Chapter 2

Recursionin the Pointfr eeStyle

How usefulfrom a programmers point of view arethe abstracttonceptresentedn
thepreviouschapterRecallthatatablewaspresented—tablel.1— whichrecordsan
analogybetweerabstractypenotationandthe correspondinglata-structureavailable
in common,mperative languages.

This analogyis preciselyour point of departurdor extendingthe abstrachotation
towardsa mostimportantfield of programmingrecursion

2.1 Motivation

Let usconsideravery commondata-structuré programming:link ed-lists”.In Pas-
CAL onewill write

L = °N;
N = record
P: A
S: °N
end;

to specify sucha data-structuré.. This consistsof a pointerto a node(N), wherea

nodeis arecordstructurenvhich putssomepredefinedype A togethemwith apointerto

anothemode,andsoon. In theC programmindanguageeveryz € L will bedeclared
as

L x;
in the context of datatypedefinition
typedef struct N {
A first;
struct N *next;
P
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44 CHAPTERZ2. RECURSIONIN THE POINTFREESTYLE

andsoon.

Whatinterestsusin such“first yearprogrammingcourse”datatypedeclarations?
Recordsand pointershave alreadybeendealtwith in table1.1. Sowe canusethis
tableto find the abstracwersionof datatypel, by replacingpointersby the“1 + - - .”
notationandrecords(structg by the“. .. x ...” notation:

{L = 1+N 2.1)

N = Ax(1+N)

We obtaina systemof two equation®n unknovns L and N, in which L’s depen-
denceon N canberemovedby substitution:

{L:l-i—N

N = Ax(1+N)

R { substitutingL for 1 + N in thesecondequatior}
L = 1+N
N = AxL

© { substitutingA x L for N in thefirst equatior}
L = 1+AxL
N = AxL

System(2.1) s thusequivalentto:

L 1+AxL
N = Ax(1+N)

(2.2)

Intuitively, L abstractghe “possibly empty” linked-list of elementof type A, while
N abstractghe“non-empty”linked-listof elementf type A. Notethat L and NV are
independenbf eachother, but alsothateachdependn itself. Canwe solve these
equationsn away suchthatwe obtain“solutions”for L and N, in the sameway we
dowith schoolequationsuchas,for instance,

w:1+g ? (2.3)

Concerninghis equation et usrecallhow we would go aboutit in schoolmathe-
matics:

T
=14+ =
T +2

© { adding—£ to bothsidesof the equatior}
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“ { multiplying bothsidesof theequatiorby 2 etc.}
2xx—2x=2

“ { subtraction
z=2

We very quickly getsolutionz = 2. However, mary stepswereomittedfrom the
actualcalculation. This unfoldsinto the longer sequencef more elementarysteps
whichfollows, in which notationa — b abbreviatesa + (—b) and§ abbreviatesa x %
forb # 0:

x
=1+=
T + 2
<—> { adding—£ to bothsidesof the equatior}
x T x
—Z_(1+3)==
r=5=0+3)-3
© { + is associatie}
T ZT T
-2 =1 - _Z
x + (2 2)

— 3 istheadditveinverseof £}

2
{
T
_2 1
T 5 +0
{
z

“ 0 is theunit of additior}
r—-=1
“ { multiplying bothsidesof the equatiorby 2}
2% (z—2)=2x1
2
“ { 1 is theunit of multiplication}
xr
2 -——)=2
x (z 2)
“ { multiplicationdistributesover addition}
T
2IXT—2x==2
XX X 2
“ { 2 cancelsts inverset }
2xz—-—1xz=2
© { multiplicationdistributesover addition}
2-1)xz=2
<—> {2 -1 =1 and1 is theunit of multiplication}

=2
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Backto (2.2),we would like to submiteachof theequationse.g.
L = 14+4AxL (2.4)

to a similar reasoning.Canwe do it? The analogywhich canbe found betweenthis
equatiorand(2.3) goesbeyond patternsimilarity. Fromchapterl we know thatmary
propertiegequiredn thereasoningbove holdin thecontext of (2.4), providedthe“="

signis replacedby the “=" sign, thatof set-theoreticalsomorphism.Recallthat, for
instance+ is associatie (1.46),0 is the unit of addition(1.77),1 is the unit of multi-
plication (1.79), multiplicationdistributesover addition(1.50) etc. Moreover, thefirst
stepaborve assumedhatadditionis compatiblelmonotonic)with respecto equality

a = b
c = d
a+c = b+d

afactwhichstill holdswhennumericequalitygivesplaceto isomorphismandnumeric

additiongivesplaceto coproduct:
A B
C D

A+C

R} 1R 1R

B+D

—recall(1.44)for isos f andg.
Unfortunatelythe mainstepsin the reasoningabove areconcernedvith two basic
cancellationproperties

zr+b=c & x=c-—-b
rxb=c & ng (b+#0)

which hold abouthumbersbut do not hold aboutdatatypes.In fact, neitherproducts
nor coproductshave arbitraryinverses', andsowe cannot‘calculateby cancellation”.
How do we circumwentthis limitation?

Justthink of how we would have goneabout(2.3) in casewe didn’t know about
the cancellationproperties we would be boundto the z by 1 + § substitutionplus
the otherproperties.By performingsucha substitutionover andover againwe would
obtain...

T
=1+
T + 2
~ { 2 by 1+ % substitutiorfollowedby simplification}
1+ % 1 =z
=1 2 14+ -4+=
T + 2 + 5 + 1
© { thesameasabove}

1Theinitial andterminaldatatypesio have inverses— 0 is its own “additive inverse”and1 is its own
“multiplicative inverse”— but notall the others.
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1_|_1+1+% 1_'_1_|_1_|_31:
r = — = — — —
2 4 2 4 8
& { overandoveragain,n-times}
R { simplification}
n
1 z
= Z 2t onrt
=0
“ { sumof n first termsof ageometrigprogressior}
1 T
“ {letn = oo}
z=(2-0)+0
R { simplification}
z=2

Clearly, thisisamuchmorecomplicatedvay of findingsolutionz = 2 for equation
(2.3). But we would have lovedit in caseit werethe only known way, andthis is
preciselywhathappensvith respecto (2.4). In this casewe have:

L=14+AxL

R { substitutionof 1 + A x L for L}
L=1+4Ax(1+AxL)

& { distributive property(1.50) }
L=21+Ax1+Ax(AxUL)

&~ { unitof product(1.79)andassociatiity of product(1.32)}
L=1+A+(AxA)xL

© { by (1.80),(1.82)and(1.85)}
LA+ A" + A2 x L

~ { anothersubstitutiorasabore andsimilar simplificationg

LA+ A' + A2+ AB3x L
“ { after(n + 1)-mary similar stepg

n
LEZAi-i-A"H x L
1=0

Bearingalargen in mind, let usdeliberately(but temporarily)ignoreterm A™+1 x
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L. ThenL will beisomorphicto the sumof n-mary contritutions A?,

>4
i=0

eachof them consistingof i-long tuples, or sequencesof valuesof A. (Numberi
is saidto be the lengthof arny sequencén A?.) Suchsequencewiill be denotedby
enumeratingheir elementdetweensquarebraclets,for instancehe emptysequence
[ ] whichis theonly inhabitantn A°, thetwo elemensequencéu; , a;] whichbelongs
to A2 provideda,,a; € A, andsoon. Notethatall suchcontritutionsare mutually
disjoint,thatis, A* N A7 = () whereveri # j. (In otherwords,asequencef lengthi is
neverasequencef lengthj, for i # 5.) If wejoin all contritutionsA? into asingleset,
we obtainthe setof all finite sequencesn A, denotedby A* anddefinedasfollows:

L

IR

A E A (2.5)

i>0

Theintuition behindtakingthelimit in thenumericcalculatiorabosre wasthatterm
saer Wasgettingsmallerandsmallerasn wentlargerandlargerand,“in the limit”,
it couldbeignored.By analogytakinga similar limit in the calculationjust sketched
above will meanthat,for a“sufficiently large” n, the sequencem A™ aresolong that
it is very unlikely thatwe will everusethem!So,for n — oo we obtain

=0
Because _:°, A? isisomorphicto | J;°, A? (seeexercisel.19),we finally have:
=0 =0
L = A

All in all, we have obtainedA* asa solutionto equation(2.4). In otherwords,
datatypeL is isomorphicto the datatypewhich containsall finite sequencesf some
predefineddatatypeA. This correspondso the HASKELL [a] datatypein general.
Recallthat we startedfrom the “link ed-list datatype”expressedn PascaL or C. In
fact,whereverthe C programmethinksof linked-lists the HASKEL L programmewill
think of finite sequences.

But, whatdoesequation(2.4)meanin fact?ls A* theonly solutionto thisequation?
Backto thenumericfield, we know of equationsvhich have morethanonesolution—
for instancer = $2j3 , which admitstwo solutionsl and3 —, which have no solution
atall —for instancer = z +1 —, orwhichadmitaninfinite numberof — for instance
r=2x.

We will addresghesetopicsin the next sectionaboutinductivedatatypesandin
chapter3, wherethe formal semanticsof recursionwill be madeexplicit. This is
wherethe“limit” constructionsisedinformally in this sectionwill be shovn to make
sense.
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2.2 Intr oducinginductive datatypes

Datatypel asdefinedby (2.4)is saidto berecusivebecausd. “recurs” in the defi-
nition of L itself 2. Fromthe discussiorabove, it is clearthat set-theoreticaéquality
“="in this equatiorshouldgive placeto set-theoreticakomorphisn(“"):

L 2 1+AxL (2.6)
Which isomorphism [, < "1+ Ax L dowe expectto witness(2.4)? This will
dependon which particularsolutionto (2.4) we arethinking of. Sofarwe have seen

only one, A*. By recallingthe notion of algebra of a datatype(section1.18),sowe
mayrephrasehe questionas:whichalgebra

A =T 14 A x A*

dowe expectto witnessthetautologywhich arisesrom (2.4) by replacingunknovn L
with solution A*, thatis

A =2 1+ AxA* ?

It will haveto beof theform in = [ inq,in, | asdepictedby thefollowing diagram:

1— 214 Ax A2 Axa* 2.7)
in1 in i’n2
S e
Arrowsin; andin, canbeguessedatherintuitively: in; = [ ], whichwill express

the“NIL pointer” by the emptysequenceat A* level, andin, = cons, wherecons is
the standard'left append’sequenceonstructorwhich we for the momentintroduce
ratherinformally asfollows:

cons: A x A* = A*
cons(a,[ay,...,a,)) = [a,a1,-..,a,]

(2.8)

In adiagram:

i2

1—214 A x A
‘[[],cons

A x A* (2.9)

- cons
\

B

S
Of coursefor in to beisoit needgo have aninverse whichis not hardto guess,

out € (14 (hdth) « (=;?) (2.10)

2By analogywe mayregard(2.3) asa “recursie definition” of number2.
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wheresequenceperatorsid (headof a nonemptysequenceandtl (tail of anonempty
sequenceare(againinformally) describedasfollows:

hd: A* A
hd[ai,as,...,a,] = a1 (2.11)
tl: A* = A*
t a1, az, - . ., an] = [a2, - .., an] (2.12)

Shawing thatin andout areeachotherinverseds notahardtaskeither:

in = out = id

© { definitionsof in andout}
[[],cons] = (! +(hd th) = (=1?) = id
YRS { +-absorption(1.41)and(1.15)}
[[],cons = (hd tl) ] = (=1?) =id
“ { propertyof sequences:ions(hd s, tl s) = s}

[[],;éid] = (=1?) =id

~ { goingpointwise}
{ =nae = [U,id](ila) _
(=11 a) = [[],id](G2a)
<—> { +-cancellation(1.38)}
{ =[] a = Ua _
=(=(1a) = ida
© { a =[] in onecaseandidentity function(1.9)in theother}
a=[] = a _
{ “@=[) = a =
“ { property(p — f, f) = f holds}

a=a

A commenbntheparticularchoiceof terminologyabove: symbolin suggestshat
we aregoinginside,or constructingsynthesizingyaluesof A*; symbolout suggests
thatwe aregoingout, or destructinganalyzing)valuesof A*. We shalloftenresortto
this dualityin the sequel.

Are theremoresolutionsto equation(2.6)?1n trying to implementthis equationa
HASKELL programmecouldhave written, afterthe declaratiorof type A, thefollow-
ing datatypedeclaration:

data L = Nil () | Cons (AL)
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which,aswe have seenin sectionl.18,canbewritten simply as
data L = Nil | Cons (AL) (2.13)
andgeneratesliagram

1— 2 14AxL2 AxL (2.14)

!

in

-

Nil Cons

leadingto algebrain’ = [ Nil, Cons .

HASKELL seemgo have generate@nothersolutionfor theequationwhichit calls
L. To avoid theinevitable confusionbetweerthis symboldenotingthe newly created
datatypeandsymbolL in equation(2.6),whichdenotesamathematicavariable let us
usesymbolT to denotetheformer (T standor “type”). This canbe copedwith very
simply by writing T insteadof L in (2.13):

data T = Nil | Cons (AT) (2.15)

In orderto make T moreexplicit, we will write int insteadof in’'.
Somequestionsareon demandat this point. First of all, whatis datatypel ? What

in-r

areits inhabitantsNext, is T 1+ A x T anisoornot?

HaskELL will help usto answerthesequestions.Supposédhat A is a primitive
numericdatatype andthatwe addderiving Showto (2.15)sothatwe can“see”
theinhabitantf the T datatype.Theinformationassociatedo T is thus:

Main> @i T
-- type constructor
data T

-~ constructors:
Nil = T
Cons = (AT) > T

-- instances:
instance Show T
instance Eval T

By typing Nil

Main> Nil
Nil = T

we confirmthat Vil is itself aninhabitantof T, andby typing Cons

Main> Cons
<<function>> T ATy > T
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werealizethatCons is notso(asexpected)butit canbeusedo build suchinhabitants,
for instance:

Main> Cons(1,Nil)
Cons (1,Nil) T

or

Main> Cons(2,Cons(1,Nil))
Cons (2,Cons (1,Nil) DT

etc. We concludethat expressionsnvolving Nil andCons areinhabitantsof type T.
Are thesethe only ones?The answelris yesbecauseby designof the HASKELL lan-
guage the constructor®f type T will remainfixed onceits declaratioris interpreted,
thatis, no further constructorcanbe addedto T. Doesint have aninverse?Yes,its
inverseis coalgebra

outt: T——=14+AXxT
outt Nil = i1 NIL (2.16)
outt(Cons(a,l)) =iz(a,l)

which canbestraightforvardlyencodedn HASKELL usingtheEither realizationof
+ (recallsectionsl.9and1.18):

outT ' T -> Either () (AT)
outT Nil = Left ()
outT (Cons(a,l) = Right(a,l)

In summaryisomorphism

outt

/\
T =~ 1+AxT (2.17)

\_/

inT

holds,wheredatatype€T is inhabitedby symbolicexpressionsvhichwe mayvisualize
very corvenientlyastrees for instance

Cons

Cons
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picturingexpressiorCons(2, Cons(1, Nil)). Nil is theemptytreeandCons maybe
regardedasthe operatiorwhich addsa new rootanda new branch saya, to atreet:

Cons(a, j ) = .

Thechoiceof symbolsT, Nil andCons wasratherarbitraryin (2.15). Therefore,
analternatve declaratiorsuchas,for instance,

Cons

data U = Stop | Join (AU) (2.18)

would have beenperfectly acceptablegeneratinganothersolution for the equation
underalgebrd Stop, Join ]. It is easyto checkthat(2.18)is but arenamingof Nil to
Stop andof Cons to Join. Therefore both datatypesreisomorphic,or “abstractly
thesame”.

Indeed,ary otherdatatypeX inductivelydefinedby a constantanda binary con-
structoracceptingd and X asparametersvill be a solutionto the equation.Because
we arejust renamingsymbolsin a consistentvay, all suchsolutionsareabstractlythe
sameAll of themcapturetheabstrachotionof alist of symbols.

We wrote “inductively” abore becausehe setof all expressiongtrees)which i-
nhabitthe typeis definedby induction. Suchtypesare calledinductiveandwe shall
have alot moreto sayaboutthemin chapter3.

Exercise2.1 Obviously,
either (const [) ()

doesnotwork asa HASKELL realizationof themediatingarron in diagram(2.9). Whatdo you needto write
instead?
O

2.3 Obsewing aninductive datatype

Supposghatoneis askedto expressa particularobservatiorof aninductive suchasT

(2.15),thatis, afunction of sighature B < ! T for sometargettype B. Suppose,

for instancethat A is INg (the setof all non-ngativeintegers)andthatwe wantto add
all elementsvhich occurin a T-list. Of course we have to guaranteehatadditionis
availablein Ng,

add : |N0 X |N0 — |N0

add(z,y) o+ y
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andthat0 € INg is a value denoting“the addition of nothing”. So constantarrow
0

Ng = 1 is available. Of courseadd(0,z) = add(z,0) = z holds,for all z €
INo. This propertymeansthatNg, togetherwith operatoradd and constan®), forms
a monoid a very importantalgebraicstructurein computingwhich will be exploited
intensvely laterin thisbook. Thefollowing arrow “packaging”’Ng, add ando,

,add
No — 2“1 1 4 Ny x No (2.19)

is acorvenientway to expresssucha structure Combiningthis arrow with thealgebra

T 14Ny xT (2.20)

which definesT, andthefunction f we wantto define thetargetof whichis B = Ny,
we getthealmostcloseddiagramwhichfollows, in which only thedashedarrow is yet
to befilled in:

T 14 NgxT (2.21)

Noml‘}‘lN()XNg

We know thatint = [ Nil,Cons ]. A patternfor themissingarraw is not difficult to
guess:in thesameway f bridgesT andINy on the lefthandside, it will do the same
job ontherighthandside.Sopattern - - + - - - x f comesto mind (recallsection1.10),

wherethe“---" arevery naturallyfilled in by identity functions. All in all, we obtain
diagram
[ Nil,Cons ]
T= 14+MNgxT (2.22)
f id4idx f
|N0 < [0,add | 1+ N(] X N(]

which picturesthefollowing propertyof f
f[Nil,Cons] = [0,add] * (id+id x f) (2.23)
andis easyto cornvertto pointwisenotation:
f[Nil,Cons]=1[0,add] * (id + id x f)
~ { (1.40)onthelefthandside,(1.41)andidentityid ontherighthandside}
[f"Nil,f »Cons]=[0,add = (id x )]
~ { eitherstructuralequality(1.58) }
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frNil=0
f»Cons=add * (id x f)
&~ { goingpointwisg

{ (f * Nil)z = 0=
(f » Cons)(a,z) = (add » (id x f))(a,z)

“ { composition(1.6),constan{1.12),product(1.22)anddefinitionof add }
fNil=0
f(Cons(a,z)) =a+ fx
Notethatwe couldhave usedoutT in diagram(2.21),
T— 2 14 NexT (2.24)
f ‘ id+idx f
Noml—i—lNoxlNo

obtaininganothewersionof thedefinitionof f,
f = [0,add] = (id+id x f) = outy (2.25)
whichwould leadto exactly the samepointwiserecursve definition:

f=10,add] * (id +id x f) * outr

“~ { (1.41)andidentity id ontherighthandside}
f=1[0,add = (id x f)] = outt
“ { goingpointwiseon outt (2.16)}
fNil = [0 add (id x )] = outt)Nil
f(Cons(a,z)) = ([0,add = (id x f)] = outt)(a,z)
© { definitionof outT (2.16)}
fNil = [0 add (¢d x f)] =41)Nil
f(Cons(a,z)) = ([0,add * (id x f)] »i2)(a,z)
“ { +-cancellation(1.38)}
fNil = ONzl
f(Cons(a,z)) = (add = (id x f)) (a,z)
R { S|mpI|f|cat|on}

FNil=0
{ f(Cons(a,z)) =a+ fz

Pointwisef mirrorsthe structureof type T in having hasmary definitionclauses
asconstructorén T. Suchfunctionsaresaidto bedefinedby inductiononthestructure
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of theirinputtype. If we repeatthis calculationfor No* insteadof T, thatis, for
out = (' + <hd, tl)) . (:[]?)
— recall(2.10)— takingplaceof outT, we geta “more algorithmic” versionof f:

f=10,add] = (id+id x ) = (! + (hd tl)) = (=(;?)

“ { +-functor(1.42),identity and x-absorption(1.25)}
f=10,add] = (1 +(hd f = tl)) = (=[7)

“ { +-absorptior(1.41)andconstang }
F=1[0,add « (hd f =t ]« (=)?)

~ { goingpointwiseon guard=? (1.60)andsimplifying }

_ =[] = 0l
fl—{ﬁ(lz[]) = (add * (hd f = t))1

& { simplification}

_f =[] =0
fl—{ ~(I=[]) = hdl+fl)

The outcomeof this calculationcanbeencodedn HASKELL syntaxas

fr ] 1 == =0
| otherwise = head | + f (tail )]
or
f1=if |1 ==1]]
then O
else head | + f (tall )]

bothrequiringthe equalitypredicate'==" anddestructors head ” and*“tail

2.4 Synthesizingan inductive datatype

The issuewhich concernsus in this sectiondualizeswhat we have just dealt with:
insteadof analyzingor observingan inductive type suchas T (2.15), we wantto be
ableto synthesizggenerateparticularinhabitantsof T. In otherwords,we wantto

beableto specifyfunctionswith signature B T T for somegivensourcetype B.
Let B = INy andsupposeave want f to generatefor agivennaturalnumbem > 0, the
list containingall numberdessor equalto n in decreasingrder

Cons(n,Cons(n — 1,Cons(..., Nil)))

or theemptylist Nil, in casen = 0.
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Let ustry anddraw a diagramsimilar to (2.24) applicableto the new situation.
In trying to “re-use”this diagram,it is immediatethat arrov f shouldbe reversed.
Bearingduality in mind, we may feel temptedto reverseall arrows just to seewhat
happensldentity functionsaretheir own inversesandint takesthe placeof outr:

T— ™ 1 4iNexT
f/\ idtidx f
N0 ......................... >]_+INO XINO

Interestinglyenough,the bottom arrow is the one which is not obvious to reverse,
meaningthatwe have to “invent” aparticulardestructoiof Ng, say

Nog —2 1+ Ny x Ng

fitting in the diagramand geneating the particularcomputationakffect we have in
mind. Oncewe dothis, arecursve definitionfor f will popoutimmediately

f = int(d+idxf) g (2.26)

whichis equialentto:
f = [Nil,Cons=(idx f)]g (2.27)

Becausavewant f 0 = Nil to hold, g (theactualgeneratoof thecomputationshould
distinguishinput0 from all the others.Onethusdecomposesg asfollows,

2" Ng + Ny —"

g

No

1 + |N0 X |N0

leaving A tofill in. Thiswill bea split providing, on thelefthandside,for thevalueto
beCons’edtotheoutputand,ontherighthandside for the“seed”to thenext recursve
call. Sincewe wantthe outputvaluesto be producedcontiguouslyandin decreasing
order we maydefineh = (id, pred wherefor n > 0,

predn o 1 (2.28)
computeghepredecessoof n. Altogether we have synthesized
g = ('+(id,preg) * (=o?) (2.29)

Filling thisin (2.27)we get
f = [ Nil,Cons * (id x f)] * (! + (id, pred) * (=o?)

“ { +-absorption(1.41)followedby x-absorptior(1.25)etc}
f = [N—7'l7 Cons » <Zd7f " pred ] - (:07)
~ { goingpointwiseon guard=,? (1.60)andsimplifying }

B n=0 = Nil
f”—{_,(nzo) = Cons(n, f(n—1))

which matcheghefunctionwe hadin mind:
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Nil
Cons(n,f(n-1))

f n| n==
| otherwise

We shall seebriefly that the constructionsof the f function addingup a list of
numberdn the previoussectionand,in this section,of the f functiongeneratinga list
of numbersarevery standardn algorithmdesignandcanbe broadlygeneralizedLet
usfirstintroducesomestandarderminology

2.5 Intr oducing (list) catas,anasand hylos

Supposdhat, backto section2.3, we wantto multiply, ratherthanadd,the elements
occurringin listsof typeT (2.15).How muchof theprogramsynthesi®ffort presented
therecanbereusedn the designof the new function?

0,add .
It is intuitive that only the bottomarrov INg < [Qodd] 1+ Ny x Ng of dia-

gram(2.24)needso bereplacedpecausehisis the only placewherewe canspecify
thattargetdatatypelN, is now regardedasthe carrierof anothermultiplicative rather
thanadditive) monoidalstructure,

No —=""1 1+ Ny x N (2.30)

for mul (z,y) ef g y. We aresayingthattheargumentlist is now to bereduceddy the
multiplicationoperatorandthatoutputvaluel is expectedastheresultof “nothingleft
to multiply”.

Moreover, in the previoussectionwe might have wantedour numberlist generator
to producethelist of evennumberssmallerthana givennumber in decreasingrder
(seeexercise2.4). Intuition will onceagainhelp usin decidingthatonly arrow g in
(2.26)needgo beupdated.

The following diagramsgeneralizeboth constructiondy leaving suchbottomar
rows unspecified,

T— 2 N xT T— "™ 14NgxT (2.31)
7 id+idx f f”\ idtidx f
B~————1+Nox B B 14Ny x B

andexpresstheir duality (cf. the directionsof the arrows). It sohappenghat,for each
of thesediagrams f is uniquelydependentntheg arrow, thatis to say eachparticular
instantiationof g will determinethe correspondingf. Soboth gs canbe regardedas
“seeds’or “geneticmaterial”of the f functionsthey uniquelydefine®.

Following the standarderminology we expressthesefactsby writing f = (g)
with respecto the lefthandside diagramandby writing f = [(g)] with respecto the
righthandsidediagram.Read(g) as“the T-catamorphisninducedby g” and[(g) as

3Thetheorywhich supportshe statementsf this paragraptwill notbedealtwith until chapter3.
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“the T-anamorphisninducedby g”. Thisterminologyis derivedfrom theGreekwords
rkata (Cata)andava (ana)meaningrespectiely, “downwards”and“upwards”(com-
parewith the directionof the f arrow in eachdiagram).The exchangeof parentheses
“()" and“[]” in doubleparenthese( )" and“[( )]” is aimedat expressingheduality
of bothconcepts.

We shallhave alot to sayaboutcatamorphismandanamorphismsf a giventype
suchasT. For themomentiit sufficesto saythat

e the T-catamorphisninducedby B 4 1+ INo x B is the uniquefunction
L)

T whichobeysto property(or is definedby)

(9) = g+ (@d+idx(g)) = outr (2.32)

B

whichis thesameas

(g) »int = g~ (id+id x (g)) (2.33)

e given B 14+ No x B the T-anamorphisninducedby g is the unique

function B Lo, T whichobeysto property(or is definedby)

(9] = int«(id+idx([g)) g (2.34)

From(2.31)it canbeobsenedthatT canactasamediatotbetweerary T-anamorphism

andary T-catamorphismthatis to say B <([g]) T composesvith T«:[(h—)]c,for

h

some C' 1+ INg x C . In otherwords,a T-catamorphisntall alwaysobsene
(consume}he outputof a T-anamorphismThe latter producesa list of INgs whichis
consumedy theformer. Thisis depictedn thediagramwhichfollows:

B——2 1+NgxB (2.35)
([g])’ | idtidx (gD

T—"T 1+NoxT
) Lidtidx[(h)]

C 14N x C

What canwe say aboutthe (g) = [(h] composition? It is a function from B to C
whichresortso T asanintermediatedata-structurandcanbe subjectto thefollowing
calculation(cf. outermostectangldan (2.35)):

(9) = [(n] = g = (id +id x (g]) = (id +id x [(h)) = h
“ { +-functor(1.42)}
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(g) * [(B)] = g * ((id »id) + (id x (g)) = (id x [h])) = h
& { identityand x-functor(1.28)}
(9) *[(h) =g+ (id+idx (g) = [(h)]) * R
()

This calculationshowvs how to define ¢ <
doingwithout ary intermediatedata-structure:

B in onego, thatis to say

g

B - 1+ Ny x B (2.36)
(o) *in) | id-+idx (g) *(h)
C — ]. + NO X C

h

As anexample let usseewhatcomesoutof (g]) » [(h)] for h andg respectrely given
by (2.29)and(2.30):

(9) *(n] =g~ (id+idx (g) = [(h)) = h

<—> { (9) * [(n)] abbreviatedto f andinstantiatingh andg }
Ff=11mul](Gd+id x f) = (1 + (id, pred) = (=7)

© { +-functor(1.42)andidentity }
f=11,mul] (1 + (id x f) = (id, pred) * (=0?)

“ { x-absorption(1.25)andidentity }
f=11Lmul]=('+(id, f » pred) » (=0?)

“ { +-absorptiorn(1.41)andconstant (1.15)}
f=[1,mul*{id, f~pred] = (=¢?)

“ { McCarthyconditional(1.59)}

f=(=0?) = 1,mul « (id, f = pred
Goingpointwise,we get
f0 = [1mul+(id,f - pred (i, 0)
= { +-cancellation(1.38)}

10
= { constanfunction(1.12)}

and

fin+1) = [1,mul = {id, f = pred ](i2(n + 1))
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= { +-cancellatior(1.38)}
mul » {id, f » pred(n + 1)
{ pointwisedefinitionsof split, identity, predecessandmul }

m+1)x fn

In summary f is but thewell-known factorialfunction:

fo=1
{ fn+)=n+1)xfn

This resultcomesto no surpriseif we look at diagram(2.35) for the particularg
andh we have consideredbove andrecalla popular“definition” of factorial:

nl = nx(n-1)x...x1 (2.37)

n ti?nes
In fact, [(h)] n producesT -list
Cons(n,Cons(n —1,...Cons(1, Nil)))

asanintermediatadata-structurvhichis consumedy (g)) , theeffectof whichis but
the “replacement’of Cons by x and Nil by 1, thereforeaccomplishing2.37) and
realizingthe computatiorof factorial.

The moral of this exampleis thata function assimpleasfactorialcanbe decom-
posedinto two componentgproducer/consumédunctions)which sharea commonin-
termediatanductive datatype.The producerfunctionis ananamorphismvhich “rep-
resents”or producesa “view” of its input agumentas a value of the intermediate
datatype. The consumeffunction is a catamorphisnwhich reducesthis intermedi-
atedata-structurandproduceghefinal result. Lik e factorial,mary functionscanbe
handsomelyexpressedy a (g]) * [(»)] compositionfor a suitablechoiceof theinter-
mediatetype,andof g andh. Theintermediatedata-structurés saidto be virtual in
thesensedhatit only existsasameango inducetheassociategatternof recursionrand
disappearby calculation.

The composition(g]) = [[k) of a T-catamorphismwith a T-anamorphisnis called
a T-hylomorphisnf andis denotedby [g,h]. Becausg andh fully determinethe
behaiour of the [g¢, ] function, they canbe regardedasthe “genes”of the function
they define.As we shall see, this analogywith biology will prove speciallyusefulfor
algorithmanalysisandclassification.

Exercise2.2 A way of computingn?, the squareof a given naturalnumbern, is to sumup then first odd
numbersinfact,12 = 1,22 = 1+3,32 = 1+ 3 + 5, etc, n2 = (2n — 1) + (n — 1)2. Following this
hint, expressfunction

sqn % 52 (2.38)

4This terminologyis derived from the Greekword v oo (hylos)meaning'matter”.
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asa T-hylomorphismandencodet in HASKELL.
O

Exercise2.3 Write functionz™ asa T-hylomorphismandencodet in HASKELL.
m]

Exercise 2.4 The following functionin HASKELL computeghe T-sequencef all even numberdessor
equalto n:

fn=if n<=1
then Nil

else Cons(m,f(m-2))
where m=if even n then n else n-1

Findits “geneticmaterial”,thatis, functiong suchthatf=[ g)] in

inT

T=—————1+NoxT
Y A

(€] id+idx[(g)]
INo —g?- 1+ INo x INg

2.6 Inductivetypesmore generally

Sofarwe havefocusseaurattentionexclusively to a particularinductivetype T (2.20)
— thatof finite sequencesf non-n@ative integers. This is, of course of a very lim-
ited scope.First, becausenecould think of finite sequencesf otherdatatypese.g.
Booleansor mary others. Secondpecausetherdatatypesuchastrees,hash-tables
etc.exist which our notationandmethodshouldbe ableto take into account.

Althougha generictheoryof arbitrarydatatypesequiresa theoreticaklaboration
which cannotbe explainedat once, we can move a stepfurther by taking the two
obsenationsabove as startingpoints. We shall startfrom the latter in orderto talk
genericallyaboutinductive types. Thenwe introduceparameterizatioandfunctorial
behaiour.

Supposdhat, asa merenotationalcorvention,we abbreiate every expressionof
theform“1 4+ Ng x ...” occurringin theprevioussectionby “F...", 9.1+ Ng x B
byFB,eg.1+Nox ThyFT

outt
T T
T = FT 2.39

in-r
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etc.Thisis the sameasintroducinga datatype-lgel operator

FX 14N x X (2.40)

whichmapseverydatatyped into datatypel +INg x A. OperatoiF captureshepattern
of recursionwhichis associatetb so-called'right” lists (of non-n@atieintegers) that

is, listswhich grow to theright. Theslightly differentpatternG X ©+X x INo will
generatadifferent,althoughrelated inductive type

X =14XxN, (2.41)

— thatof so-calledleft” lists (of non-nejativeintegers).Andit is notdifficult to think
of the patternwhich is memgesbothright andleft lists andgivesriseto bi-linearlists,
betterknown asbinarytrees

X =1+X xNygxX (2.42)

Onemay think of mary otherexpressiond X andguesshe inductive datatypethey

generatefor instanceH X def Ny +INg x X generatinghon-emptylistsof non-ngjative
integers(Ng). The generalrule is that, given an inductive datatypedefinition of the
form

X = FX (2.43)

(alsocalledadomainequation)jts patternof recursions capturedy aso-calledunc-
tor F.

2.7 Functors

Theconcepbf afunctorF, borrovedfrom catgyorytheory isamostgenericanduseful
devicein programming. As we haveseenF canberegardedasadatatypeconstructor
which, givendatatypeA, builds amoreelaboratedatatypeF A; givenanotherdatatype
B, builds a similarly elaboratedatatypeF B; andsoon. But whatis moreimportant
andhasthe mostbeneficialconsequencds that, if F is regardedasa functor, thenits
data-structuringeffect extendssmoothlyto functionsin the following way: suppose

that B < !

A isafunctionwhich obseresA into B, which areparametersf F A

andF B, respectiely. By definition,if F is a functorthen F B o F A existsfor
everysuchf:

A FA
f‘ Fr
B FB

5The catayory theorypractitionermustbe warnedof the fact thatthe word functoris usedherein atoo
restrictve way. A proper(generic)definitionof afunctorwill be providedlaterin this book.
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F f extendsf to F-structuresandwill, by definition,obey to two very basicproperties:
it commuteswith identity

Fida = idga (2.44)
andwith composition
Flg=h) = (Fg)-(Fh) (2.45)
Two simpleexamplesof afunctorfollow:

¢ |dentityfunctor: defineF X = X, for everydatatypeX, andF f = f. Properties
(2.44)and(2.45)holdtrivially justby removing symbolF whereverit occurs.

¢ Constantfunctors: for a given C, defineF X = C (for all datatypesX) and
F f = idc, asexpressedn thefollowing diagram:

Propertieg2.44)and(2.45)hold trivially again.

In the sameway functionscanbe unary binary, etc, we canhave functorswith
morethanone argument. So we get binary functors(also called bifunctors), ternary
functorsetc. Of course propertieq2.44)and(2.45)have to hold for every parameter
of ann-aryfunctor. For abinaryfunctorB, for instanceequation(2.44)becomes

B (ida,idp) = idg(a,n) (2.46)
andequation(2.45)becomes
B(g=hyi=j) = Blg,i)*B(hJ) (2.47)

Productandcoproductaretypical examplesof bifunctors. In the former caseone
hasB (A,B) = A x B andB (f,g) = f x g — recall(1.22). Propertieg1.29)and
(1.28)instantiatg2.46)and(2.47),respectrely, andthis explainswhy we calledthem
thefunctorial propertieof product.In thelattercasepnehasB (4, B) = A + B and
B (f,g9) = f+g—recall(1.37)— andfunctorialpropertieg1.43)and(1.42).Finally,

T . . . def
exponentiatioris a functorial constructiortoo: assumingd, onehasF X < X4 and

Ff def f = ap andfunctorial propertieg(1.71)and (1.72). All thisis summarizedn
table2.1.

Suchasfunctions,functorsmay composewith eachotherin the obviousway: the
compositionof F andG, denotedr = G, is definedby

F:-0X ¥ F@GX) (2.48)

def

(F-Gf = F(G)) (2.49)
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| Data construction | Universalconstruct | Functor | Description |

AX B {f,q) fxg | Product
A+ B [f,9] f+g | Coproduct
BA T fA Exponential

Table2.1: Datatypeconstructionsindassociate@perators.

2.8 Polynomial functors

We may put constantproduct,coproductandidentity functorstogetherto obtainso-
called polynomialfunctors, which are describedby polynomial expressionsfor in-
stance

FX=1+AxX
—recall(2.6). A polynomialfunctoris either
e aconstanfunctoror theidentity functor, or
¢ the(finitary) productor coproducisum)of otherpolynomialfunctors,or
¢ thecompositionof otherpolynomialfunctors.

Sotheeffecton arrows of a polynomialfunctoris computedn aneasyandstructured
way, for instance:
Ff = Q+AxX)f
= { sumof two functorswhereA is aconstanand X is avariable}
(Df +(Ax X)f
= { constanfunctorandproductof two functors}
idy + (A)f x (X)f
= { constanfunctorandidentity functor}
idy +idg X f
{ subscriptsiroppedor simplicity }
id+id x f

So,1 + A x f denoteshesameasid; + id4 x f, or eventhesameasid + id x f if
onedropsthe subscripts.

It shouldbe clearat this point thatwhatwasreferredto in sectionl.10asa“sym-
bolic pattern”applicableto bothdatatypesndarrownsis afterall afunctorin themath-
ematicalsense.The factthatthe samepolynomialexpressions usedto denoteboth
thedataandthe operatorsvhich structurallytransformsuchdatais of greatconceptual
economyand practicalapplication. For instance,once polynomial functor (2.40)is



66 CHAPTERZ2. RECURSIONIN THE POINTFREESTYLE

assumedhediagramsn (2.31)canbewrittenassimply as

T— 2 FT T— ™ FT (2.50)
f‘ Ff f"\ |Fs
B———FB B ——FB

It is usefulto know that,thanksto theisomorphismaws studiedin chapterl, every
polynomialfunctorF maybe putinto the canonicaform,

FX = Co+(01XX)+(CQXX2)+"‘+(C'”XX") (2.51)
= Z?:O Ct x X* ’
andthatNewton’s binomialformula
(A+B)" = "Cpx A"? x B (2.52)

p=0

canbe usedin suchcorversions. Theseare performedup to isomorphismthatis to
say afterthe corversionone getsa differentbut isomorphicdatatype. Consider for

instancefunctor

FX € Ax(1+X)2

(whereA is a constantdatatypeandcheckthe following reasoning:

FX = Ax(1+X)?

{ law (1.85)}
Ax(1+X)x(1+X))

{ law (1.50)}
Ax(1+X)x14+(1+X)xX))

{ laws(1.79),(1.31)and(1.50)}
Ax((1+X)+(1xX+X x X))

{ laws(1.79)and(1.85)}
Ax((1+X)+ (X +X?)

{ law (1.46)}

1%

1

IR

1

1%

Ax (1+ (X +X)+X?)
{ canonicaform obtainedvia laws (1.50)and(1.86)}

1%

A +Ax2xX+ A xX?
NG LINR <~
C’O 01 CZ
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v

Exercise2.5 SynthesizeéheisomorphismA + A x 2 x X + A x X2
in theabove reasoning.
O

A x (14 X2) implicit

2.9 Polynomial inductive types

An inductive datatypeis saidto be polynomialwherever its patternof recursionis
describedby a polynomial functor, thatis to say wherever F in equation(2.43)is
polynomial. For instancedatatypeTl (2.20)is polynomial(n = 1) andits associated
polynomialfunctoris canonicallydefinedwith coeficientsCy = 1 andC; = Ny. For
reasonshatwill becomeapparentateron, we shallalwaysimposeCy # 0 to holdin
apolynomialdatatypeaxpressedn canonicaform.

Polynomialtypesareeasyto encodeén HASKELL whereverthe associatedunctor
is in canonicapolynomialform, thatis, whereveronehas

T = ZT‘ZO C; xT¢ (2.53)
\_/ i
’i?’lT
Thenwe have
inT déf [fla'-'vf’n]

where,for i = 1,n, f; is anarrov of type T—— C; x T? . Sincen is finite, one
may expandexponentialsaccordingo (1.85)andencodehisin HASKELL asfollows:

data T = CO |
Cl (CLT) |
C2 (C2,(T,T)) |
v
Cn (Cn,(T, .., T))

Of coursethe choiceof symbolCi to realizeeachf; is arbitrary®. Severalinstances
of polynomialinductive types(in canonicalform) will be mentionedn section2.13.
Section2.15will addresghe corversionbetweeninductive datatypesnducedby so-
callednatural transformations

The conceptsof catamorphismanamorphismand hylomorphismintroducedin
section2.5 canbe extendedto arbitrary polynomialtypes. We devote the following
sectiongo explaining catamorphism the polynomialsetting. Polynomialanamor
phismsandhylomorphismawill notbedealtwith until chapter3.

6A moretraditional(but lesscloseto (2.53))encodingwill be
data T=CO0| C1C1T| C2C2TT| .. | ChCnT .. T (2.54)

delivering every constructoiin curriedform.
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2.10 F-algebrasand F-homomorphisms

Our interestin polynomialtypesis basicallydueto the fact that, for polynomial F,
equation(2.43)alwayshasa particularlyinterestingsolutionwhich correspond$o our
notionof arecursve datatype.

In orderto explain this, we needtwo notionswhich are easyto understandfirst,
that of an F-algebra, which simply is ary function a of signature 4 <*—F A4 . A
is calledthe carrier of F-algebraa and containsthe valueswhich o manipulatesy
computingnen A-valuesout of existing ones,accordingto the F-pattern(the “type”
of thealgebra) As examplesconsidel 0, add | (2.19)andiny (2.20),whichareboth
algebraof typeF X = 1 + INg x X. Thetype of analgebraclearly determinests
form. For instanceary algebrao. of typeF X = 1+ X x X will beof form[ aq, a2 ],
whereq; is a constantanda, is a binary operator So monoidsare algebrasof this
type’.

Secondlywe introducethe notion of an F-homomorphismvhich is but a function
observinga particularF-algebraa into anotherF-algebras:

A—"—FA fra=p8+(Ff) (2.55)
f\‘/ k/Ff
B——FB

Clearly, f canberegardedasa structuraltranslationbetweenA and B, thatis, A and
B have asimilar structure®. Notethat— thanksto (2.44)— identity functionsareal-
ways(trivial) F-homomorphismandthat— thanksto (2.45)— thesehomomorphisms
composethatis, thecompositiorof two F-homomorphismss anF-homomorphism.

2.11 F-Catamorphisms

An F-algebracanbe epic, monic or both, thatis, iso. Iso F-algebrasare particularly
relevantto our discussiorbecauseahey describesolutionsto the X = F X equation
(2.43). Moreover, for polynomialF a particulariso F-algebraalways exists, which is

in

denotedby uF F uF andhasspecialproperties First, its carrieris the smallest
amongthe carriersof otheriso F-algebrasandthisis why it is denotedoy uF — i for
“minimal” °. Secondit is theso-callednitial F-algebraWhatdoesthis mean?

It meanghat,for every F-algebran thereexistsoneandonly oneF-homomorphism
betweenin anda. This uniquearrov mediatingin ande is thereforedeterminecdy
« itself, andis calledthe F-catamorphisngeneratedby «. This constructwhichwas
introducedn 2.5,is in generadenoteddy (o) ¢:

7But notevery algebraof thistypeis amonoid,sincethetypeof analgebraonly fixesits syntaxanddoes
notimposeary propertiessuchasassociatiity, etc.

8Cf. homomorphisrs homo(the same)+ morphos(structure shape).

9uF meangheleastfixpoint solutionof equationX = F X, aswill bedescribedn chapter3.
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uF = F uF (2.56)
f:([a])F F([a])p
A “a— FA

We will droptheF subscripin (a]); wherever deduciblefrom the context, andoften
calla the“gene”of (a).

As happenswith splits eithers and transposesthe uniquenes®f the catamor
phismconstructis capturedby a universalpropertyestablishedn the classof all F-
homomorphisms:

k=(a) & krin=a-Fk (2.57)

Accordingto the experiencegatheredrom sectionl.12onwards,a few propertiescan
beexpectedasconsequenceas (2.57).For instancepnemaywonderaboutthe“gene”
of theidentity catamorphismJustlet £ = id in (2.57)andseewhathappens:

id=(a)eidin=aFid
{ identity (1.10)andF is afunctor(2.44)}

id= (o) &in=a-id
= { identity (1.10)onceagain}
id=(a) ©in=qa
= { a replacedy in andsimplifying }
id = (in)
Thusonefinds out thatthe geneticmaterialof the identity catamorphisnis theinitial

algebrain. Whichis thesameasestablishinghereflectionpropertyof catamorphisms:

Cata-reflection:

pF < F uF (in) = id,.¢ (2.58)
uF < F uF

in

In amoreintuitive way, onemight have obsenedthat (in) is, by definitionof in, the

uniguearrov mediatinguF anditself. But anotherarrow of the sametypeis already

known: theidentity ¢d,r. Sothesetwo arronvs mustbethe same.
Anotherpropertyfollowing immediatelyfrom (2.57),for k = (a), is

Cata-cancellation:

(@) =in=aF(a) (2.59)
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Becausén is iso, thislaw canberephrasedsfollows
(a) =a *F(a) = out (2.60)

whereout denotegheinverseof in:

out
/_\

=] F uF
\/

uF

in

Now, let f be F-homomorphisn(2.55)betweerF-algebrasy and3. How doesit
relateto («]) and(8)? Notethat f = («] is anarrov mediatinguF andB. But B is
the carrierof g and () is the uniquearrov mediatinguF and B. Sothetwo arrowvs
arethesame:

Cata-fusion:
puF —"—F uF frl@)=(8) if fra=p-Ff (261)
(a) LF([a])
1\4 -~ F\A
f\" ‘/Ff
B FB

B

Of coursethislaw is alsoa consequencef the universalproperty for k = f = (a)):

frla)=0) & (f-(a))in=5-F(f"(a))

& { compositions associatie andF is afunctor(2.45)}
fe(a)=in=pB+-FfF(a)

& { cata-cancellatiof2.59) }
fra*Fla)=p+Ff+F(a)

& { requiref to beaF-homomorphisn{2.55)}
fraFla)=fraFlaD)Afa=0"Ff

<= { simplify }
fra=p"Ff

The presentatiomf the absorptionpropertyof catamorphismentailsthe veryim-

portantissueof parameterizatiomnd deseresto be treatedin a separatesection,as
follows.
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2.12 Parameterization,type functors and cata-absoption

By analogywith what we have doneaboutsplits (product),eithers (coproduct)and
transposegexponential) we now look forwardto identifying F-catamorphismsvhich
exhibit functorialbehaiour.

Supposdhatonewishesto squareall numbersvhich aremembersf lists of type
T (2.20).1t canbechecledthat

([ Nil,Cons = (sgx id) ]) (2.62)

s
will dothisfor us,where Ny = q INg is givenby (2.38). This catamorphismyhich
convertedto pointwisenotationis nothingbut function A which follows

h Nil = Nil
h(Cons(a,l)) = Cons(sqa, hl)
mapstypeT to itself. Thisis becausesgmapsiNg to INg. Now supposehat,insteadof

sg onewouldliketo applyagivenfunction B < ! INo (for someB otherthaniNy)

to all elementof theargumentlist. It is easyto seethatit sufficesto replacef for sq
in (2.62).However, theoutputtypenolongeris T, but rathertype T’ = 1+ B x T'.

TypesT andT’ areverycloseto eachother They sharehesamé‘shape”(recursve
pattern)andonly differ with respecto thetype of elements— Ny in T andB in T,
This suggestshatthesetwo typescanbe regardedasinstanceof a moregenericlist
datatypd.ist

List X = 14+ X x ListX (2.63)
\_/

in=[ Nil,Cons |

in which the type of elementsX is allowedto vary. ThusonehasT = ListINg and
T' = List B.

It canbeseenby inspectiorthat,for ary B S A,
([ Nil,Cons = (f x id) ]) (2.64)

mapsList A to List B. Moreover, for f = id onehas:
([ Nil,Cons = (id x id) ])

{ by the x-functorid property(1.29)andidentity }
([Nil,Cons ])
= { cata-reflectiorf2.58)}

id

Thereforeby defining

Listf %' ([Nil,Cons = (f x id) ])
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whatwe have just seencanbewrittenthus:
Listidg = idusta

This is nothing but law (2.44) for F replacedby List. Moreover, it will not be too
difficult to checkthat

List(g » f) = Listg = Listf

alsoholds— cf. (2.45). Altogether this meanghatList canberegardedasafunctor.

In programmingterminologyone saysthatList X (the “lists of X's datatype”)is
parametricandthat, by instantiatingparametetX’, onegetsgroundlists suchaslists of
integers,booleansetc. Theillustration above deepen®ne’s understandin@f param-
eterizationby identifying the functorial behaiour of the parametricdatatypealongits
parametemstantiations.

All thiscanbebroadlygeneralize@ndleadsto whatis commonlyknown by atype
functor. Firstof all, it shouldbe clearthatthegenericformat

T = FT

adoptedsofarfor the definitionof aninductive typeis not sufiiciently detailedbecause
it doesnot provide a parametrioziew of T. For simplicity, let ussupposehatonly one
parameteis identifiedin T. Thenwe mayfactorthis outvia typevariable X andwrite
(overloadingsymbolT)

TX = B(X,TX)

whereB is calledthetype’s basefunctor. Binary functorB(X,Y") is giventhis name
becausat is the basisof the whole inductive type definition. By instantiationof X
oneobtainsF. In the exampleabore, B(X,Y) = 1+ X x Y andin factFY =
B (INo,Y) =1+ Ng x Y, recall(2.40). Moreover, onehas

Ff = B(d,f) (2.65)
andsoevery F-homomorphisntanbewrittenin termsof the base-functoof F, e.g.
fra=p+B(id,f)

insteadof (2.55).
T X will bereferredto asthetypefunctorgeneratedby B:

TX >~ B(X,TX)

S~~~ ——
typefunctor basefunctor
We proceedo thedescriptiorof its functorialbehaiour— T f —for agiven B L A.

As far astyping rulesareconcernedwe shallhave

B—T—4

Tf
TB——TA
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Sowe shouldbeableto expressT f asaB (A, _)-catamorphisnfg)):

A TA—"T" B(4,T4)
s Ti=(9) |B T
B TB————B(4,TB)

As we know thatinT g is the standarcconstructorof valuesof type T B. Sowe may
putit into the diagramtoo:

A TA- fnra B(A4,TA)

f Tf=([9])‘/ ‘ B (id,T f)

B TB- 5 B(4,TB)
B(B,T B)

The catamorphisns geneg will besynthesizedby filling thedashedarrow in the dia-
gramwith theobviousB (f, id). Thusonegets

Tf Y (inrs - B(f,id) (2.66)

andafinal diagramwhereiny 4 is abbreviatedby in 4 (ibid. int g by ing):

ina

A TA- B(A,TA)
f T f=(ing "B (f,id)) B (id,T f)
B TB

B(B,TB) 577 B(A.TB)

) ing
Next, we proceedo derive theusefullaw of cata-absorption

(oDTf = (g9+B(f,id) (2.67)
asa consequencef the laws studiedin section2.11. Our tametis to shaw that, for
k=(g) = T fin(2.57),0negetsa = g * B(f,id):

@)+ Tf=(a)

& { type-functordefinition(2.66) }
(9) = (ins * B(f,id)) = ()

= { cata-fusion2.61)}
(9] *inp * B(f,id) = a = B(id, (g])
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& { cata-cancellatio2.59)}

g * B(id, (g)) * B(f,id) = a = B(id, (g))
& { Bisabi-functor(2.47)}

g*B(id~ f,(g) *id) = a *B(id, (g))
& { idisnatural(1.11)}

g *B(f »id,id » (g)) = a = B(id, (g])
& { (2.47)again thistime from left to right }

g9 *B(f,id) - B(id, (9)) =  * B(id, (9))
<= { obvious}

g+B(f,id) = a

Thefollowing diagrampicturesthis propertyof catamorphisms:

inA

A TA-= B(A,TA)
f Tf B (id,T f)
-—— BB, TB)——B(A,TB
B TB inp (B, )B(f,id) (4, )
() ‘LB(By([Q])) ‘ B (4,(9))
- B(B,C) < B(A,C
c (B,C) 5z BAC)

It remainsto shav that (2.66) indeeddefinesa functor. This can be verified by
checkingpropertieq2.44)and(2.45)forF = T:

o Propertytype-functor-id, cf. (2.44):
Tid
{ by definition(2.66)}
(ing * B (id,id))
= { Bisabi-functor(2.46)}
(inp * id)
{ identityandcata-reflectiorf2.58) }

id
e Propertytype-functor, cf. (2.45):

T(f=9)
= { by definition(2.66) }
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(ing * B(f * g,id))
= { identitiesandB is a bi-functor(2.47)}
= { cata-absorptio(2.67)}
(ing "B (f,id)) " Tg
= { againcata-absorptio(2.67)}
(ing) " Tf=Tg
= { cata-reflectiorf2.58)followedby identity }
Tf-Tg

2.13 A catalogueof standard polynomial inductivetypes

The following table containsa collectionof standardbolynomialinductive typesand
associatetbaseypebi-functors,whicharein canonicaform (2.53). Thetablecontains
two extra columnswhich may be usedasbookmarksor equationg2.69)and(2.66),
respectiely 1°:

| Description | TX | B(X,)Y) | B(d,f) | B(f,id) |
“Right” Lists List X 14X XY | id+idx f |id+ fxid
“Left” Lists LList X 1+4Y x X id+ fxid | id+idx f

2.68
Non-emptyLists | NList X | X + X xY | id+idx f | f+ f xid ( )

Binary Trees BTreeX |1+ X xY2 | id+idx f? | id+ f x id
“Leaf” Trees LTree X X +Y? id+ f? f+id

All typefunctorsT in thistableareunary In generalonemaythink of inductive
datatypesvhich exhibit morethanone parameter Shouldn parameterbe identified
in T, thenthiswill bebasednann + 1-ary basefunctorB, cf.

T(Xq,...,Xn) =2 B(X1,..., X, T(X1,...,Xp))

So,everyn + 1-ary polynomialfunctorB(Xjy, ..., X,, X,+1) canbeidentifiedasthe
basisof aninductiven-arytypefunctor(thecorventionis to stick to thecanonicaform
andresene the last variable X, ; for the “recursive call”). While type bi-functors
(n = 2) areoftenfoundin programmingthe situationin whichn > 2 is relatively
rare.For instancethe combinatiorof leaf-treeswith binary-treesn (2.68)leadsto the
so-called'full tree”typebi-functor

| Description | T(X, X>) | B(X1,X5,Y) | B(id,id, f) | B(f,9,id) | )
[“Full” Trees| FTree(X1,X2) | X1+ Xo x Y2 |id+idx [° | f+gxid |

10Since(id4)? = id( 42 onewritesid” toid in thistable.
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As we shall seelater on, thesetypesare widely usedin programming.In the actual
encodingof thesetypesin HASKELL, exponentialsaarenormally expandedo products
accordingo (1.85),seefor instance

data BTree a = Empty | Node(a, (BTree a, BTree a))
Moreover, onemay choseto curry thetypeconstructorgsin, e.g.

data BTree a = Empty | Node a (BTree a) (BTree a)

Exercise2.6 Write asa catamorphisnthe functionwhich countsthe numberof elementf a non-empty
list (typeNList in (2.68)).
O

Exercise2.7 Write thefunctionwhich computeghe maximumelemeniof a binary-treeof naturalnumbers
asacatamorphism.
O

Exercise2.8 Characteriz¢hefunctionwhichis definedby ([ Vi, h ]]) for eachof thefollowing definitions
of h:

h(z,(y1,92)) = wy1+-[z]Hy2 (2.70)
h =+ = (singlx 4) (2.71)
h = + = (+ x sing) = swap (2.72)

assumingsingla = [a]. Whatdatatypen (2.68)arewe talking about?
O

Exercise2.9 Write asa catamorphisnthe function which computeghe frontier of a tree of type LTree
(2.68),listedfrom left to right.
O

2.14 Functors and type functors in HASKELL

The conceptof a (unary)functoris providedin HASKELL in the form of a particular
classexportingthe map operator:

class Functor f where
map: (a -> b) > (f a-> f b)

Somap g encode$ g oncewe declareF asaninstanceof classFunctor . Themost
popularuseof maphasto dowith HASKELL listsandthisis allowedby declaration

instance  Functor [] where

map f ] =1
map f (X:xs) f x: mapf xs
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in theHuGs StandardPrelude
In orderto encodethe type functorswe have seenso far we have to do the same
concerningheirdeclarationFor instancejf we write

instance Functor BTree
where map f =
cataBTree ( inBTree . (d -- (f ><id) )

concerningthe binary-treedatatypeof (2.68) and assumingappropriatedeclarations
of cataBTree andinBTree ,thenmapis overloadedandusedacrosssuchbinary-
trees.

Bi-functorscanbe addedeasilyby writing

class BiFunctor f where
bmap : (@ > b) > (c > d > (f ac ->f bd)

Exercise 2.10 Declareall datatypesn (2.68)in HASKELL notationand turn theminto HASKELL type
functors,thatis, definemapin eachcase.
O

Exercise2.11 Declaredatatypg2.69)in HASKEL L notationandturnit into aninstanceof classBiFunctor

O

2.15 Inductive datatype conversionand isomorphism

TheT f “map” operationis a specialcaseof a transformatiorbetweerntwo inductive
datatypeqin which the patternof recursionremainsunchanged).In a more general
setting,supposeneis giventwo inductive datatypesT andU definedby functorsF
andG, respectiely:

T FT

~__ -

z'n-r
and

U GU

~__

inu

Moreover supposehatrecursionpatternG canbe corvertedto recursionpatternF via
polymorphicmap F X —— G X . It canbechecledthat

(in * v1)q (2.73)



