

Chapter 3


A Look at Monads


In this chapterwe presenta powerful device in state-of-the-artprogramming,that of
a monad. The monadconceptis nowadaysof primary importancein computingsci-
encebecauseit makesit possibleto describecomputationaleffectsasdisparateasin-
put/output,comprehensionnotation,statevariableupdating,context dependence,par-
tial behaviour etc.in anelegantanduniformway.


Our motivationto this conceptwill startfrom a well-known problemin functional
programming(andcomputingasa whole)— thatof copingwith undefinedcomputa-
tions.


3.1 Partial functions


Considerfunction


��� ������ 	�
 �
definedon �  . Clearly, this function is undefinedfor � ��� because� ����	�
�� is so
big arealnumberthatit cannotbeproperlyevaluated.In fact,theHASKELL outputfor� ����	�
�� is just “panic”:


Main> g 0


Program error: {primDivDouble 1.0 0.0}


Main>


Functionssuchas � above arecalledpartial functionsbecausethey cannotbeap-
plied to all of their inputs(i.e., they divergefor someof their inputs).Partial functions
arevery commonin mathematicsor programming— for otherexamplesthink of e.g.
list-processingfunctionshead andtail.


Panic is very dangerousin programming.In orderto avoid this kind of behaviour
onehastwo alternatives,eitherensuringthatevery call to ��� is protected— i.e., the
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contexts which wrap up suchcalls ensurepre-condition������ , or one raisesexcep-
tions, i.e. explicit error values. In the former case,mathematicalproofs needto be
carriedout in orderto guaranteesafety(thatis, pre-conditioncompliance).Theoverall
effect is to restrict the domainof the partial function. In the latter caseonegoesthe
otherway round,by extendingthe co-domain(vulg. range)of the functionso that it
accommodatesexceptionaloutputs.In this wayonemightdefine,in HASKELL:


data ExtReal = Ok Real | Error


andthenredefine


g :: Real -> ExtReal
g 0 = Error
g n = Ok 1/n


In general,onemightdefineparametrictype


data Ext a = Ok a | Error


in orderto extendan arbitrarydatatypea with its (polymorphic)exception(or error
value).Clearly, onehas ����������� "!$#$%'& �(�� 	*) �


So,in abstractterms,onemayregardaspartial every functionof signature


	*) � +,-.
for some


�
and


+ 1.


3.2 Putting partial functions together


Do partialfunctionscompose?Their typeswon’t matchin general:


	*) + �,-.


	*)0/ +1-.
Clearly, we have to extend 2 — which is itself a partial function— to some2'3 ableto
acceptargumentsfrom 	*) + :


	 465 78
9:9:9<;= >>>>>>
>>> 	*) +


1�?@A
+4CB-.


1DE F F F F F F
F F F


	*)G/
1In conventionalprogramming,every functiondeliveringapointerasresult— asin e.g. theC program-


ming language— canberegardedasoneof thesefunctions.
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Themost“obvious” instanceof H�H�H in thediagramaboveis I�J andthiscorresponds
to whatis calledstrict composition:anexceptionproducedby theproducerfunction �
is propagatedto theoutputof theconsumerfunction 2 :


2LK � ������ M I�JON�2QP . � (3.1)


Expressedin termsof Ext, compositefunction 2RK � worksasfollows:S 2LK �UTWV � 2 3 S �XVYT
where


2 3 Error � Error


2 3 S Ok VYT � 2 V
Notethattheadoptedextensionof 2 canbedecomposed— byreverse) -absorption


(1.41)— into


2 3 � M I�JON�IOZ[P . S IOZ ) 2 T
asdisplayedin diagram


	*)0/ 	*) S 	*)G/ T\ 465^] 4C_a`-. 	*) +4b_dc 1-.


	*)G/ +1-.
All in all, we havethefollowing versionof (3.1):


2LK � ������ M I�JON�IOZ[P . S IOZ ) 2 T . �
Doesthis functionalcompositionschemehavea unit, thatis, is therea e suchthat


2RKfe � 2 � egKh2 (3.2)


holds?Whehaveto solve(3.2) for e :


2RKfe � 2 � egKh2 i j
substitutionkM I J N�2"P . e � 2 ��M I J NWeLP . 2l j
let e � IWmnk


M I�J^N�2"P . I m � 2 ��M I�JON�I m P . 2Rope � I mi j
by ) -cancellation(1.38)and ) -reflection(1.39)k


2 � 2 � IOZ . 2Lo"e � I ml j
identityk


e � I�m
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3.3 Lists


In contrastto partialfunctions,whichcanproducenooutput,let usnow considerfunc-
tionswhich deliver too manyoutputs,for instance,lists of outputvalues:


+rq �,-.


/ q +1-.
Functions 2 and � do not composebut onceagainone can think of extending the
consumerfunction( 2 ) by mappingit alongtheoutputof theproducerfunction(� ):


S / q T q + q1�s-.


/ q +1-.
To completetheprocess,onehasto flattenthenested-sequenceoutputin


S / q T q via the


obviouslist-catamorphism/ q S / q T qt�udvwt�xOy-. , wherezO{d|�z V�} ������ S ~ M�M P N )b) P ~ T . In
summary:


2LK � ������ zO{d|�z V�} . 2 q . � (3.3)


ascapturedin thefollowing diagram:


/ q S / q T qt�udvwt�xOy-. +�q1 s-. �,-.


/ q +1-.
Exercise 3.1 Show thatsingl (recallexercise2.8) is theunit � of � in thecontext of (3.3).�


Exercise 3.2 Encodein HASKELL a pointwiseversionof (3.3). Hint: first apply (list) cata-absorption


(2.67).�


3.4 Monads


Both function compositionschemes(3.1) and (3.3) above sharethe samepolytypic
pattern:theoutputof theproducerfunctionis “ � -times”moreelaboratethantheinput
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of the consumerfunction,where � is someparametricdatatype— ��� ��	�) � in
caseof (3.1),and ��� � � q in caseof (3.3). Thena compositionschemeis devised
for suchfunctions,which is displayedin


� / � S � / T�-. � +� 1-. �,-.


� / +1-.
andis givenby


2RK � ������ � . ��2 . � (3.4)


where � � � m ��-. is asuitablepolymorphicfunction.Togetherwith aunit func-


tion � � ��-. and� , datatype� will form aso-calledmonadtype,of which 	U)
and


S T q arethetwo examplesseenabove.
Arrow � . ��2 is calledtheextensionof 2 . Functions� ande arereferredto asthe


monad’smultiplicationandunit, respectively. Themonadiccompositionscheme(3.4)
is calledKleisli composition.


A monadicarrow � + �1-. conveystheideaof a functionwhich producesan
outputof “type”


+
“wrappedby � ”, wheredatatype� describessomekind of (compu-


tational)“effect”. Themonad’sunit � + +�-. is aprimitivemonadicarrow which
produces(i.e. promotes,injects,wraps)datatogetherwith suchaneffect.


Themonadconceptis nowadaysof primary importancein computingsciencebe-
causeit makesit possibleto describecomputationaleffectsasdisparateasinput/output,
statevariableupdating,context dependence,partialbehaviour (seenabove) etc. in an
elegantanduniform way. Moreover, themonad’s operatorsexhibit notableproperties
whichmake it possibleto reasonaboutsuchcomputationaleffects.


The remainderof this sectionis devotedto suchproperties.First of all, theprop-
ertiesimplicit in the following diagramswill be required for � to be regardedas a
monad:


Multiplication :


� m �� @A
��� � � �@A


�-.


� � � m ��-.


� . �0��� . � � (3.5)


Unit :


� m �� @A
� ��-.
� �@A4C_�� � � � � � �


� � �
� � � m ��-.


� . e ��� . ��e � IOZ (3.6)
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Simplebut beautifulsymmetriesapparentin thesediagramsmakeit easyto memo-
rizetheir lawsandcheckthemfor particularcases.For instance,for the


S 	a) T monad,
law (3.6)will readasfollows:


M I�J�NWI�ZhP . I m ��M I�JON�IOZ[P . S IOZ ) I m T � I�Z
Theseequalitiesareeasyto check.


In laws (3.5) and(3.6), thedifferentinstancesof � and e aredifferently typed,as
thesearepolymorphicandexhibit naturalproperties:


� -natural :


�
1 @A


� �� 1 @A
� m ��-.
� B 1@A+ � + � m +�-.


��2 . �0��� . � m 2 (3.7)


e -natural :


�
1 @A


� �� 1 @A
��-.
1@A+ � + +�-.


�[2 . e � e . 2 (3.8)


The simplestof all monadsis the identity monad ��� ������ � , which is suchthat��� I�Z , e � I�Z and 2gK � � 2 . � . So — in a sense— onemaybe think of all the
functionaldisciplinestudiedso far asa particularcaseof a wider disciplinein which
anarbitrarymonadis present.


3.4.1 Properties involving (Kleisli) composition


The following propertiesarisefrom the definitionsandmonadicpropertiespresented
above:


2LK S � Kh� T � S 2LK �UT Kh� (3.9)


egKh2 � 2 � 2LKfe (3.10)S 2�K �UT . � � 2RK S � . � T (3.11)S 2 . ��T Kh� � 2RK S � � . � T (3.12)


IOZ�KfIOZ � � (3.13)


Properties(3.9) and (3.10) are the monadiccounterpartsof, respectively, (1.8) and
(1.10), meaningthat monadiccompositionpreserves the propertiesof normal func-
tionalcomposition.In fact,for theidentitymonad,thesepropertiescoincidewith each
other.
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Abovewe haveshown thatproperty(3.10)holdsfor thelist monad,recall(3.2). A
generalproof canbeproducedsimilarly. We selectproperty(3.9) asan illustrationof
therôleof themonadicproperties:


2LK S � Kh� T � j
definition(3.4) twicek


� . �[2 . S � . � � . � T� j � is natural(3.7)k
� . � . � S ��2 T . � � . �� j


functor ��k
� . � . � S ��2 . �UT . �� j


definition(3.4)k� . S ��2 . �UT Kh�� j
definition(3.4)kS 2�K ��T Kh�


Exercise 3.3 Checktheotherlaws above.�


3.5 Monadic application (binding)


The monadicextensionof functional application V�� (1.65) is anotheroperator V�� 3
which is intendedto be“tolerant” in faceof any � ’ed argument� :


S � + T���� � � xO� ? 78 +V�� 3 S 2'N ��T � 2'3 � � S � . ��2 T�� (3.14)


If in curry/flippedformat, monadicapplicationis calledbinding anddenotedby
symbol“ �Q� � ”, lookingverymuchlikepostfixfunctionalapplication,


S�S � + T��*T � � ����¡ 78 � + (3.15)


thatis:


� �Q� � 2 ������ S � . ��2 Tb� (3.16)
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Thisoperatorwill exhibit propertiesarisingfrom itsdefinitionandthebasicmonadic
properties,e.g.


� �Q� � e i j
definition(3.16) kS � . ��e T��i j
law (3.6) kS IOZ T��i j
identity functionk�


At pointwiselevel, onemaychainmonadiccompositionsfrom left to right, e.g.


S�S¢S � �Q� � 2 J T �Q� � 2Om T �Q� � H�H�H�2 vY£ J T �Q� � 2 v
for functions


� 1 5 78 � + J ,
+ J 1 B 78 � + m , . . .


+ vY£ J 1�¤ 78 � + v .


3.6 Sequencing and the do-notation


Given two monadicvalues � and ¥ , it becomespossibleto “sequence”them, thus
obtaininganotherof suchvalue,by definingthefollowing operator:


� �Q�¦¥ ������ � �Q� � ¥
For instance,within thefinite-list monad,onehas


MC	 N�§nPY�Q� M ¨ N¢©ªP � S zO{d|�z V�} . M ¨ N�©nP q T M�	 N¢§ªP � z�{d|�z V�} MCM ¨ N¢©ªP�N M ¨ N�©nP«P �¬M ¨ N�©N ¨ N¢©ªP
Becausethisoperatoris associative(provethisasanexercise),onemayiterateit to


morethantwo argumentsandwrite, for instance,


� J��Q� � m �Q�®H�H�Hw�Q� � v
This leadsto the populardo notation,which is anotherpieceof (pointwise)notation
which makessensein amonadiccontext:


do � J$¯ � m ¯ H�H�H ¯ � v ������ � J �Q� do � m ¯ H�H�H ¯ � v
for |0° 	 . For | �(	 onetrivially has


do � J ������ � J
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3.7 Generators and comprehensions


Thedo-notationacceptsavariantin whichtheargumentsof the �Q� operatorare“gen-
erators”of theform


VX±�� (3.17)


where,for V of type
�


, � is aninhabitantof monadictype � � . Onemayregard VX±��
asmeaning“let V betakenfrom � ”. Thenthedo-notationextendsasfollows:


do V�±²� J�¯ � m ¯ H�H�H ¯ � v ������ � J �Q� ��³ V H S do � m ¯ H�H�H ¯ � v T (3.18)


Of course,we shouldnow allow for the � 4 to rangeover termsinvolving variable V .
For instance(againin thelist-monad),by writing


do Vr± Mb	 N�§N ¨ P ¯ M V m P (3.19)


wemean


MC	 N�§�N ¨ P'�Q� �0³ V H M V m P� zO{d|�z V�} S�S ³ V H M V m P T q Mb	 N¢§�N ¨ P T� zO{d|�z V�} MCMb	 P�N M ©ªP´N M µ PCP� MC	 N�©�N µ P
Theanalogywith classicalset-theoreticZF-notation,wherebyonemightwrite


j V m ~VR¶ j 	 N�§N ¨ k�k todescribethesetof thefirst threeperfectsquares,callsfor thefollowing
notation,


M V m ~ VX± MC	 N�§�N ¨ POP (3.20)


asa“shorthand”of (3.19).This is aninstanceof theso-calledcomprehensionnotation,
whichcanbedefinedin generalasfollows:


Mn· ~ V J ±�� J�N�H�H�HON V v ±¸� v P � do V J ±�� J ¯ H�H�H ¯ V v ±²� v ¯ e S · T (3.21)


Alternatively, comprehensionscanbedefinedasfollows,where� N�¹ standfor arbi-
trarygenerators:


M } P � e } (3.22)M 2 � ~ �g±»º P � S ��2 TWº (3.23)M } ~ � N�¹¼P � �½M�M } ~ ¹¾P ~ � P (3.24)


Note,however, thatcomprehensionsarenot restrictedto listsor sets— they canbe
definedfor any monad� .
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3.8 Monads in HASKELL


In the Standard Preludefor HASKELL, onefinds the following minimal definition of
theMonad class,


class Monad m where
return :: a -> m a
(>>=) :: m a -> (a -> m b) -> m b


wherereturn refersto theunit of m, on top of which the“sequence”operator


(>>) :: m a -> m b -> m b
fail :: String -> m a


is definedby


p >> q = p >>= \ _ -> q


asexpected.Thisclassis instantiatedfor finite sequences([]), Maybe andIO.
The � multiplicationoperatoris functionjoin in moduleMonad.hs:


join :: (Monad m) => m (m a) -> m a
join x = x >>= id


This is easilyjustified:


¿ {dI6| � � � �Q� � IOZ� j
definition(3.16) kS � . ��IOZ T��� j
functorscommutewith identity (2.44)kS � . I�Z Tb�� j
law (1.10)k� �


In Mpi.hs we define(Kleisli) monadiccompositionin termsof thebindingoper-
ator:


(.!) :: Monad a => (b -> a c) -> (d -> a b) -> d -> a c
(f .! g) a = (g a) >>= f


3.8.1 Monadic I/O


IO, a parametricdatatypewhoseinhabitantsarespecialvaluescalledactionsor com-
mands, isamostrelevantmonad.ActionsperformtheinterconnectionbetweenHASKELL


andtheenvironment(file system,operatingsystem).For instance,� · }�À I6| ·�ÁbÁ � ÂÄÃ }�Å I6| �
is a particularaction. ParameterString refersto the fact that this action“delivers”
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— or extracts— astringfrom theenvironent.Thismeaningis clearlyconveyedby the
typeString assignedto symbol º in


do ºY±�� · }�À I6| · ¯ H�H�H º H�H�H
which is consistentwith typing rule for generators(3.17). Sequencingcorrespondsto
the“;” syntaxin mostprogramminglanguages(e.g. C) andthedo-notationis particu-
lary intuitive in theIO-context.


Examplesof functionsdeliveringactionsare


Æ I º ·ÈÇ V�} � ÉdÊ x _�Ë�4CÌ Ê 78 � ÂÄÃ }�Å I6| �
and / � V�Å �^�ÈyÎÍ�ÏÈx É 78 � Â S T
— bothproduceI/O commandsasresult.


As is to beexpected,theimplementationof theIO monadin HASKELL — available
from the Standard Prelude— is not totally visible, for it is boundto deal with the
intrincaciesof theunderlyingmachine:


instance Monad IO where
(>>=) = primbindIO
return = primretIO


Ratherinterestingis theway IO is regardedasa functor:


fmap f x = x >>= (return . f)


Thisgoestheotherway round,themonadicstructure“helping” in definingthefunctor
structure,everythingconsistentwith theunderlyingtheory:


� �Q� � S e . 2 T � S � . � Â S e . 2 T�T��� j
functorscommutewith compositionkS � . � ÂÐe . � ÂÄ2 Tb�� j
law (3.6) for � � � ÂÑkS � ÂÄ2 Tb�� j
definitionof 2ÓÒ V�� kS 2ÓÒ V�� 2 Tb�


For a very enjoyablereadingon monadicinput/outputin HASKELL see[Hud00],
chapter18.


Exercise 3.4 Usethedo-notationandthe comprehensionnotationto output the following truth-table,in
HASKELL:


p / q False True


False False False
True False True
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�


Exercise 3.5 ExtendtheMaybe monadto thefollowing “error message”exceptionhandlingdatatype:


data Error a = Err String | Ok a deriving Show


In caseof severalerrormessagesissuedin ado sequence,how many turn upon thescreen?Which ones?�
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