry<sxr=ny
kercr = { k€cz<exz =122 (3:22)
For instancelet Ny —“~ 1+ N, becoalgebra def (! + pred)* =¢. Onehas
. T =11y = FALSE
kéxr = {a::z'gz:>k:z
thatis
k €14 X T <& T= i2 k
So,

m<pn< (hn)=iamen>0Am=n—-1

Thereforethis coalgebracorrespond$o thefirstinductionprinciplejust seenabove.
Let usnow go backto the {g[} hylomorphism.t canbe checledthatouts (3.3)is
well-foundedandthatits accessibilityrelationis definedover powversetP A asfollows:

£
T <outs S de sDPATa€es:r=s—{a}

This leadsto the finite powersetinductionprinciple which follows (we wantto prove
thevalidity of ¢ s for everys € PA):

1. Inductionbasis(s = (): prove ¢ .
2. Inductivestep(s D 0):
(a) Inductionhypothesis
Ve € s: (s — {e})
(b) Step
Ve e s:p(s—{e}) = (¢s)
O

We arereadynow to prove powerset-reflectionf3.13)by induction,i.e. thevalidity
of ps def {ins[} s = s. By calculationwe get

{lins[} s e ifs=0
then 0
else let e€s

in {e}U({inslt(s — {e}))
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Thebasecases = ) is obvious. Theinductionhypothesiss {|ins[} (s—{e}) = s—{e}.
A basicfactaboutsets {e} U (s — {e}) = s, completeghe proof.

Exercise3.4 Establishtheinductionprincipleassociatedvith thefinite sequencelatatypeA*.
O

3.4 Datatypeinvariants and proof obligations

Theformal specificatiorof real-life problemsnormally involvesdatatypesffectedby
propertieswhich formalize real-life corventions,laws, rules, normsor naturalcon-
straints.

Suchparticularly relevant propertiesof specificationsshouldhold forever along
programdifetime andarecalledinvariant properties Othersuch“eternal” properties
may hold asconsequencesf the underlyinginvariants.

A well-known exampleof aninvariantconcernglatatype

Date 231 x12x IN

whichrequireqin the Gregoriancalendaryg nontrivial ‘in loco’ invariant:

dateOk : Date —» 2

dateOk(d, m,y) &ef

m e {1,3,5,7,8,10,12} = d<31A
(-(y = 1582 Am = 10)
V(d < 5)V (14 < d))

m € {4,6,9,11} = d<30 (3.23)
m = 2 AleapYeary = d<29
m = 2 A -leapYeary = d<28
where
leapYear : N —2
def 1700 <y Arem(y,100) =0 = 400 | _
leapYeary = ’"em(-””{ 1700 > y V rem(y 100) £0 = 4 ) =0

Predicatelate Ok (3.23)is agoodillustrationof thead hoccharacteof mostcon-
straintsformally imposedto specificationslt arisesfrom a natural,cosmologicafact
— thenumberof daysof theyearis notanaturalnumber— andfrom severalhistorical
attemptgo devisea normableto finitely approximatesucha number?.

1The situationis actuallymore comple, becausehis invariantis “geography”dependentln fact, the
1582discontinuity(10 daysomittedin Octoberof thatyear)of the Gregoriancalendar(3.23)wasadopted
muchlaterin severalcountries— e.g. Poland(1586),Hungary(1587),Germary (1700),England(1752)etc.
[Gof84]. (A world-wide “date” datatypetakinginto accountcurrentandpastdatingsystemse.g. Chinese,
Indian,etc, would be overwhelmingin complexity.)
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In practice boththe needto bring legislationinto mary computerapplicationsand
theoverallinterestin devising adequatenodelsfor real-life problemgustify our study
of datatypdnvariantsandtheirimpactin theformal specificatiorife-cycle.

Data-typeinvariantsarea burdenfor the software developerbecausdormal argu-
mentshave to beproducedensuringhatthey arepreseredby all theoperationsvhich
createthecorrespondinglata. Suchargumentsarecalledproof obligations

Givena : A — 2, let A, denotetheset

{a € A| aa}
thatis, theresultof imposinginvarianta. upon A, for example,
Dategateor

Supposéhatonewishesto defineafunction f : B — A, . Dueto the occurrencef
invarianta: on the codomainof f, its definition cannotbe regardedas completeuntil
thefollowing proofobligation(calledinvariant proof) is dischaged:

Vb€ B :a(fb) (3.24)

Invariantamaydecoratdunctioninputdomainsaswell asoutputdomains While in the
latter casethey areaburdenandforcea formal proof, in theformerthey arewelcome
becausehey provide an antecedentor the proof (i.e. they actasprecondition$. For
instancethe correctnessf thedefinitionof function f : Bg — A, is establishedby

Vbe B:Bb=>a(fb) (3.25)

Wherever B is aninductive or quasi-inductie datatypesproof-obligationawill becar

ried out by meansnductionproofsasstudiedin the previous section.In mary situa-
tions B isthesameas A (ibib. 8 anda) or, moregenerally A, occursin thedomainof

f. Inthiscaseonesayshat f isan A, “transformer’andthatinvarianta is maintained
by a.

Datatypeinvariantsrestrict pre-isting datatypesvhereser on reacheghe limits
of formal modellingby discretemathematicsechniquesandlogic hasto be addedto
thedesign.Sometime®nefinds suchrestricteddatatypeso usefulthatparticularno-
tationis inventedarepropertiesareinvestigatedor them. Thefinite mappingdatatype
discussedh thefollowing sectionis onesuchpieceof formal notation.

Exercise3.5 Let thefollowing functionspecifya particularlist insertiondiscipline:

ins :  N*xXN— IN
=[] = Id
l#[] = let h=hdl
=1t
ins(l,a) def t o l: B
in a<h = cons(a,l)
a>h = cons(h,ins(t,a))

Doesins maintainthefollowing datatypenvarianton finte lists?

o) % length(l) = card(elems)
Producean (indutive) proof or a counterexample.
O
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3.5 Binary relationsand finite mappings

Therearetwo standardspecialization®f the powersetdatatypewvhich areparticularly
usefulfor the formal specificationpractitioner:finite binaryrelations(n-ary relations
in generallandfinite mappings.

A finite binaryrelationis aninhabitantof datatypeP (A x B), for finite A andB. A
finite mappingis afinite binaryrelationsubjectto a datatypeanvariantfdp establishing
an“A — B” functionaldependeng

fdpr ' Vaed: card((collectr)a) <1

overdatatypeP(B x A), for finite A and B, wherecollect is anisomorphism:

collect

P(A x B) = (PB)A (3.26)
which stemsfrom amorebasicone
cf
PA @ 94 (3.27)

zf
where
2f¢ E {acA| ga}
cfs €' Naa€s

Thefinite mappingdatamodel(restrictingbinaryrelations)is sousefulin practice
thatspecialnotationis introduced

A—~B = P(AXB);y, (3.28)
aswell asdedicatecbperators’:
dom {ins « (id + m x id)[} [*finite mappingdomain*/ (3.29)
rng def {ins « (id + w5 x id)[} [*finite mappingrange*/ (3.30)
A—=f = {ins+(id+ (id x f) x id)[} /*finitemappingtypefunctor{B.31)
(Is) def filter(id, (€ s) » m) *domainrestriction*/ (3.32)
(\s) < filter(id,~ » (€ s)  m) /*domainsubtiaction*/ (3.33)
pap % the-rmg- |- (id x sings) I*application(the is partial) */ (3.34)
otr % (0\domr)Ur /*mappingoverwriting */ (3.35)

2We adopt the following curryied notation corventions concerning a binary operator

C = AxB: (a8) denotesfa; (8b) denotesflip§b (where flip§ = 6 * swap swapsthe

orderof agumentf abinaryfunction);d, denoteither(z0) or (§z) dependingiponthe context.
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Partial mapapplicationpap(c, a) is abbreviatedby o a, by analogywith (total) func-
tions. A pair (a,b) in A — B is usuallydenotedby a — b. Corvertedto pointwise
notationusingthesecorventions,a finite mappingmorphismf = {|[ k, h ][} takesthe
following shape:

fo ¥ ifo={ (3.36)
then k
else let a € domo
o' =0\ {a}

in  h((a,oq), fo')
In pointwisenotationfinite mappingsareenumeratetby writing e.g.
{1~ a,2~b,3 c}.
This notationextendsto mapping-comprehensioasin e.g.
{imi+1]ie3)}

which denotesthe samemappingas {1 — 2,2 — 3,3 — 4} or in the following
pointwisedefinitionof thevery useful“mappingjoin” operator:

oXr ¥ {a (0a,7a)|ae domon domr} (3.37)

3.6 An overview of the powersetand finite mapping al-
gebras
A permutatve law is onewhich canberegardedasstatinga homomorphisnbetween

two F-algebrasof theidentity functor (unarycase)or of the productdiagonalfunctor
F X = X x X (binarycase).Usingdiagramspnewill have

Unary Binary
A= A A=—"—AxA
‘/f “’f ‘/f \f><f
BTB Bﬁ B>;B
fra = B-f fra = B-(fx/[)

In pointwisenotation,e.g. for thebinarycasepnehas:

fla(z,y)) = B(fz, fy)

In thefollowing collectionof permutatve laws, | s abbreviatescurriedmaprestric-
tion (thatis, | = | * (id, S)).
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elemst 4+ = U - (elemsx elem$ (3.38)
length- + = + « (lengthx length (3.39)
dom-U = U - (domx dom (3.40)
dom-f = U - (domx dom) (3.41)
rmg-U = U-:(rngx rng) (3.42)
\s*U = U-(\sx\s) (3.43)
ls=t = t-(sx|s) (3.44)
\s=t = T-(\sx\s) (3.45)
l[s*X = X+(|sx]s) (3.46)

3.7 Exercises

Exercise3.6 Definethenaturalpropertiesof the mainmappingoperatorse.g. rng, X etc.
O

Exercise3.7 Definesetunions U ¢ in termsof powversetmorphisms.Hint: describe{Ut) asa powerset
morphism.
O

Exercise3.8 Suppose¢hatA — B describeshestatemen(B) of all accountg A) storedin theinformation
systemof bankX. Let s C A bethesetof accountavhich have beenselecteddy the banks manageto be
awardedthe “Top X 2000" prize, wherebyall suchaccountswill be creditedsomeamountdependenbn

theaccounts'statementLet B ! = B betheformulawhich updatesachaccounthalancen orderto
credittheaward.
Oneof theanalystof the“ Top X 2000” packagewnrote

Te(id, (A= f)[s)
asaformal specificatiorof the operationwhich will implementthe award procedure.

Inspectthis solutionby corvertingit to pointwisenotationandanswertinformally to the following ques-
tions: (a) whatwill happerif thebankmanageincludesin s accountsvhich nolongerexist? (b) shouldthe
bankmanagedecideto awardall currentaccountsfind anexpressiorsimplerthantheabove to describethe
award procedure(c) andwhatif the awardamountgo nothingto becredited?

O

Exercise3.9 Functionf in exercise3.7is aninstanceof the co-called'selective update”functional,

B A— B
f Us f
B A— B
definedthus:
def

Usf = 1-Gd(A—=1)"ls) (3:47)
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1. Write Ug f in pointwisenotation.
2. Prove of contradictthefollowing propertieof Ug:

Usid = id (3.48)

Upf = id (3.49)

Us(frg9) = (Usf) - (Usg) (3.50)
(A= rUsf = A—c (3.51)
Usf)"(A—g) = (A—=g)*(Ush) if frg=g+h (352



